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Abstract

This paper considers tests for structural instability of short duration, such as at
the end of the sample. The key feature of the testing problem is that the number,
m, of observations in the period of potential change is relatively small—possibly as
small as one. The well-known F' test of Chow (1960) for this problem only applies in
a linear regression model with normally distributed iid errors and strictly exogenous
regressors, even when the total number of observations, n + m, is large.

We generalize the F' test to cover regression models with much more general error
processes, regressors that are not strictly exogenous, and estimation by instrumental
variables as well as least squares. In addition, we extend the F' test to nonlinear
models estimated by generalized method of moments and maximum likelihood.

Asymptotic critical values that are valid as n — oo with m fixed are provided
using a subsampling-like method. The results apply quite generally to processes
that are strictly stationary and ergodic under the null hypothesis of no structural
instability.

Keywords: Instrumental variables estimator, least squares estimator, parameter change,
structural instability test, structural change.

JEL Classification Numbers: C12, C52.



1 Introduction

This paper considers the problem of testing for structural instability over a short
time interval, such as at the end of a sample. Most tests in the literature are de-
signed for detecting instability that lasts for a relatively long period of time starting
somewhere in the middle of the sample, e.g., see Andrews and Fair (1988), Ghysels
and Hall (1990), Hansen (1992), Andrews (1993), Ghysels, Guay, and Hall (1997),
and other references in listed Stock (1994). These tests use asymptotics in which
the number of observations before a potential changepoint, n, and the number after
the potential changepoint, m, both go to infinity. Such tests are not valid in the
case considered here in which the number of observations in the period of potential
instability, m, is small—perhaps as small as one. In this paper, we design tests that
are asymptotically valid when n — oo with m fixed. The primary difficulty in doing
so is in obtaining asymptotically valid critical values.

Dufour, Ghysels, and Hall (1994) (DGH) also consider the above testing problem.
They specify three different methods of obtaining critical values. But, each of the
three methods has some drawback. The first method requires strong distributional
assumptions, such as normality of the errors. The second method relies on a bound
obtained using Markov’s inequality and, hence, is not exact even in large samples.
The third method utilizes semi-nonparametric density estimation methods, which
involves the usual problems associated with choosing the most appropriate basis
functions and truncation values.

The results of this paper differ from those of DGH primarily in the specification of
the critical values. The critical values considered here apply under very weak distri-
butional assumptions, do not involve any bounding, do not require the specification
of any truncation or smoothing parameters, and are quick to compute. The test
statistics that we consider are similar to those of DGH, but different in some cases.
In particular, the tests that we propose are more powerful than those of DGH in the
case where m exceeds the number of regressors in a linear regression testing problem.

We start by considering the F' test for parameter change in a linear regression
model with iid normal errors and strictly exogenous regressors, as in Chow (1960).
The F test is restrictive because it is asymptotically valid when m is small only under
the stated conditions. Even normality of the errors is needed.

The main contribution of this paper is to introduce variants of the F' test that are
valid under weak assumptions and apply to a wide variety of models. We do so by
constructing critical values using a subsampling-like method. In the linear regression
model, the tests we propose are asymptotically valid with non-normal, heteroskedas-
tic, conditionally heteroskedastic, and/or autocorrelated errors and with regressors
that are not strictly exogenous. The observations and/or errors could even possess
long memory. The main requirement is that the observations are strictly stationary
and ergodic under the null hypothesis. Furthermore, the tests we propose apply to
regression models estimated by instrumental variables (IV) and to nonlinear models
estimated by generalized method of moments (GMM) and maximum likelihood (ML).

The bulk of this paper discusses tests for structural instability at the end of the
sample. Extending such tests to the case of potential instability at the beginning,



rather than the end, of the sample is trivial. Such tests can be used to determine the
start of the sample period that is most appropriate for a given model. In addition, we
show how end-of-sample tests can be used to test for structural instability that occurs
over a small number of observations in the middle of the sample. For example, such
tests can be used to test for instability during war years or during a short regime
shift, such as the Federal Reserve Bank policy regime of 1979-82. Standard tests
for structural instability are not valid in these situations because the number of
observations in the period of change, m, is small and, hence, asymptotics that rely
on m — 00O are inappropriate.

We now discuss the end-of-sample tests for a regression model. The first test
statistic that we consider, S,, is a quadratic form in the post-change residual vector
evaluated at the pre-change least squares (LS) estimator. Like the F statistic, see
Chow (1960), the form of S, depends on whether the number of post-change obser-
vations, m, is greater than or equal to the number of regressors d. When m > d, the
weight matrix of the quadratic form is the projection matrix onto the column space
of the post-change regressor matrix. When m < d, the weight matrix is the m dimen-
sional identity matrix I,,. Critical values for S, are obtained using a subsampling-like
method described below.

Simulations indicate that the S, test over-rejects the null hypothesis somewhat
when the null is true in many cases. In consequence, we make finite sample adjust-
ments to both the test statistic and the critical value that lead to better finite sample
size properties. The resulting test is called the Sp test.

The S, and S, test statistics are variants of the F test that are designed for the
case of uncorrelated errors. These tests have correct size asymptotically whether or
not the errors are correlated. However, if the errors are correlated, they sacrifice
power. To address this issue, we introduce a third statistic, S,, that is similar to S,
but is a quadratic form in transformed post-change residuals. The transformation
matrix is the square root of the inverse of an estimator of the m x m covariance matrix
of the errors. Correspondingly, when m > d, the weight matrix is the projection
matrix onto the column space of transformed post-change regressors.

As with the S, test, simulations show that the S, test tends to over-reject under
the null hypothesis. In consequence, we introduce finite sample adjustments to the
test statistic and critical value to obtain a test Sy that has improved finite sample
size properties. The Sy test is our recommended test. Its size and power properties
are found to be quite good over a range of regression scenarios.

Critical values for the test statistics S3-Sg are obtained by a subsampling-like
method that we call parametric sub-sampling. One computes the n — m + 1 test
statistics that are analogous to the test statistic of interest but are for testing for
structural instability over the m observations that start at the j-th observation, rather
than for instability starting at the (n+1)-th observation, for j = 1,...,n—m+1. The
1 — a sample quantile of these statistics is the significance level « critical value for the
end-of-sample instability test statistic. Computation of the critical value is relatively
easy. It just requires calculation of n —m + 1 versions of the original statistic.

The parametric subsampling critical values rely on subsamples of length m, the



number of post-change observations. There is no arbitrary smoothing parameter or
block length parameter to select. Also, no heteroskedasticity and autocorrelation
consistent covariance matrix estimator is required. These critical values are not pure
subsampling critical values because the test statistic for a given value of j depends
on observations other than those indexed by j,...,7 +m — 1 through the parameter
estimator that is used to compute the residuals. See Politis, Romano, and Wolf (1999)
for an in-depth treatment of, and references on, subsampling methods.

Given that m is fixed as n — o0, the tests considered here are not consistent
tests. However, they typically are asymptotically unbiased. The power of the tests
depends on the magnitude of the structural change relative to the error variance, as
well as on the magnitude of m. The larger is m, the greater is the power ceteris
partbus. For small m, the power may be low if the magnitude of structural change is
not large. In consequence, failure to reject the null hypothesis should not necessarily
be interpreted as strong evidence in favor of structural stability.

The Monte Carlo simulations mentioned above are for end-of sample instability
tests for linear regression models with first-order autoregressive (AR) errors and re-
gressors. The AR parameters considered are p = 0, .4, and .8. The AR innovations
considered are normal, chi-square with two degrees of freedom, t3, and uniform. The
pre-change sample sizes are n = 100 and 250 and the post-change sample sizes are
m =10, 5, and 1. As noted above, we find that the S, and S, tests have quite good
size properties over the range of cases considered. On the other hand, the size prop-
erties of the F' test are poor whenever p > 0 and m > 1 and whenever p = 0 and
the errors and regressors are uniform. The power of the Sy test is superior to that
of the Sy test when p > 0 and similar when p = 0. In consequence, the Sy test is the
recommended test.

The recommended test, Sy, is defined in Section 2 for the ease of readers who
wish to skip the details of the test’s motivation and the details of its asymptotic
properties. The latter are given in subsequent sections of the paper.

The tests introduced here have been used effectively by Fair (2002). Fair (2002)
finds evidence of structural change in a U.S. stock market equation in the late 1990s,
but no structural change in most other U.S. macroeconometric equations that he
considers.

We note that the tests considered here can be applied to p-th order autoregressive
models that may have a unit root by differencing the observations and applying the
tests to the differenced data.

The remainder of this paper is organized as follows. All sections of the paper
except Section 6 discuss end-of-sample instability tests. Section 2 defines the recom-
mended test Sg. Section 3 motivates the statistics considered in the paper using the
F statistic for the normal linear regression model. Section 4 considers tests for the
linear regression model estimated by IV. Section 5 considers moment condition mod-
els estimated by GMM. Section 6 discusses tests for structural instability that occurs
at the beginning or in the middle of the sample for a small number of observations.
Section 7 briefly discusses application of the tests to simple models with integrated
variables. Section 8 introduces high-level assumptions, provides sufficient conditions



for these assumptions for the LS, IV, and GMM cases, and states the main asymp-
totic results. Section 9 provides some Monte Carlo results. An Appendix contains
proofs.

2 Definition of the Recommended Test S,

In this section, we define the recommended end-of-sample instability test.
Consider a linear regression model with d regressors, n observations before the
potential changepoint, and m observations after the potential changepoint:

/ . > —
Y, = { XiBo+U; fori=1,...n 2.1)

X/ +U; fori=n+1,..n+m.

We assume that EU;X; = 0, EX;X] is positive definite, and {(Y;, X;) : ¢ > 1}
are stationary and ergodic under the null hypothesis (which implies that the error
variance, (f%, is constant under the null hypothesis).

