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Abstract

First order autoregression is shown to satisfy a limit theory which is uniform over
stationary values of the autoregressive coefficient p = p,, € [0,1) provided (1 — p,,)n —
oo. This extends existing Gaussian limit theory by allowing for values of stationary p
that include neighbourhoods of unity provided they are wider than O (n’l) , even by a
slowly varying factor. Rates of convergence depend on p and are at least \/n but less
than n. Only second moments are assumed, as in the case of stationary autoregression
with fixed p.
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1 Introduction

In pioneering work on limit theory for autoregressions, Mann and Wald (1943) showed
consistency and asymptotic normality of least squares regression in stationary models. An-
derson (1959) confirmed that these results hold in scalar models under weaker conditions
requiring only second moments. Lai and Wei (1982) extended the results further to stochas-
tic regression models with martingale difference errrors having homoscedastic variance and
moments of order greater than two. In contrast, it is well known that in unit root autore-
gressions (White, 1958) and in models whose roots are local to unity (Phillips, 1987; Chan
and Wei, 1987) the limit distribution is non-Gaussian and involves functionals of stochastic
processes.

The present note shows that in stationary regions that are further removed from unity
than O (nil) for samples of size n the Gaussian limit theory still applies. In particular,
in first order autoregression a Gaussian limit theory holds uniformly over stationary values
of the autoregressive coefficient p = p,, € [0,1) which includes local vicinities of unity that
satisfy (1 — p,,)n — oo. Thus, even for p,, = 1 — L, /n where L,, — oo is slowly varying at
infinity the usual Gaussian limit theory applies. Rates of convergence depend on p,, and are
at least \/n but less than n. Only second moments are assumed, as in the case of stationary
autoregression with fixed p.

The results given here provide a supplement to those of Lai and Wei (1982). Theorem 3
of Lai and Wei gives the asymptotic normality of a suitably standardized and centred least
squares estimator in regression models with stochastic regressors under known conditions
that enable the use of a standard martingale CLT. These conditions, which need to be
checked in individual cases, involve a stability condition on the sample variance of the
regressors, a uniform negligibility condition on the standardized regressors and uniform
error moments of order greater than two. The present work provides a direct proof of
asymptotic normality under primitive conditions on p,, and the errors in an autoregression,
allowing for roots in the vicinity of unity of the form p,,. These conditions appear to be
near minimal for Gaussianity in an autoregression. Our proof of asymptotic normality uses
an asymptotic truncation argument and a martingale CLT that applies when only second
moments are finite.

2 Main results

We consider the model
Yt = PpYit—1 +uw, t=1,..n (2.1)

where w;,t € Z4 is a stationary and ergodic martingale difference sequence with respect to
the natural filtration F;_1 = o (ut—1,us—1,...) with finite conditional variance E(u?|F;_1) =
02 a.s. and initialization yyq.
The coefficient p is fitted least squares, giving the estimator p = Z;-Zzl Ytyi—1/ Z;‘:l v2 4,
and "
R Zj:l UtYi—1
p—pn =
" Z?:l Yi—1

The following conditions are imposed on p,, and u; throughout the remainder of the paper.

(2.2)



A.1. p, €1]0,1) may depend on n and is such that v, = 1 — p,, has property
VN — 00. (2.3)
A.2. yo is independent of {u; : t =1,2,...} and
Eyo? = o(n'/?). (2.4)
Note that distribution of u; does not depend on n.

THEOREM 2.1 Under A.1-A.2,

nl/2
m(ﬁ = pn) = N(0,1). (2.5)
and
a2
m(ﬂ — p,) = N(0,1). (2.6)

In both cases the limit distribution is Gaussian uniformly in p,, satisfying A1, although
the convergence rate depends directly on how close p,, is to unity. The asymptotic distri-
bution of the sample mean of y; is similarly Gaussian, again with convergence rate that
depends on p,,.

In what follows, = denotes convergence in distribution and —, convergence in proba-
bility.

THEOREM 2.2 Under A.1-A.2,

1— n
( nl/’; ) 3y = N(0,0%) (2.7)
t=1
and "
(1= p) (1 + p)2—2== B s N (0,1) (28)
(i vi)
The proofs use the following lemmas.
LemMmaA 2.1 2012
1—p? =
(n+2) S wye1 = N(0,0%). (2.9)
t=1
LEMMmA 2.2
1—p2 &~ o 2
L A (2.10)
t=1

Result (2.10) proves the ‘stability’ condition which Lai and Wei (1982, theorem 3, con-
dition (4.2)) use for their limit theory corresponding to (2.5).



3 Proofs

ProOOF OF THEOREM 2.1. The convergence (2.5) follows from Lemmas 2.2 and 2.1. To
prove (2.6), note from (2.5) that

p = pn = Op(vy/*n™2) = op(uy),
since n™' = o(v,,) by (2.3). Thus
1= = 1= py + 0 ()| 7% = 1= p, |72 1+ 0p(va)[ 71/,

This and (2.5) imply (2.6). [

Proor or LEMMA 2.1. Denote by ¢, = vyll/2n*1/2utyt,1 the sequence of martingale
differences with respect to the sigma algebra F;_; generated by wui,...,u;—1. Recall that
vp=1-—p,.

a) We first prove convergence (2.9) in the case where fourth moments are finite: Fuj <
oo and Eyé < 00. It suffices to show that, as n — oo,

(1+p,) Y E[GIFia] —p o, (3.1)
t=1
and "
> B[P,z Fia] = 0, (3.2)
t=1

for all 6 > 0, which in turn implies the convergence
n
(1 + pn)1/2 Z <t = N(Ov 04)
t=1

and yields (2.9). We note that (3.2) corresponds to the uniform negligibility condition used
by Lai and Wei (1982, condition (4.3)). To check (3.1), we show that

(1+p,) Y ECG — o, (3.3)
t=1
and .
2
B(Y_ Bl - EQ)Fial) 0. (3.4)
t=1
Since

E[G}|Fi-1] = (vn/n) Bluiyi 1 |Fia] = (va/n)0’yi_y,
where v, = 1 — p,,, we have
(1+py, EZE<t|Ft J=0=p)n 120215% !
t=1

by Lemma 3.1 below.



To show (3.4) note that E[(¢C? — EC?)|Fi—1] = 0%(vn/n)(y? 1 — Ey? 1), t = 1,2,.... Then,
using C' to denote a generic constant in what follows, we have by Lemma 3.2 below

Eyt 1 < Cv,?, (3.5)
and therefore
2 n
(ZE (G = BEIF-])) =202 > Bl(u} - 0?)(u? - o) Elyy? ]
t,s=1

v _QZE Ely;_1]

< Cv2n™2 Z(l —py) 2 <Cnt =0,
=1

proving (3.4).
Finally, to show (3.2), note that by (3.5),

an =B B[ 2y Fioa] <672 D EIGI < CoP0in ™Y Elyea[* < Cnt = 0.
t=1 t=1 t=1
(3.6)
b) Suppose now that either or both of Euj = oo and Eyj = oo apply. Let K > 0 be a
fixed constant. Set

ul) = w1 (|ug) < K)=Elugl(Jug] < K)[Fra),  ul? = il (jus] > K)=Elugd (jus| > K)|Fy_1),
Y = yol(lyol < K)—Elyol(jyo] < KN Fial, 052 = wol(lo| > K)—Elyol(lyo| > K|Fi1),
and then by recursion define

y = ooyt My =y P =12,

Note that

E[ut1(|ut] S K)‘Ft_l] + E[utl(\ut| > K)’Ft_l] = E[ut|Ft_1] =0

and therefore ygl) + yt@ =qy,t=0,1,2,... . Moreover, the random variables ugj ) and y(()j )
satisfy A.2 when j = 1,2. Then we can write
n
D -1 = Zut v +Zut v +Zutyt )
t=1
=:On1+ Sn,Z + Sn,3-
Since y,fl) is a sequence of martingale differences, by part a) we have,
(1= pp)'/Pn=128, 1 = N(0,0%), (3.7)



where
o3 = E(ug/l))2 = Full(|w| < K) — 0% = Eu?,

as K — o0o. We show that for [ = 2,3, uniformly in n > 1,
(1 - 2" EBS2, < b, (3.8)

where dx — 0 as K — oo which together with (3.7) proves convergence (2.9) in case b).
Set 0 = E(u§2))2. Note that

g — 0, as K — oo. (3.9)

By Lemma 3.1,
n
S EyM)? < Oyt ZE W22 < O mu;t

t=1

where C does not depend on n, K. Thus, since ug )ygf)l and utyt(z)l are uncorrelated se-

quences,

ES; o+ ES: 5 < Z E(y, )1) + EufE(yg)l)Q]

< C’6K2m},; ,
which, together with (3.9), implies (3.8). []