The null and alternative hypotheses of interest are

. - B1i=p0foralli=n+1,...,n+m and
O\ {(vi,X;) :i > 1} are stationary and ergodic
B1; # B for some i =n+1,...,n+m and/or
Hi : ¢ the distribution of U; for some ¢ =n+1,....,n+m (2.2)
differs from the distribution of U; for i =1,...,n

The recommended test statistic is Sy, defined below. The critical value for Sy is
determined by certain parametric subsample statistics {Sq; : j = 1,...,n —m + 1},
defined below. For a test with asymptotic significance level «, the critical value for
Sg is the 1 — o sample quantile, gs, 1-«, of {Sq;:j=1,...,n —m+ 1}. That is,

a\Sd,lfoz = 1nf{x ER: F\Sdm(x) >1- a}? (23)

where ﬁgdm(x) denotes the empirical df of {Sg; : j = 1,...,n —m + 1}. One rejects
Hy if Sq > @s,1-«- Equivalently, one rejects Hy if Sy exceeds 100(1 — «)% of the
values {Sq;:j =1,..,n —m+ 1}—that is, if

n m+1
(n=m+1)"" Y 1(Sg>84;) >1—a. (2.4)
7j=1
The p-value for the Sy test is
n—m-+1
pvs, = (n—m+1)" Z 1(Sq < Sa5)- (2.5)

7=1

The test statistic Sy is a positive definite quadratic form in a transformed m-vector
of post-change residuals evaluated at the LS estimator based on the whole sample.
The transformation matrix is the square root of the inverse of an estimator of the



mXm error covariance matrix. If the null hypothesis is true, the post-change residuals
are centered around zero and the quadratic form has a distribution that is relatively
close to zero. On the other hand, if the alternative hypothesis is true, the post-change
residuals are not centered around zero, because the full sample LS estimator is not
a consistent estimator of the post-change (3,; vectors, and the quadratic form has a
distribution that is farther from zero. Thus, a large value of Sy is evidence against
the null hypothesis.

The weight matrix for the quadratic form depends on whether m > d or m < d,
where m is the number of post-change observations and d is the number of regressors.
When m > d, the weight matrix is the projection matrix onto the column space of the
m X d matrix of transformed post-change regressors, where the same transformation
is applied to the regressors as to the residuals. When m < d, the column space of
the transformed post-change regressors is R and the weight matrix for Sy is the
m-~dimensional identity matrix, I,,. Note that when m = d, the two definitions of the
weight matrix coincide.

We now define Sy. Let

Y’T‘,S = (Y;"a“'ayrs)c
X,s = (X, ..., Xs)', and
U,s = (Ur,...,Us) (2.6)

for 1 <r<s<n-+m. Let
Bn + = LS estimator of § using observations indexed by i = r, ..., s and
BQ(]') = LS estimator of 3 using observations indexed by ¢ = 1,...,n with
i # Jyej+ [m/2] — 1, (2.7)

where [m/2] denotes the smallest integer that is greater than or equal to m/2, for j =
1,...,;n—m+1. Thus, B5;) is a LS estimator that leaves out the [m/2] observations
that start at observation j. The estimator of the m x m covariance matrix of the
errors, Yo = EUy , U7, is

n+1
. ez _
El,ner = (n + 1) E U],]er*lUj,j—i—m—l? Where
j=1
Ujjim—1 = Yjjrm-1— Xjjtm-181nsm- (2.8)

When m > d, the statistics Sg and {Sq; : j =1,...,n —m + 1} are defined as

Sq = SnJrl(Bl,nerail,ner) and
Saj = Sj(BQ(j)ail,n-&-m): (2.9)
where
S,(5,%) = A3(8, 5V L (S)A4(6,5),
Ai(8,%) = X jim 1 X (Ygrm1 = Xjjrm18),
Vi(2) = X jem 12 X jrm—t, (2.10)



€ R? and ¥ is a nonsingular m xm matrix, for j = 1, ...,n+1. (Note that, although
S;(8,%), A;(B,%), and V;(X) are defined for j = 1,...,n + 1, the sums in (2.4) and
(2.5) are only over j =1,...n —m+1.)

In terms of the description of the statistic Sy given above, the transformed resid-
ual vector is Ei:l/fm (Y jrm—1—Xj j+m-101,ntm), the transformed regressor matrix is

~ ~

—1/2 .. . . —1/2
Zl,n/erXj,jer—la and the projection matrix is El,n/erXM‘rm—l X

S-1 -1 o-1/2
(X;',jerflEl,nerXj,jer*l) X;',jerflEl,ner‘
When m < d, the statistics Sg and {Sq; : j =1,...,n —m + 1} are defined as

Sq = Pn—&—l(BLner;il,n—i—m) and
Saj = Pj(ﬁQ(j)vzl,n+m)7 (2.11)

where
Pi(8,%) = (Yjjrm-1 — Xjjrm-108)S" (Y jim-1 — Xjjim-10) (2.12)

and Bl,ner? /6\2(]'), and iLner are as defined above.

Next, we define the Sy test for the case of a linear regression model estimated
by IV with IV vectors Z; for ¢ = 1,...,n + m. In this case, the Sy test is the same
as in the LS case, but with 3; ;,,,, and B,(;) being IV estimators, rather than LS
estimators (but still defined as in (2.7)), and in the case where m > d with A;(3, %)
and V;(X) defined by

Ai(3,8) = Z} o1 5 (Ygtm—1 — Xjjym-10) and
Vi(¥) = 2 j1m 15 Zjjrm-1, where
Zjjrm— = (Zj - Zjsm-1)'. (2.13)
In the IV case, d denotes the number of IVs rather than the number of regressors.
Thus, the form of the weight matrix depends on the number of IVs, not on the number
of regressors.

Lastly, we define the Sy test for the case of a moment condition model estimated
by GMM. Suppose the moment conditions are

Eg(VV’MBO) = 0 and
g(Ws, 8) = UWs, 8)Z(Wi, B) (2.14)
for ¢ = 1,...,n + m, where the potential changepoint is at ¢ = n, U(W;,3) € R,
Ui = U(W;, By) is an error term, and Z(W;, ) is a d-vector of instruments. In this
case, the Sy test is the same as in the LS case, but with (i) 8} ;, 1y, and By ;) being one-

step, two-step, or continuously updated GMM estimators, rather than LS estimators
(defined using the same observation indices i as in (2.7)), (ii) X1 n4m defined by

z:l,n—i—m = Zl,n+m(617n+m), where

n+1
Stnem(B) = (n+1)7! Z Ujjm-1(8)Ujj4m-1(8)" and
=1
Uj,j—‘rm—l(ﬁ) = (U(I/ijv 6)7 ceey U(VVj—‘rm—lv 6))I7 (215)



(iii) A;(B3,%) and V;(X) defined by

Aj(8,%) = Zjj4m-1(8)S U jym-1(3), and
Vi(X) = (51 ntm> 2), Where
Z;irm—1(8) = (Z(W; 6)7---7Z(V[/j+m—176)), and
Vi(3,2) = Zjjum1(8) 27 Zj jrm—1(8), (2.16)

and (iv) Pj(3,X) defined by
Pi(B,2) = Ujjim1(8) U jrm-1(8). (2.17)

As in the linear IV case, the form of the weight matrix depends on the number of IVs
d compared to the number of post-change observations m. For details of the definition
of the GMM estimators, see Section 5.

In the special case where the GMM moment conditions are L.S normal equations,
ie., gW;, B) = (Y; — X)X, or linear IV normal equations, i.e., g(W;, 3) = (Y; —
X!8)Z;, the GMM S; test reduces to the Sy tests described above for the LS and
linear IV cases.

3 DMotivation Based on Linear Regression

In this section, we consider the standard F' statistic for parameter change in
the linear regression model. This statistic motivates the form of the test statistics
considered in the paper for linear regression models and more general models. The
F statistic that we consider is based on a one-time shift in the parameters, but it has
power against more general types of structural change. For this reason, we distinguish
between the “test-generating” model and hypotheses and the more general model and
hypotheses of interest.

The “test-generating” model is

Y, = { X/By+U; fori=1,..,n

X!, +U; fori=n+1,.,n+m, (3.1)

where Y; € R, U; € R, and X, 3y, 3, € R%. The observations are {W; :i =1,...,n +
m}, where W; = (Y;, X/)". The errors and regressors of the “test-generating” model
satisfy U; ~ N(0,03), U; is independent of X;, and EX; X! is positive definite.

For notational simplicity, we abbreviate the subscript “n 4+ 1,n + m” by “n + 7.
For example, Y, = Y11 n1m- In vector notation, the “test-generating” model is

Yl,n = Xl,nﬁo + Ul,n and
Yn+ - Xn+/61 + Un+. (32)

The “test-generating” null and alternative hypotheses are

Hj By = By and HY : By # 5. (33)



The error variance, 03, is constant under the “test-generating” null and alternative
hypotheses. The form of the F statistic for testing Hy versus H} depends on whether
m > d or m < d. We treat these cases separately in two subsections below.

The more general model and hypotheses of interest are given in (2.1) and (2.2)
above. The hypotheses of interest also can be expressed as

.- { E(Y,— X!By)X;=0foralli=1,..,n+m and

O\ {(Vi,X;) :i > 1} are stationary and ergodic
E(Y;, - X[6y)X;i=0foralli=1,...,n, and
E(Y; — X[B3y)Xi # 0 for some ¢ =n +1,...,n+m and/or
the distribution of U; for some i =n+1,...,n+m
differs from the distribution of U; for i =1, ..., n.

H1 : (34)

For linear regression models estimated by LS, the hypotheses in (2.2) and (3.4)
are equivalent. But, for over-identified linear regression models estimated by IV and
for over-identified moment condition models estimated by GMM, which are consid-
ered below, hypotheses that are analogous to those in (3.4) allow for more general
structural change than those in (2.2). In particular, in addition to parameter change
and change in the error distribution, they allow for change in over-identifying restric-
tions, see Ghysels and Hall (1990). For IV and GMM cases, the hypotheses that we
consider are analogues of (3.4), rather than (2.2) (although one could design tests for
(2.2) if desired).

3.1 m > d Case

First, we consider the case where the number of observations after the potential
changepoint, m, is greater than or equal to the number of regressors, d. In this case,
the F' statistic for testing Hjj against H] can be written as

F= B = Bra) (7% (X0, X10) " +(X X)) By = B fd
~ B B 11
= (Yn—i-_Xn—l—ﬁl,n)/Xn-i-(X;L-FXn—&-) ! [(Xll,nxlm) 1+(X21+Xn+) ' X

(X, X)Xy (Vg X G0/ (d5°), (35)

where 32 is the sum of squares residuals for i = 1,...,n +m (computed using Bl,n
and B,H) divided by n + m — 2d. Note that (X:H_X,H)_l only exists if m > d, as is
assumed here.

Because the number of post-change observations, m, is fixed as n — oo, the
standard F test is asymptotically valid only if the errors are normal, iid, and ho-
moskedastic. (Normality is required because Bn .+ 1s not asymptotically normal as
n — oo because it is determined by only m observations.) These conditions on the
errors are very restrictive. There are few applications in economics in which a test of
structural change is of interest and these conditions are satisfied. In consequence, we
propose alternative tests to the F' test that utilize critical values that allow for much



more general error processes. We consider test statistics that are slight variants of
the F' statistic.