PRrROOF OF LEMMA 2.2. Since y; = p,y+—1 + Uz we can write

n
>yt —pnzyt 1+2pnzyt 1ut+zut
t=1

Thus

n n n
dyia=0-p)" (—yﬁ Y0+ 200 Y Y1 + ZU?) (3.10)
t=1

t=1 t=1
By Lemma 2.1,

n
Zp = (1 — p2)/2n~1/2 Zyt,lut = N(0,0%).
t=1

Moreover, because u; is an ergodic sequence with a finite second moment o2, we have

n n
Zu? = no? + Z(u? — 0?) =no? + op(n).
=1 t=1

Therefore

i =0-p)" ( Ye + 5 + 20,(1 — p2) 7?02 Z, + no® + op(n ))

= (1= p2) "0 (=n7 w2 = 93) + 20,((1 = p2In) 220 + 0% + 0p(1))
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= (1 - pp) " 'n(0® + op(1)),
because (1—p2)n — oo by assumption (2.3), and therefore ((1—p2)n)~1/2Z, —, 0, whereas

n~tyn = Op((nvn) ™) = 0,
by (3.12), and n~'y3 —, 0 by Assumption A.2, proving (2.10). []
PROOF OF THEOREM 2.2. We can write Y i | Y = p, D4y Ye—1 + > _py ut. Thus

> v =0 =) (w0 + Y w) (3.11)
t=1

t=1

= (1= p) 0" ((y0 = ) 1/2+n—1/22 )

Then .
(1= pp)n 1/2Zyt (o — y)n 2+ 072N "y,

t=1

Since u; is a martingale difference sequence with Eu? < oo,

n
n~4/?2 Zut = N(0,1).

t=1
By A.2, n=Y2E|y| = o(1). Writing
=1
Yt = Puli—1 + Ut = PaYi—2 + ppti—1 + ur = phyo + Z J AT
j=0

we have
t—1

n~2Ely,| = n*1/2E)pry0 + Zﬂfmt—j‘
=0

Sn_1/2E|yo|+n_l/2<E(§%utj>2> )+ n” 1/2(2,0 Fu?_ j)
=0

o(1) + Cn~?(1 = p2) /2 < o(1) + C(nw,) % = o(1),
by (2.3). Thus n~'/2(yo — yn) —» 0 and

1/2

yn /2 Zyt = op(1) + n~Y/2 Zut = N(0,0?),
= t=1

proving (2.7). Finally, (2.8) follows from (2.7) and Lemma 2.2. []



LEMMA 3.1 Suppose A.1-A.2 hold. Then
Eygl < C(l - pn)_lv (312)

where C does not depend on p,,. Further,

n—1
(1=p2)n "> Eyf =0” +o(1). (3.13)
=0
PrOOF OoF LEMMA 3.1. Since Eysu; =0 for t > s, by (2.1), for t > 1

By} = pp By + Euj = poEy;_y + 0% = pnBy;_y + (pj + )0

— BB+ (02D 4+ )0 = R E] + - — 'ZZ o?, (3.14)
n
by virtue of the sum
2(t—1) o_ 1- ng

Note that inequality log(1 —v) < —v (0 <wv < 1) implies that
pr = exp(nlog p,,) = exp(nlog(l — v,)) < exp(—nw,) < (van) ™' — 0, (3.15)

since nv, — o0 by (2.10). Since 0 < p, < 1 and, under A.1 and A.2, p?"Ey? <
C(vn) 1Ey2 = o(v,1), it follows that (3.14) implies (3.12).
To show (3.13), note that

2 1ni1 2 2 1 1—ﬁ2n 2 9 1 1— P%
Y B = (= (T B+ P (- 70))
- n n n

=o(1) + o2,
by virtue of the assumption Ey3 = o(n'/?), to prove (3.13). [
LEMMA 3.2 Suppose Eu} < oo, Eys < oo. Then
Ey} <C(1-p,)" ", (3.16)
Byt <C(l-p,)2% t=1,2.. (3.17)
uniformly in 0 < p,, <1 and t.

PROOF OF LEMMA 3.2. Since Ey3 < 0o, (3.16) follows from (3.14).
By (2.1),
By} = E(payr—1 +ue)* = E(pnyi1 + 20,9t 1us + ;)

= E(piyf,l +o% + 120, yt—1ut + u? — 02])2 = E(pnyt,l + 02)2 + E(2p,yt—1us + uf — 02)2
= PpEyi 1 + 20, By} 10% + o + 4pL By} B} + 4p, By, 1 Bu} + E(uj — o)’



< By + C(Eyiq + |Eysa| + 1),
for some C > 0 since p,, < 1. Since by (3.16), Ey? < C/(1 — p,,), then
By} 1+ |By—a| + 1< C/(1 = p,)

uniformly in p,,, and
t .
By} <Clpy +> o0 V(1= pl) ™) <Clot + (1= ph) (1= p3) ")
j=1

<C(1l+(1=p,) %) <C1=p,)2
proving (3.17). [
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