The variance estimator, 32, appears in the F' statistic to yield invariance of the sta-
tistic to the error variance (r%. It does not contribute to the power of the statistic and
we can eliminate it without reducing the power of the test. The critical values that
we employ yield invariance with respect to 0'(2). Similarly, we can delete the constant
d without affecting power. The form of the F' test is simplified considerably if we re-
place (X’LnXLn)*l—l—(X;H_er)*l by (X;H_X,H)*l. This simplification is warranted
because n is much larger than m, lim,, (Xll,nXLn)_l =0, and (X;,Z+Xn+)_1 does
not depend on n under the assumptions introduced below. With these alterations,
we obtain the following variant of the F’ statistic:

SG = (Yn+_Xn+Bl,n),PXn+ (Yn+_Xn+Bl,n)7 (36)

where Px,, = X, (X0 Xni) X,

Note that a test based on S, has power against alternatives of the form Hi,
not just H7, because any deviations of 3, from [, for ¢ = n +1,...,n + m cause
the distribution of S, to be stochastically larger than its distribution under the null
hypothesis.

We now specify critical values for the statistic S,. These critical values allow
for non-normal, dependent, heteroskedastic errors. The main assumptions are that
{W; :i > 1} is stationary and ergodic under the null hypothesis, EU; X1 = 0, EX1 X/
is positive definite, U; has an absolutely continuous distribution, and some moment
conditions hold. (Assumptions are stated formally in Section 8 below.)

For j > 1, let

55(8) = S4(B, In), (3.7)

where I, is the m dimensional identity matrix and S;(3,%) is defined in (2.10).
The statistic S, can be written as

Sa = Sni1(B1)- (3.8)

Under the null hypothesis, the distribution of Sy41(3) is the same as that of S;(/5)
for all j > 1 and all 3, because {W; : @ > 1} are stationary. The estimator Blm,
which appears in the statistic S,, converges in probability to the true parameter,
Bo. Hence, the asymptotic distribution of S, is the distribution of S1(3y). This is
established rigorously below.

Note that {S;(3) : j > 1} are stationary and ergodic for all 3. In consequence,
the empirical distribution function (df) of {S;(8) : j = 1,...,n—m+1} is a consistent
estimator of the df of S1(() for all 5. Hence, we can consistently estimate the df of
S1(B8y) by using the empirical df of {S;(8) : j > 1} evaluated at consistent estimators
of By (see Theorem 1 below). The estimator Blm, which appears in the statistic
Sa, does not depend on the observations that appear in Syy1(3). To mirror this
property in the subsample statistics, we evaluate S;(/3) at an estimator B(j) that
does not depend on the observations that appear in S;(8).? By definition, for j =



1,....n—m+1,

B(j) = LS estimator of 3 using observations indexed by ¢ = 1, ...,n with

i Gy j+m—1. (3.9)

The estimator B(j) is consistent for (3, (uniformly over j, under suitable assumptions).
Define R
Saj = Si(B;)) for j=1,...,n —m+1. (3.10)

The empirical df of {S, ; : j = 1, ..., n—m~+1}, which we denote by ﬁga,n(x), converges
in probability (and almost surely) to the df of S1(;). In consequence, to obtain a test
with asymptotic significance level o, we take the critical value for the test statistic
Sa to be the 1 — a sample quantile, gg, 1-q, of {S4; : j =1,...,n —m + 1}, defined
as in (2.3). One rejects Hy if Sq > @3, 1-- Equivalently, one rejects Hy if (2.4) holds
with d replaced by a. The p-value for S, is defined in (2.5) with d replaced by a.

Next, we consider a variant of the S, test that is designed to have better finite-
sample properties. We define the S, and Sy ; statistics as follows:

Sp = n-‘rl(Bl,n—i-m) and
Spj = Sj(BQ(j)) forj=1,...n—m+1, (3.11)

where BQ(]') is defined in (2.7). Critical values and p-values for S are obtained using
{Sp;:7=1,..,n—m+1} as in (2.3)-(2.5) with d replaced by b.

The motivation for the S, test is as follows. Simulations indicate that the S, test
tends to over-reject the null hypothesis somewhat in finite samples. The S}, statistic
is slightly less variable than the S, statistic because the estimator Bl,n +m makes use
of the observations indexed by i =n + 1,...,n +m and, hence, the residuals indexed
by i =n+1,...,n+m (upon which S;,+1(-) depends) are less variable when computed
using (3 1, than when computed using 3 ,,. It is natural to consider basing the
critical values for S, on Sj(Bl,n) for j =1,...,n—m+1, because Blm correspondingly
makes use of the observations that appear in the residuals upon which S;(-) depends.
Simulation results show, however, that this yields a test that has very similar size and
power properties to those of the S, test. In particular, the test tends to over-reject
the null hypothesis, just as the S, test does.

Alternatively, one could consider basing the critical values for the statistic S, on
Sj(B() for j =1,...,n —m+1. This yields a test whose rejection rate under the null
hypothesis is smaller than when using Sj(BLn), because B(j) does not make use of
the observations that appear in the residuals upon which S;(-) depends and, hence,
S; (B(j)) is more variable than S; (Bln) In fact, simulations show that S; (B(j)) is too
variable and the resulting test tends to under-reject the null hypothesis when using
S; (B(j)) to compute the critical values.

We do not use either of these ways of computing the critical values. Instead, we
base the critical values for S, on Sj(BQ(j)) for j =1,...,n—m+1, as defined in (3.11).

This is a compromise between using Sj(BLn) and Sj(B(j)). The estimator BQ(]') uses
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half the observations that appear in the residuals upon which S;(-) depends. Hence,
its variability lies between that of Sj(3; ,,) and S;(8;)). This is an ad hoc, but quite

natural, finite sample adjustment. Simulations show that the use of Sj(BQ(j)) works
quite well in finite samples over a wide range of parameter combinations, see Section
9.

Next, we consider the S, and S, statistics defined above when m = d. In this
case, Px,, is the projection matrix onto the column space of the m x m matrix X, ,
which is full rank with probability one (because EX/, X, is positive definite by
assumption). In consequence, Px, , = I, and

Sa = (Yn—i-_Xn—i-Bl,n)l(Yn—&-_Xn—i-Bl,n)
n+m
= > (V= X{Bi,)% (3.12)

i=n—+1

The statistic Sp has an analogous expression when m = d with Blm replaced by
ﬁl,n—l—m'

A natural extension of the definition of the statistic S, to the case where m < d
is made using its definition in (3.6), in which Px,, = I, when m < d because X,
has column rank m. That is, when m < d, the natural definition of S, is that given in
(3.12). In fact, as shown in the next subsection, this definition is the definition that
we obtain when we consider a variant of the F statistic for the case where m < d.
Correspondingly, a natural extension of the S, statistic to the case where m < d is
given by (3.12) with 51 . Teplaced by 61 S

Tn some Monte Carlo simulations analogous to those reported in Section 9, we
consider the F statistic as defined in (3.5), but with 2 deleted. Critical values are
constructed analogously to those for S, . Neither the size nor the power results differ
much from those of the simpler test based on S,. In most cases, the differences in
rejection probabilities are .005 or less. In consequence, we focus on the S, and S
tests in this paper rather than the F test itself.

In some additional Monte Carlo simulations, we consider a variant of the S,
statistic that is a quadratic form in A; (Bl,nvlm) but with a weight matrix based on
the full sample. DGH consider a test statistic of this type. In particular, we replace
VilIm) = X iy 1Xjjem—1 by the matrix Vi ,pm = m(n +m) X, X1 nim.
The same weight matrix is used for S, ;. The resulting test is inferior both in terms
of size and power to the S, test. For this reason, we do not discuss this test further.

3.2 m <d Case

Next, we consider the F’ statistic for testing Hj against H; when m < d. In this
case, the F' statistic can be written as

(S0 (¥ = X{By ) = 01 (Vi = X[By)?) /m

F= -
2 (Yi = XiB1,)%/(n = d)

(3.13)
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The second sum in the numerator is the unrestricted sum of squared residuals because
the residuals from the last m observations equal zero due to the perfect fit that is
possible when m < d.3

As above, the denominator of the F' statistic does not contribute to the power of
the test. It just contributes to the test’s invariance with respect to the error variance
o3. In addition, the estimator 61 ntm differs by little from 51 . under the null and
alternative hypotheses because n is much larger than m. Hence we evaluate both
sums of squares at [3; ,,, which simplifies the statistic considerably. This leads to the
following variant of the F' statistic:

n+m R
P, = Z (Y; _Xz{ﬁl,n)Q
i=n+1
= Pn+1 (61,1@7 Im); (314)

where P;(3,%) is defined in (2.12). (The statistic is denoted P, because statistics of
this form are sometimes called predictive statistics, e.g., see Chow (1960).)

We define S, to equal P, when m < d. Of course, P, is defined even when m > d.
In this case, P, differs from S, and P, is not a variant of the F' statistic. Note that
when m = d the two definitions of S, for m < d and m > d coincide by (3.12).
Similarly, the two definitions of the F statistic for m > d and m < d, given in (3.5)
and (3.13), coincide when m = d.

We now specify critical values for the statistic P, that allow for non-normal,
dependent, heteroskedastic errors. The main assumptions are as above, see Section
8 for details. Define

PJ—P(B(]), m) forj=1,...,n—m+1, (3.15)

where B(j) is defined in (3.9). Critical values and p-values for the P, statistic are
obtained using {P,; : j =1,...,n —m+ 1} in the same manner as in (2.3)-(2.5) with
(Sa,Sa,j) replaced by (Py, Py j)-

We define analogues (P, P ;) to (Py, Paj) in the same way and for the same
reason that (S, S ;) are defined relative to (S, S, ;) when m > d. That is,

b= PnJrl(Bl,ner?Im) and ij =P; (62 ])7 ) (316)

Critical values and p-values for P, are constructed in the same way as for Sy in
(2.3)-(2.5).

When m < d, the S, and Sy ; statistics are defined to equal the P, and P ;
statistics.

3.3 Tests Adjusted for Autocorrelation

The S,, Sp, Pa, and P, tests are designed for the case where the errors in the
regression model are uncorrelated—although the tests have the correct size asymp-
totically whether or not the errors are correlated. If the errors are correlated, it
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is advantageous in terms of power to include weights in the statistics based on an
estimator of the error covariance matrix. We introduce statistics (S, S¢ ;) that are
analogues of (Sg,Sg ;) that do so. We define

SC = S’ﬂJrl(Bl,nvil,ner) and
Se;j = Si(Bg)> Z1nm) (3.17)

for j =1,...,n+1, where flUHm and S;(3, %) are defined in (2.8) and (2.10), respec-
tively. Critical values and p-values for S, are obtained using {S.; : j = 1,...,n—m+1}
as in (2.3)-(2.5).

As with the S, test, the S, test tends to reject the null hypothesis too often when
the null is true. Hence, we introduce an analogue of the S, test that rejects less
frequently under the null hypothesis. This is the Sy test defined in Section 2. The
finite sample adjustment that is employed by the Sy test is the same as that for Sp,
which is described above. The Sy test is the recommended test.

Next, for the case where m < d, we introduce statistics (P, P, ;) that are analo-
gous to (Py, Py, j), but with weights that take account of possible correlation in the
errors:

PC = Pﬂ+1(317n7§1,n+m) and
Fej = Pi(B), Zintm) (3.18)

for j =1,...,n+1, where faner and Pj(3,%) are defined in (2.8) and (2.12), respec-
tively. Critical values and p-values for P, are obtained using {FP,; : j = 1,...,n—m+1}
as in (2.3)-(2.5).

As with the S, test, the P, test tends to reject the null hypothesis too often. In
consequence, we introduce analogues of the (P, P, ;) statistics that reject the null
hypothesis less frequently. Let

Pd = PnJrl(Bl,n—l—mv il,ner) and

Pyj = ‘Pj(BQ(j)ail,ner)' (3.19)

Critical values and p-values for the P; statistic are obtained using {FPz; : j = 1, ...,
n—m+ 1} as in (2.3)-(2.5).

The Sy test when m < d, defined in Section 2, is the same as the P; test. When
m > d, the Sy and Py tests differ.

3.4 Changes in the Regressor and Error Distributions

The null hypothesis Hy imposes stationarity of {(Y;, X;) : @ > 1}. Hence, a change
in the distribution of the regressors {X; : ¢ > 1} is not part of Hy. In many cases,
this is not desirable. One does not want to reject the null hypothesis due to just a
change in the regressor distribution.

As it turns out, this is not a problem. The P, tests for v = a, b, ¢, and d have no
power asymptotically against changes in the regressor distribution because the test
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statistics depend only on the residuals for ¢ = n + 1,...,n + m. By definition, the
same is true for the S, tests when m < d. When m > d, the S, tests for v = a,
b, ¢, and d have no power against location and/or scale changes in the regressor
distribution. Furthermore, Monte Carlo simulations show that changes in the shape
of the regressor distribution beyond location and scale changes have very little effect
on the rejection rates of the S, tests when the parameters are constant and the error
distribution is constant, see Section 9.2.3. Hence, the S, tests appear to have little
to no power against changes just in the regressor distribution.

On the other hand, the tests P, and P, have power against changes in the error
distribution that increase the 1 — o quantile of the distribution of the average of the
squared errors {U? : i = n+1,...,n+m}. Similarly, when m > d, the tests S, and S,
have power against changes in the error distribution that increase the 1—« quantile of
the distribution of the average of the squared errors after projection onto the column
space spanned by the post-change regressors X,,.. For example, a sufficiently large
increase in the variance of the errors causes these tests to reject the null hypothesis.

The tests P, and P; have power against changes in the error distribution that
increase the 1 — a quantile of the distribution of the quadratic form Uj, ¥ U,y in
the errors, where 3y = EULmU’Lm. The same is true of S, and S; when m < d. When
m > d, the tests S, and Sz have power against changes in the error distribution that
increase the 1 —a quantile of the distribution of the quadratic form in Y 2Un+ after
projection onto the column space spanned by the transformed post-change regressors
INTES S

The tests T, for T'= S and P and v = a, b, ¢, and d obviously have power against
changes in the parameter vector ;. Hence, rejection of the null hypothesis by one
of these tests provides evidence that either the parameter vector has changed or the
error distributions have became more variable (roughly speaking).

4 Linear Instrumental Variables

Extension of the tests based on T}, for T'= S and P and v = a, b, ¢, and d to the
case of linear IV estimators of a linear regression model is fairly straightforward. We
define the statistics (T, Ty ;) for the IV case here. Critical values and p-values are
then constructed in the same way as above.

The model of interest is as in (2.1), but with regressors that may be correlated
with the errors. Let Z; denote a vector of IVs for ¢ = 1,...,n +m. The two cases
distinguished in the previous section, namely, m > d and m < d, also arise here,
but the distinction depends on the dimension of the IV vector Z;, rather than the
dimension of the regressor vector X;. Hence, in the linear IV case, we let d denote the
dimension of the IV vector Z; and we let dx denote the dimension of the regressor
vector X; and the parameter 3. We assume that d > dx.

The null and alternative hypotheses of interest are as in (3.4) but with the LS
moments, E(Y; — X/3y)X;, replaced by the IV moments E(Y; — X/(3,)Z;. Thus,

o E(Y; — X[By)Z; =0for all i =1,...,n+m and
0" {(Y;,X;,7Z;) : 1 > 1} are stationary and ergodic
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E(Y; — X!By)Zi =0 for all i = 1,...,n and

E(Y; — X[By)Z; # 0 for some i =n +1,...,n+m and/or
the distribution of U; for somei=n+1,...n+m
differs from the distribution of U; for ¢ =1, ..., n.

H1 . (41)

The alternative hypothesis H; covers parameter instability, i.e., 8y, # B, for
some ¢ = n + 1,...,n + m, instability in the validity of the 1Vs, i.e., FU;Z; # 0
for some i = n+ 1,....,n + m, and/or instability in the distribution of the errors.
Tests have power against instability in the validity of the IVs only if there are over-
identifying restrictions, i.e., d > dx. Hence, the alternative effectively encompasses
parameter instability, instability in over-identifying restrictions, and instability in
the error distribution. The tests considered below have power against changes in the
error distribution that increase the variability of the errors, roughly speaking, as in
the linear regression case. The tests have little to no power against changes in the
regressor or IV distributions, as is desirable in most cases.

The main assumptions are that {W; = (Y;, X/, Z])' : ¢ > 1} are stationary and
ergodic under the null hypothesis, EU1Z; = 0, EZ,Z] is positive definite, EX;Z]
has full row rank, U; has an absolutely continuous distribution, and some moment
conditions hold, see Section 8.

We now define the test statistics and critical values for the linear IV case. The
IV estimator using the observations indexed by i = 7, ..., s is defined by

B’r‘,s = (X;‘,SPZr,anS)_l X;‘,SPZT}SYT7S7 where
Z.s = (Zy,...,Zg) and
PZT,S = ZT7S(Z;",SZT7S)71Z;",S' (4-2)

For j =1,...,n—m+1, the IV estimators B(j) and BQ(]') are defined analogously using
the observations indexed by ¢ = 1,....,n withi £ j,...j+m—1land by i=1,...,n
with ¢ # j,...,7 + [m/2] — 1, respectively.

In the IV case, the function S;(3,%) is as defined in (2.10), but with A;(3,%)
and V;(X) defined in (2.13).

Apart from the changes in the definitions of the estimators and the function
S;(8,X), the statistics (T3, Ty, ;) in the IV case are the same as in the LS regression
case.

5 Generalized Method of Moments

In this section, we extend the tests based on T, for T =S and P and v = a, b,
¢, and d to the case of moment condition models estimated by GMM. This extension
covers tests of structural change for models estimated by ML by taking the GMM
moment function g(W;, 3) to be the ML score function for the i-th observation. We
define the statistics (7}, T} ;) for the GMM case below. Accompanying critical values
and p-values are constructed in the same way as above.

We consider GMM moment conditions given by

Eg(VVivﬁO) =0, (51)
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where g(-,-) is a vector-valued function that may be, but is not necessarily, of the
form given in (2.14). The two cases distinguished in the linear regression section,
namely, m > d and m < d, also arise here, but the distinction depends on the
number of moments, rather than the dimension of X;. Hence, in the GMM case, we
let d denote the dimension of the function g(-,-) and we let dg denote the dimension
of the parameter 3. We assume that d > dg.

The null and alternative hypotheses of interest are

. { Eg(W;,8,) =0foralli=1,....,.n+m and
01 {W; :i> 1} are stationary and ergodic
Eg(W;,8,) =0for all i =1,...,n and
. Eqg(W;,3y) # 0 for some i =n+1,...,n +m and/or
1) the distribution of g(Wi, By) for some i =n+1,...,n+m
differs from that of g(W;, 5,) fori=1,...,n

(5.2)

As in the linear IV testing case, the alternative hypothesis covers parameter instabil-
ity, invalidity of over-identifying restrictions, and instability in the error distribution
when the moments are the product of an error and an IV vector.

We consider one-step, two-step, and continuously updated (CU) GMM estimators.
The GMM estimator using the observations indexed by i = r,...,;s, denoted f3, ;, is
defined to minimize one of the following three criteria over the parameter space B:

QN (B) Zg (Wi, ) 129 i

Q7(‘728 Zg VVUB 7‘8 7"5 Zg 275 and

Zg (Wi, B))' Zg (Wi, B), (5.3)

where Qg(ﬁ), (2)([3) nd Q(C )([3) are the one-step, two-step, and CU GMM
criterion functions, respectively; the one-step weight matrix ) is some fixed non-
stochastic matrix, such as Iy; the weight matrix V, () depends on the observations
indexed by ¢ = r,...,s; and the estimator an that appears in the two-step weight
matrix is the one-step GMM estimator based on the observations indexed by ¢ =
7)oy S.

Forj=1,. n m—+ 1, the one-step, two-step, and CU GMM criterion functions,
ng)) (B) and Q2( (B) for k=1, 2, and CU and estimators B(j) and /5\2(]') are defined
analogously usmg the observauons indexed by ¢ = 1,...,n with ¢ # j,...,j+m—1 and

byi=1,..,nwithi # j,...,j+[m/2] -1, respectlvely. Let Vi) (B) and Vo(;(8) denote
the matrix-valued Weighting functions that are used in the definitions of Qg; (8) and
QEJC)U) (6) and Q2 (ﬁ) and Q(CU) (8), respectively.

For the case where m > d, the statistics S, and S, ; are defined in the GMM case
to be

~

Sa = Sn41(By,) and Saj = S;(By;)), where
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A40) = 3 9WiB), (5.4)

and V;(8) = V(Wj, ..., Wjtm—1, ) is some positive definite weight matrix that is a
function of the observations Wj, ..., W;.,,—1 and the parameter 8 for j =1,...,n+1.
For example, suppose g(W;, 3) is of the form in (2.14). Then, one can take

Vi(B) = Zjj1m1(8) Zjj1m—1(B), where
ijjer*l(ﬁ) = (Z(I/I/jaﬁ)a"-’Z(V[/]'erflyﬁ))/. (55)

Alternatively, one could take

j+m—1

Vi3 = > g(Wi,B)g(Wi,0). (5.6)

=

The asymptotic results given below cover both choices and any other choice of V;(/3)
that satisfies the stated assumptions.
The statistics (Sp,Sp ;) are defined just as (S,,Sq ;) are defined in (5.4) when

m > d, but with (BLner, BQ(J’)) in place of (Blm, B(j)).

The remaining statistics for the GMM case are only defined when g(-,-) is of the
form in (2.14). The (Sa,Sq,;) and (Sy, S ;) statistics when m < d are defined to
equal (P,, P, ;) and (Py, Py ;), respectively. The latter are defined (whether or not
m < d) by

Py = n+1(61,n7]m)7 P, a,j — =b; (6(])71 )7
B, = Pn-l-l(ﬁl,n—s—m?Im)? Pb,j = ‘Pj(BQ(j)a m); (57)

where P;j(3,X) is defined in (2.17).
Again assuming that g(-,-) is of the form in (2.14), we define (SC,SCJ) in the
same way that (Sg,Sg ;) is defined in (2.14)-(2.17), but with (ﬁln,ﬁ (;)) in place of

(ﬁl,n—&-mv 62(3))
Lastly, (P, Pe,;) and (Py, Py ;) are defined by

P = Pn—i-l(Bl,na il,n—&—m(gl,n))v P =P (/6(3)7 z:1 n—s—m(ﬁ(j)))a
Py = PnJrl(ﬁl,ner? Zl,ner(ﬁl,ner))? Pd,j = Pj(BQ(j)a El,ner(BQ(j)))a (58)

where iLner(ﬁ) and P;(3,X) are defined in (2.15) and (2.17), respectively.

6 Tests for Instability at the Beginning,
or in the Middle, of the Sample

The tests introduced above for detecting instability at the end of the sample
can be altered to detect instability occurring at the beginning or in the middle of
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the sample. For example, one might be interested in determining the most suitable
starting date for a given model. Alternatively, one might be interested in whether a
model behaves differently during war years or during a policy regime shift compared to
other years in the sample. Often such periods of potential instability are of relatively
short duration, so that asymptotic tests that rely on their length going to infinity
are not appropriate. In such cases, the testing approach introduced above is useful
because the length, m, of the time period of potential instability is taken to be fixed
and finite in the asymptotics.

We consider the case of testing for structural instability for the m observations
indexed by ¢ = ig, ..., %9 + m — 1 when the total number of observations is n +m. For
example, for the GMM case, the null and alternative hypotheses are given by

o { Eg(W;,B8,) =0 foralli=1,....,n+m and
01 {W;:i>1} are stationary and ergodic
Eg(W;,Bp) =0foralli=1,....i0 — 1, ig + m,...,n +m and
Eg(W;, By) # 0 for some i = ig, ..., 39 +m — 1 and/or
the distribution of g(W;, ;) for some i = iy, ...,ig + m — 1
differs from that of g(W;, §y) for i =1,...,50 — 1, ig +m,...,n + m.

H; (6.1)

One can construct tests for these hypotheses by taking the summands {g(W;, ) :
i = dgy...,i0 + m — 1} and switching them with the summands {g(W;,3) : i =
n+1,..,n +m} in the sums that appear in the components of the test statistics
and estimator criterion functions considered in the sections above. After making this
switch, the tests defined above can be used to test the hypotheses in (6.1).

For the LS and IV testing cases, analogous switches deliver tests for instability
for the observations indexed by ¢ = ig, ...,790 +m — 1.

7 Application to Models with I(1) Variables

The tests introduced above can be applied to some models with integrated vari-
ables of order one (I(1)). For example, consider two common (p + 1)-th order autore-
gressive models with possible unit roots written in Dickey-Fuller representation:

Yi = p+aYi1 +71AYio1 + ... +79,AY;, + U; and
Yi=p+0i+aYi1+7AYi—1 + ... +7,AYp + Us. (7.1)

The second model contains a time trend. If a = 1, the models have unit roots and
are non-stationary. However, if the characteristic polynomial associated with the
parameters (a;,1, -..,7,) has at most one unit root and all other roots lie outside the
unit circle, then differenced versions of these models are strictly stationary for |a| <1
under suitable conditions on the errors U; :

AY; = (a —1)Yi1 + 1 AYi 1 + ... +7,AY;, + U; and
AY; = B+ (0 = 1)Yiog + 1Ay + o + 7, AYip + Uy, (72)
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In consequence, in the unit root case, one can test for structural instability at the
end of the sample by applying the tests above to the models written in differenced
form (7.2).

8 Asymptotic Results

In this section, we show that the tests introduced above are asymptotically valid.

8.1 Assumptions

In order to determine the behavior of the random critical values defined above
under both Hy and Hi, it is convenient to consider a sequence of random variables
{Wh, : i > 1} that are stationary and ergodic under both Hy and H;. Under Hy,
the observations are W; = Wy ; for ¢ = 1,...,n +m. Under Hi, the observations are
from a triangular array, rather than a sequence, because the changepoint n changes
as n — oo. Under Hi, the observations are W; = Wy ; for i = 1,...,n and W; = W, ;
for i =n+1,...,n+m, where {W,,; : i =n+1,...,n+m} are some random variables
whose joint distribution is different from that of {Wy; : ¢ = n+1,...,n+m}. We
assume that the distribution of {W,,; : ¢ = n+1,...,n+m} is independent of n. That
is, we consider fixed, not local, alternatives.

For simplicity, we do not state separate assumptions for each of the test statistics
and models considered. Rather, we state generic assumptions that cover the statistic
Ty, where T denotes S or P and v denotes a, b, ¢, or d. For any given statistic T,,, we
do not state which model or estimator is considered. It could be the linear regression
model estimated by LS, the linear regression model estimated by IV, or the GMM
model estimated by the one-step, two-step, or CU GMM estimator. Provided the
assumptions hold for the model/estimator of choice, the asymptotic results hold for
this choice. In Assumption 3, T,+1(-,-) denotes Sy11(-,-) or Ppt1(+,-) and the form
of these statistics depends on the model/estimator under consideration as defined
above.

Let B(3j,¢) denote a ball centered at (3, with radius ¢ > 0. Let §/9(3,%71)
denote partial differentiation with respect to 8 and the non-redundant elements of
»1
Assumption 1. {Wp, :¢ > 1} are stationary and ergodic.

Assumption 2. (a) Whenv =aorc, HBln —Boll —p O and sup,; 1 ;i1 HBU) -
Bol| —p 0 with m fixed under Hy and H;. When v = b or d, HBl,n—i—m — Bol| —p 0 and

SUD;1, nmt1 ||/6\2(j) — Bol| —p 0 n — oo with m fixed under Hy and Hj.

(b) When v = c or d, supge (g, e,.) Hf]lerm(ﬁ) — || —p 0 as n — oo for some
nonsingular matrix g, for all sequences of constants {e,, : n > 1} for which ¢, — 0
as n — 0o.

Assumption 3. (a) When v = a or b, T,,.1(53, I,) is continuously differentiable
in a neighborhood of 3, with probability one under Hy and H;. When v = ¢ or d,
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T41(0,%) is continuously differentiable in a neighborhood of (3, Xo) with probabil-
ity one under Hy and Hj, where ¥ is as in Assumption 2(b).

(b) When v = a or b, either Esupgepg, e [1(0/98)T1(8, Im)|| < oo or (n —
m+1)7! Z}:{"H SUPgeB(g, <) 11(0/08)T;(B, Im)|| = Op(1) for some ¢ > 0. When
v = c or d, the same condition holds with I, replaced by ¥ and with the suprema
taken over ¥ € N(Xg), where Xy is as in Assumption 2(b) and N(3g) denotes some
neighborhood of .

(c) When v = a or b, the distribution function of T31(8, I,) is continuous and
increasing at its 1 — a quantile. When v = ¢ or d, the same condition holds with I,
replaced by 3o, where ¥ is as in Assumption 2(b).

Assumption 1 is fairly general compared to many results in the testing literature.
It allows for both asymptotically weakly dependent processes, such as mixing and
near epoch dependent processes, as well as long-memory processes. It allows for
conditional variation in all moments, including conditional heteroskedasticity.

Assumptions 2 and 3 hold for LS, IV, and GMM estimators under appropriate
regularity conditions. The following are sufficient:

Assumption LS. (a) EU; X; = 0.
(b) EU? < 0o and E||X1][**? < oo for some § > 0.
(c) EX1Xj and % = EUy,,, U], are positive definite.
(d) U; has an absolutely continuous distribution.

Assumption IV. (a) EU;Z; = 0.

(b) EU? < 00, E||X1]|? < 00, and E||Z1]|>T¢ < oo for some § > 0.

(c) EZ1Zf and Xy = EUl,mU’Lm are positive definite and EX;Z] has full row
rank.

(d) U; has an absolutely continuous distribution.

Assumption GMM. (a) Eg(W1,3) =0 for § € B if and only if 5= 3, € B.

(b) B is compact.

(c) g(W1, ) is continuous on B almost surely and Eg(W71, 3) is continuous on B.

(d) Esupgep |lg(Wh, B)||* < oo for some & > 0.

(e) The one-step GMM weight matrix V is non-stochastic and positive definite;
the two-step GMM weight matrix functions V) (8) and V. 5(8) satisfy sup,;_; 11
SUPBeB(3,,e) | Vi) (B) — V(B)| —p 0 and supgepg, o) [Vrs(8) — V(B)| —p 0 for some
e >0 for (r,s) = (1,n) and (r,s) = (1,n + m), for some symmetric positive definite
non-stochastic function V() defined on B(3y, €) that is continuous at 3y; and the CU
weight matrix functions V;)(8) and Vys(3) satisfy analogous convergence conditions
but with B(f,¢) replaced by B and with V() being a symmetric non-stochastic
function with eigenvalues bounded away from zero on B.

(f) When T' = S, g(W1, 3) is continuously differentiable on a neighborhood of
By almost surely. When T'= S and v = a or b, V;(B) = V(Wj, ..., Wjytm_1,0) is a
positive definite weight matrix that is a function of the observations W, ..., Wjm_1
and the parameter 8 and is continuously differentiable in G on a neighborhood of
By almost surely for j =1,....,n+ 1, Esupgep(g, «) llg(W1, B)||> < oo, Esupgep g, e

(110/08")9(Wa, B)I|-[lg(Wr, B)I) < 00, and sup;—y 1 SUPseB(s,.) (I1V; (B)]]+
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||(8/66T)Vj*1(5)||) = Op(1) for r =1, ...,dg for some € >0. When T'= S and v =c
or d, the previous conditions hold with V;(3) replaced by V;(3,%), the suprema
also taken over ¥ in some neighborhood N (%) of ¥y, and (9/003,) replaced by
(0/0(3,%71),), where the latter denotes partial differentiation with respect to the
r-th element of the vector comprised of 3 and the non-redundant elements of £71,
When T'= P and/or v = ¢ or d, U(W1, 3) is continuously differentiable on a neigh-
borhood of 3, almost surely and E'supgepg, o) ||U(Wh, 8)(9/08)U(W1,B)|| < oo.
When v = cor d, EU; 5, U7 ,,, is positive definite and E'supgep(g, o) U?(Wy, 8) < oo.
When T'= S and v = c or d, Esupge (s, ) [|Z(W1,B)|]? < oo.

(g) g(W1,By) has an absolutely continuous distribution when 7" = S and v = a
or b and U(W1, 3,) has an absolutely continuous distribution when 7'= S and v = ¢
or d and when T' = P.

Assumptions LS, IV, and GMM(a)-(d) only place restrictions on the distribution
of the first observation. By stationarity, this has implications for the distributions
of all of the observations under Hy and for the “pre-change” observations under
H;. Assumptions LS, IV, and GMM(a)-(d) place no restrictions on the distributions
of the “post-change” observations even though Assumptions 2 and 3 are required
to hold under Hy and H;. Nevertheless, Assumptions LS, IV, and GMM are each
sufficient for Assumptions 2 and 3. This is possible because in Assumptlon 2 the
post-change observations only affect the estimators [31 n+m and S n+m and their
behavior is dominated by the pre-change observations and in Assumption 3 the post-
change observations only affect T,11(8g, Im) and Ty, 4+1(5y, X0) and whether they are
continuously differentiable does not depend on the distribution of the observations.

Assumptions LS(d), IV(d), and GMM(g) provide simple sufficient conditions for
Assumption 3(c). But, they are undoubtedly much stronger than is necessary for
Assumption 3(c) to hold.

Assumptions GMM(a)-(e) are used to verify Assumption 2(a). Assumption
GMM(f) is used to verify Assumptions 2(b), 3(a), and 3(b). Assumption GMM(g) is
used to verify Assumption 3(c).

Lemma 1 (a) Assumptions 1 and LS imply that Assumptions 2 and 3 hold for
T =S and P andv = a, b, ¢, and d for the linear regression model estimated using
the LS estimator.

(b) Assumptions 1 and IV imply that Assumptions 2 and 3 hold for T = S and P
and v =a, b, ¢, and d for the IV regression model estimated using the IV estimator.
(c) Assumptions 1 and GMM imply Assumptions 2 and 3 hold for T =S and P and
v =a,b, ¢, and d for the moment condition model estimated using a GMM estimator.

8.2 Results

In this subsection, we state the asymptotic results that justify the use of the
data-dependent critical values that are introduced above.
For T = S and P and v = a, b, ¢, and d, let Fr, ,,(x) denote the empirical df
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based on {7}, ; : j =1,...,n —m+ 1}. That is,

n—m+1

Pr,n(z) = n—m+1 > UThy <a). (8.1)
j=1

For T'= S and P, let Fr,(x) denote the df of T1(8, Im) at © when v = a and b
and the df of T1(3y, X0) at © when v = ¢ and d. Let g7, 1— denote the 1 —a quantile
of Th (ﬁo, m) when v = a and b and the 1 — a quantile of T (3, X0) when v = ¢ and
d. Let gr, 1—« denote the 1 — o sample quantile of {T,; : j = 1,...,n —m + 1} for
v=a,b, c, and d, as defined in (2.3).

For T = S and P, let T, o be a random variable with the same distribution
as Tp+1(Bg, Im) when v = a and b and the same distribution as T;,11(8y, 20) when
v = ¢ and d. Under Assumptions 1-3 and Hy, the distributions of T51(8g, Im)
and Ty+1(8g,20) equal those of T1 (08, Im) and T1(0By,X0), respectively Also, the
distributions of T5,41(8g, Im) and T5,11(8g, Xo) do not depend on n under either Hy
or Hi. Under Hy, this holds by stationarity. Under Hj, this holds because we take
the distribution of {W,; : i = n+1,...,n +m} to be independent of n, which is
appropriate for fixed alternatives.

Theorem 1 Suppose Assumptions 1-3 hold for T =S or P and v = a, b, ¢, or d.
Then, as n — o0,

(a) Ty —q Ty 0o under Hy and Hy,

(b) FT n(x) —=p Fr,(x) for all x in a neighborhood of qr, 1— under Hy and Hy,
(€) @r,1—a —p 91,,1—a under Hy and Hy, and

(d) P(Ty > @r,,1—a) — « under Hy.

Comments: 1. Part (a) gives the asymptotic distribution of T, under the null
hypothesis and fixed alternatives.

2. Part (c) of the Theorem shows that the random critical value g7, 1o has the
same asymptotic behavior under Hy as under Hy. This is desirable for the power of
the test.

3. Part (a) shows that T, does not diverge to infinity as n — oo under H;. Hence,
T, is not a consistent test. However, if T,,11(0y, Im) is stochastically greater than
T1(By, Im) (or T,,41(Bg, Xo) is stochastically greater than T3 (5, X)) under Hy, then
T, is an asymptotically unbiased test.

4. Stationarity under Hp is not essential for the tests considered in the Theorem
to be asymptotically valid. For example, in a linear regression model what is essential
is stationarity of the error but not stationarity of the regressor. Provided the regressor
behaves in a way that yields consistent estimators of 3, and X, i.e., Assumption 2
holds, the P, tests for v = a, b, ¢, and d have the correct size asymptotically. To verify
Assumption 2, one could use near epoch dependence (NED) or mixing conditions in
place of stationarity and ergodicity. We use the stationarity and ergodicity condition
here because it allows for more general dependence, such as long-memory dependence,
and is simpler and more elegant than NED or mixing conditions.
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5. The idea of the proof of part (b) of the Theorem is to show that (i) the
difference between ﬁTmn(m) and a smoothed version of it, say, FT,,, (x, hy,) converges in
probability to zero, where h,, indexes the amount of smoothing and h, — 0 as n — oo,
(ii) the difference between Z*A“Tmn(ac, hp) and an analogous df with §;) or By replaced
by B, converges in probability to zero, (iii) the difference between the latter and the
empirical df of {T};(Bg, I;n) : j = 1,...,n—m~+1)} or {T;(5y,%0) : j = 1,...,n—m+1)}
converges in probability to zero as n — oo, and (iv) the difference between the latter
and its expectation, Frp, (), is asymptotically negligible. The reason for considering
a smoothed version of ﬁTv, (z) is that it is a smooth function of [3(] or [320 and,
hence, result (ii) can be established by taking a mean-value expansion about (.
Result (iv) holds by the ergodic theorem because {T;(8y, Im) : j =1,...,n —m+1)}
and {T}(8y,%X0) : j = 1,...,n —m+ 1)} are finite subsets of stationary and ergodic
random variables using Assumption 1.

9 Monte Carlo Experiment

In this section, we describe some Monte Carlo results that are designed to assess
the size and power properties of the T;, tests for T =S and P and v =a, b, ¢, and d
and to compare these tests to the F' test.

9.1 Experimental Design

We consider linear regression models estimated by LS, as in (2.1). Two pre-
change sample sizes, n, are considered: 100 and 250. Three post-change sample sizes,
m, are considered: 10, 5, and 1. The number of regressors, d, is taken to be five.
One regressor is a constant; the other four are independent of each other. Each of
the latter regressors and the error is generated by an autoregressive process of order
one (AR(1)) with the same AR parameter p. We consider three values of p : 0, .4,
and .8. The innovations for the AR(1) processes are iid. We consider four different
distributions for the innovations: standard normal, chi-square with two degrees of
freedom (recentered and rescaled to have mean zero and variance one), t3 (rescaled
to have variance one), and uniform on [—+/12,1/12] (which has mean zero and variance
one). (Note that the test size results, but not the power results, are invariant with
respect to the error variance.) The initial observations used to start up the AR(1)
processes are taken to have the same distribution as the innovations, but are scaled to
yield variance stationary processes. The X2, t3, and uniform distributions are chosen
because they exhibit asymmetry, thick tails, and thin tails, respectively.

Under the null hypothesis, the sample of n + m observations is computed using
the regression parameter vectors 3, = 31; = 0 for ¢ =n +1,...,n + m. (The test size
results are invariant with respect to the value of 3y (= (3;).) Under the alternative
hypothesis, 3, = 0 and 3y, = 5; o« (1,1,1,1,1)' for i = n + 1,...,n + m, where o
denotes “is proportional to”. For most results, we take ||3;|| = 1.75, where ||3]|
denotes the Euclidean norm. For some results, we take ||3;|| = 7.0.

Results are reported for tests with nominal size .05.
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The power results that we report are for size-corrected tests because we do not
want to confound power differences with size distortions (which are quite large for
the F' test in some scenarios). For the F' test, size correction is straightforward. By
simulation we determine critical values that yield the desired test size, .05, for each
distribution and each n, m, and p value when 3, = (3;; = 0. These critical values are
employed when computing the power of the F' test.

For the other tests, size-correction is not as straightforward because their critical
values are sample quantiles, not constants. For the other tests, we determine by
simulation the significance levels that yield the finite sample null rejection rates to be
as close to the desired test size, .05, as possible for each distribution and each n, m,
and p value when 3y = 3;; = 0. (The rejection rates cannot be made exactly equal
to .05 because the sample quantile functions are not continuous. But, the differences
are fairly small.) These significance levels are employed when computing the power
of the nominal .05 tests. Note that this method of size correction is equivalent to the
method in which the critical value is adjusted for any test that has a non-random
critical value.

The number of simulation repetitions used is 40,000 for each case considered.
This yields simulation standard errors of (approximately) .001 for the simulated null
rejection rates of nominal .05 tests and simulated standard errors in the interval
(.0020, .0025) for the simulated alternative hypothesis rejection rates when these
rejection rates are in the interval (.20, .80).

9.2 Monte Carlo Results
9.2.1 Size

Table I presents the test size results for nominal .05 tests. For clarity, the results
for the recommended test Sy are in bold face in Table 1.

When m = 5, separate results are not given for P, and P; because P, = S, and
P; =S4 by definition. When m = 1, separate results are not given for S,, Sy, Py, D,
P., or P; because S, = P, =P, =5, and S, = P, = P; = 5S4 when m = 1. The test
P, dominates P, and the test P; dominates P, in terms of size performance across
all cases in Table 1. Hence, for brevity, we do not report any results for P, or P, in
Table 1.

The main results are as follows:

1. The F test has (exactly) correct size for all values of (n,m) when the distribu-
tion is normal and p = 0. The F’ test also has fairly good size when m = 1 and
the distribution is normal, x?, or ts.

2. In most other cases, the size of the F test is poor and, in some cases, it is very
poor. Across all of the cases considered, the rejection rate of the F test varies
between .002 and .329. The standard deviation of the rejection rate of the F
test from the desired value .05 across the 72 cases in Table I is .095, which is
very high. When p = 0, the F test over-rejects when the distribution is x? and
t3 and under-rejects when the distribution is uniform. For example, for p = 0,
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m =5, n = 250, and x? distribution, the rejection probability is .102; while for
p =0, m=>5,n =250, and uniform distribution, the rejection probability is
.004. When p = 4 or .8, the F test over-rejects for all distributions, including
the normal, except for one case with the t3 distribution. For example, for p = .4,
m = 10, n = 250, and normal distribution, the rejection probability is .115. For
the same case except with p = .8, the rejection rate is .286. The reason for the
poor performance of the F' test when either p # 0 or the distribution is not
normal is that the F' test does not have correct size asymptotically in these
cases.

3. The S, and S, tests perform very much better than the F' test in an overall
sense. For example, the standard deviation of the rejection rate of the S, test
from the desired value .05 across the 72 cases in Table I is .018, compared to
.095 for the F test. But, these tests still tend to over-reject the null hypothesis.
Their rejection rates vary between .050 and .090 when p = 0 or .4 and between
.060 and .118 when p = 8.

4. The S, and Sy tests, which incorporate the finite sample adjustments described
above, perform the best in terms of size in an overall sense. Their rejection
rates vary between .034 and .072 when p = 0 or .4 and between .049 and .082
when p = .8. The standard deviations of the rejection rates for the S, and Sy
tests from the desired value .05 are .011 and .008, respectively, compared to
.018 for the S, test. Hence, the finite sample adjustments work well. Except
for the case of m = 1 and uniform distribution, the rejection rates of the Sy
test vary between .040 and .058 when p = 0 or .4 and between .049 and .073
when p = .8. The S; test has better size when m = 10 or 5 than when m = 1.
When m = 10 or 5, its rejection rate varies between .040 and .064.

5. In general, for all tests, the rejection rates tend to be somewhat lower for the
uniform and normal distributions and higher for the x? and t3 distributions,
although the differences often are not great except for the F' test. For all tests,
the rejection rates are higher for n = 100 than for n = 250. This is because the
estimator of 3 is a constant in the asymptotic approximations and this is closer
to being true when n = 250 than when n = 100. For all tests, the rejection
rates increase as p increases, but the extent of the increase varies dramatically
across different tests. For the F test, the increase is very large. For the Sy test,
however, the increase is slight. For all tests, the rejection rates do not vary
much with m when p = 0. When p = .4 or .8, the rejection rates of the F' test
increase in m. For the other tests, the rejection rates do not vary much with m
even when p = .4 or .8, although the rates tend to be highest for m = 1 and
p=.8.

To conclude, the size results of Table I show that the F' test performs poorly in
many of the cases considered. The T, tests for v = a and ¢ greatly outperform the F’
test in an overall sense, but still over-reject the null hypothesis. The S, and Sy tests
perform best and their performance in an absolute sense is pretty good.
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9.2.2 Power

Next, we consider Table II which provides the size-corrected power results. Table
IT does not report power results for the S, and S, tests because they are quite similar
to those of the S, and S, tests, respectively. The principle findings are as follows:

1. The power of the S, and Sy tests when p = 0 is essentially the same. Hence,
the estimation of the error covariance matrix by Sy costs little when the errors
are uncorrelated. On the other hand, when p = .4 or .8, the Sy test is more
powerful than the S, test and the estimation of the error covariance matrix
pays dividends. When p = 4, the Sy test is 5.9% more powerful on average
than the Sy test (over the cases in which they differ). When p = .8, it is 61.1%
more powerful on average. Hence, the Sy test outperforms the S test in terms
of power.

2. The Sy test is more powerful than the P; test by 35.5% on average when
m = 10 (which is the only case in which the two tests differ). Hence, there
is a substantial gain in power by using a weight matrix that projects onto the
column space of the transformed post-change regressors rather than using an
identity weight matrix.

3. The F test is 4.1% more powerful than the S; test on average when p = 0. The
F test is 1.8% more powerful on average when p = .4. The F' and Sy tests have
essentially the same power when p = .8 and m = 1. The Sy test is 51.3% more
powerful than the F' test when p = .8 and m = 10 or 5. Hence, the S; test
has power close to or equal to that of the F' test when p = 0 and .4 and when
m = 1 and noticeably higher power when p = .8 and m = 10 or 5. Of course,
the results of Table I indicate that the F' test is not a viable competitor to the
Sy test because of its size distortions.

4. For all tests, power increases greatly in m and only marginally in n. This is
because m indexes the number of residuals upon which the tests depend. An
increase in n provides a less variable estimator of (3, which improves power,
but not by nearly as much as an increase in m. For all tests, power is highest
for the uniform distribution and lowest for the x? and t3 distributions. For all
tests, power decreases sharply as p increases when m = 10 or 5, but is more or
less independent of p when m = 1. This occurs because increasing p increases
the correlation between the post-change residuals when m > 1, which can be
viewed as reducing the effective post-change sample size. When m = 1, there
is only one post-change observation, so increasing p only reduces the precision
with which 8 can be estimated, but does not affect the effective post-change
sample size.

Based on the size and power results discussed above, we recommend using the Sy
test. The S; and S, tests have the best size performance and the power performance
of the Sy test is better than that of S;. Not surprisingly, the size performance of the
S, test is far superior to that of the F' test. In addition, the size-corrected power of
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the Sy test is close to that of the F' test when the errors are uncorrelated and better
when the errors have noticeable correlation.

The finite sample size adjustment of the Sy test, which distinguishes it from the
S, test, works quite well. The estimation of the error covariance matrix, which distin-
guishes the Sy test from the Sy test, improves power when the errors are correlated
without sacrificing power when the errors are uncorrelated and without sacrificing
size performance. The use of a weight matrix that projects onto the column space of
the transformed post-change regressors, rather than an identity weight matrix, which
distinguishes the Sy test from the P; test (when m = 10), is found to increase power.

9.2.3 Change in Regressor Distribution

We carry out some simulations to see whether a change in the regressor distri-
bution alone causes the T, tests to reject the null hypothesis more frequently than
when there is no change in the regressor distribution, the parameters, or the error
distribution. Six cases are considered. In each case, the pre-change regressor inno-
vation distribution is N (0, 1), recentered and rescaled x3, or U[—+/12,1/12] and the
post-change regressor innovation distribution is one of these three distributions but
a different one. We consider the same values of n, m, and p as above.

The rejection rates of the T;, tests in the above cases are always within .006 of their
rejection rates for the corresponding cases that have the same pre-change regressor
innovation distributions and no change in this distribution after ¢ = n. This indicates
that the T, tests do not reject the null with probability greater than .05 when the
only instability present is instability in the regressor distribution. This is a desirable
feature of the tests.
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10 Appendix of Proofs

Proof of Theorem 1. We start by proving parts (a)-(d) for T'= S and v = a.

We prove part (a) first. By Assumption 2(a), Blm —p Bg. In consequence, there
exists a sequence of non-negative constants {en : m > 1} for which &, — 0 and
P(Ky) — 1, where K, = {||B1,, — Bol| < éen}. Let x € R be a continuity point of the
df of Sy41(8y), defined in (3.7). Let K¢ denote the complement of the set K,. We
have

P(Sp1(Brn) < 2)
= P({Sni1(B1,) < 2} N Ky) + P({Sni1(B1,) < 2} N KY)
< P( inf  Sp41(B) <)+ 0o(1)
HfB—ﬁOHSEn
= P(Sn+1(Bo) < x) +o(1)
= P(S4,00 < ) +0(1), (10.1)

where the second equality holds because Assumptions 3(a) and (b) imply that
inf) 3_g,||<c Sn+1(B) — Sns1(By) as € — 0 as. and Spy1(B) has a distribution
that does not depend on n and the last equality holds by definition of S, . If the
inf is replaced by sup, then the < is replaced by > . In consequence, P(SnH(BLn) <
x) = P(Sa00 < @) and part (a) is proved.

Next, we prove part (b). We introduce the following notation. For some random
or non-random vectors {3; : j = 1,...,n—m+1}, let ﬁn(x, {B,}) denote the empirical
df based on {S;(8;) : j = 1,...,n —m + 1}. That is,

N 1 n—m-+1
Fu(x{B}) = 2y 2 1(85(8;) < @) (10.2)
for € R. Note that ﬁgam(x) = ﬁn(m, {B(j)}).

We define a smoothed version of the df Fj(z, {8,}) as follows. Let k(-) be a
monotone decreasing, everywhere differentiable, real function on R with bounded
derivative and such that k(x) = 1 for x € (—o0,0], k(x) € [0,1] for = € (0,1), and
k(x) = 0 for = € [1,00). For example, one could take k(z) = cos(nz)/2 4+ 1/2 for
x € (0,1). For some random or non-random vectors {ﬁj cj=1,..,n—m+ 1}, we
define the smoothed df

—m-+1
Fua(Bih ) = ——— >~ K(S(B) —o)/ha),  (103)
j=1

where {h, : n > 1} is a sequence of positive constants such that h, — 0 and
SUD;1, nemt1 ||B(j)—60||/hn —p 0 asn — oo. Such a sequence exists by Assumption
2(a).
We have
4
Fy,m(x) = Fs,(z)] <" Dyp, where
=1
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Dy = |Foyn(@) — Fulz, {B 1} ),

Doy = |Fu(z, {Bej) } ) — n<x,{ﬁo},hn>\,

D3y = |Fy(@ {Bo}h) (z,{Bo})], and

Dapn = [Fu(z,{By}) - <>| (10.4)

We have D4n —p 0 under Hy and H; by the ergodic theorem. This holds because
{S1(By), -, Sn—m+1(By)} only depend upon the observations {W7i,...,W,}, which
come from the stationary and ergodic sequence {Wp, : ¢ > 1}, and not on the
“post-change” observations {Wpi1, ..., Wnim}. Each term S;(5;) is the same mea-
surable function of m observations {Wj, ... W 4m—1} for j =1,..,n —m+1, where
m is fixed and finite. Hence, {S1(8p),---; Sn—m+1(8p)} is a ﬁmte subsequence of a
stationary and ergodic sequence of random variables that depend on {Wy; : i > 1}
and the ergodic theorem applies.

We have
1 n—m-+1

.

because ﬁga,n(w) and F,(z, {3 (j)}> ) only differ when (S} (5 y) —x)/hy € (0,1).

By Assumption 2(a), there exists a sequence of positive constants {5n :n > 1}
such that e, — 0 and P(Ly) — 1, where L,, = {||B ()= Boll S &n, Vi =1,...,n—m+1}.
Now, for all § > 0,

P(Dl,n > 6)
< P((D1n > 8) N L) + P(LS)
n—m-+1
<P[—1— S s 1S(8) e (0,h) > 6| +o(1)

n—mtl g <en
<E sup 1(51(8)—x€(0,hy))/6+0(1)

118—Bol|<en
< FE1l (Sl(ﬁo)—wE(—en sup |I§51(5)|I,
1B—Boll<en OB
0
hp 4 €, sUp |I8—51(ﬁ)||)>/5+0(1), (10.6)
1B—Boll<en OB

where LS denotes the complement of the set L,, the third inequality uses Markov’s
inequality and the identical distributions of S;(8y) for j = 1,...,n — m + 1, and
the fourth inequality holds by a mean-value expansion of Si(3) about (3, using
Assumption 3(a). The right-hand side of (10.6) is o(1) by the dominated con-
vergence theorem using f(-) = 1 as the dominating function, because &, — 0,
hp, — 0, imsup,,_, SUp|jg_g,||<e, 11(0/08)S1(B)]| < oo a.s. by Assumption 3(b),
and S1(8) # = a.s. by Assumption 3(c). Hence, D; ,, — 0.
An analogous, but simpler, argument shows that D3, — 0.
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For part (b), it remains to show that D, —, 0. By mean-value expansions about
By, we have:

1 n—m-+1

Dom = |y z; K ((S5(B)) = %) /hm ) Si(B) By — Bo)/hm
n—m+1 z; B s lagS@I| _ sw W)= Goll
= 0,(1)oy (1), (10.7

where /(-) denotes the derivative of k(-), B(j) lies between B(j) and 3y, B < oo denotes
the bound on the derivative of k(-), the inequality holds with probability that goes
to one because sup;—1_._n-m+1 18(;) — Boll < e for some e > 0 with probability that
goes to one by Assumption 2(a), and the second equality holds by Assumptions 3(a)
and (b) (either directly by assumption or by Markov’s inequality) and by the fact
that hy, is defined such that sup,_y _,_pi1 |[8() — Boll/hsn —p 0. This completes the
proof of part (b).

Part (c) is implied by part (b) using Assumption 3(c). This is a standard result. It
follows from the fact that for all small € > 0, Fs, ,(¢s,,1-a—¢) —p Fs, (s, 1-a—¢) <
1 — o and ﬁga,n(qgml,a +¢e) —p Fs,(¢5,1-a +€) >1—a.

Part (d) is implied by parts (a) and (c) using Assumption 3(c).

This completes the proof for the case where T'= S and v = a.

The proof for T = P and v = a is essentially the same and, hence, is not given.
The proof for v = b is essentially the same as that for v = a because Assumption 2(a)
implies that the estimators [31 ntm and [32(]) behave like 61 n and ﬁ(]) asymptotically.

The proofs for the cases whereAv = c and d are essentlally the same as that
for v = a, but with S;(8), 3, Bo, P10, B(;), and B; replaced by S;(3,¥) and the

vectors comprised of the non-redundant elements of (3,%), (8y, o), (Blm, f]l,ner),

(B( s fll n+m), and (B3;,3;), respectively, where X; is some random or non-random
m X m matrix. In addition, the mean-value expansmns in 8 around 3, in the proof
are replaced by expansmns in (8,571) around (B, S ). Also, when v = d, 61 » and

B( ) are replaced by 61 ntm and 62(]) respectively. EI

Proof of Lemma 1. We start by showing that Assumptions 1 and LS imply that
SUP;=1,... n—m+1 [18(;) —Bol| —p 0 for the LS case and Assumptions 1 and IV imply the
same result for the IV case. We use the following result. Suppose that {§; : 4 > 1} is
a stationary and ergodic sequence of mean zero random variables and E||¢;||11° < oo
for some 6 > 0. Then,

wpm-m Y g

J=hemmmtd =1, i e M~ 1

< s fle-m)7C o D) &= &+l —m gl

z:l,,n,z;ﬁg,,]—&-m—l
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= sup |ln=m)7t YT &l (D), (10.8)

7j=1,...,n—m-+1 =, jbm—1

where the equality holds by the ergodic theorem. Let 7; = ZZ:] jm—1 &;. For all
e >0,

P((n—m)™" sup ||7jll > ) = P H][751] > (n —m)e})

j<n—m+1
n—m-+1
< P(l|T5l] > (n —m)e)
j=1
< (n—m+1DE||r;]|*(n — m) "4+
= o(1), (10.9)

where the second inequality uses Markov’s inequality. Hence, the right-hand side of
(10.8) is op(1).
The estimator ;) in the LS case satisfies

su By —
jzl,.,,,,}imHH (4) Boll

= sup  [[((n—m)" 3 XXt
I i 3 oAM= 1

x(n — m)fl Z X, Uil
=1, i, e jm—1
< N(EX1X] + 0p(1) T (EX1UL + 0p(1)]]

= 0,(1), (10.10)

where the inequality holds by applying (10.8) and (10.9) twice with §; = X;X| —
EX;X] and §; = X;U; and, in consequence, the o,(1) terms hold uniformly over
j=1..,n—m+1.

The proof of the same result for the linear IV estimator is quite similar using the
definition of the IV estimator in (4.2). In this case, (10.8) and (10.9) are applied
with &, = X;Z!, &, = Z;Z!, and §; = Z;U;. (Note that EUZ < oo and E||Z;||*T¢ < o0
imply that E||U; Z1||*+* < oo for some 01 > 0 by Holder’s inequality.)

The proof that sup;—; . m-1[1823;) — Boll —p 0 for the LS and IV estimators is
the same as the proof given above but with m replaced by [m/2] in the appropriate
places. R

The proof that ||3, ; — By|| —p 0 under Ho and H; for (r,s) = (1,n) and (r,s) =
(1,n 4+ m) for the LS and 1V estimators is fairly standard and, hence, is not given.
(Note that the proof for 3 ,,.,, under H; uses the fact that the distribution of
{Whi:i=n+1,..,n+m} is independent of n.) Thus, Assumption 2(a) holds for
the LS and IV estimators.

It is straightforward to verify Assumption 2(b) for the LS and IV estimators.

Assumption 3(a) holds for the LS and IV estimators because S;(3,X) and P;(3, X)
are quadratic functions of 3 and quite simple functions of ¥~
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Next, we verify Assumption 3(b) for the LS and IV estimators. Let Y, X, and
Z abbreviate Y; ;1m—1, X;jj+m—1, and Z; jim—1, respectively. First, we consider
T = S. For the LS estimator,

6%53-([3, ¥) = —2X'S7HY — Xp). (10.11)

We have E supge (g, ), men(so) [1(0/908)51(8, )| < 0o because EUE < oo, E||X1][* <
00, and ianeN(Zo))\min(z) > 0 for some neighborhood N (%) of 3¢, where Apin(2)
denotes the smallest eigenvalue of ¥. An analogous result holds when X = I,,,.

Let wy, ¢ denote the (k, ¢) element of £~1. For the LS estimator,

0
&U—MSJ‘(B, )
= 2(Y — Xﬁ)'le(X’z*X)*lX'i(2*1)(Y —X3)
Owy ¢

+HY - XB)T I X —

(X' 1X) X' 1Y - Xp). (10.12)
0wy ¢

We find that Esupgeps, <) nen o) [1(0/0wre)S1(8,%)|| < oo because EU? < oo,
E[X1l[2 < oo, infuen(sy hmin(E) > 0, and (9/da)(A 1) = —A 1((9/0a)A)A L,
where A is a nonsingular matrix that depends on «.
For the IV estimator,
a%sj(ﬁ, ¥) = 2X'S1Z(Z21Z) 12N (Y - X3)
= 2X'STV2P 0, n V(Y — Xp3), (10.13)

where Py, 1/2, is the projection matrix that projects onto the column space of »-1/27.
Let SN(, )N(, and Z denote Y12y, 212X and ©71/2Z, respectively. We can consider
the columns of X one at a time. So, for notational simplicity, we just suppose X is
a vector. Then, by the Cauchy-Schwarz inequality,

IX'P5(Y — XB)| < (X'PX)Y2((Y — XB)' P5(Y — X3))'/?
< (XX)MA((Y - XB)(Y - XB)H2. (10.14)

The supremum of the rhs over 3 € B(f;,6) and ¥ € N(¥y) has finite expectation
because EUF < 0o, E||X1|[* < 0o, infse n(339) Amin(X) > 0. Hence,

E s 12865 <o (10.15)

BEB(By,0),BEN(So) OB

for the IV estimator when T' = S. Note that we apply the Cauchy-Schwarz inequality
in (10.14) in order to eliminate the (Z’Z)~! term that appears in the lhs, which cannot
be bounded on its own.

An analogous result to (10.15) holds with 9/0/3 replaced by 0/0wy,; by combining
the calculations in (10.12) and (10.14). To bound the second term of (10.12), which

32



involves (9/0wy,;)[(Z'S71Z)~'] in the IV case, we make use of the formula for the
derivative of the inverse of a matrix given above and the inequality

W PAP2) <33 fansl - [Pl < 303 Jarsl - llal, (10.16)

r=1s=1 r=1 s=1

where z is a vector, P is a projection matrix, and A is a matrix with (7, s) element
Ay s.
Now, suppose T' = P. In this case, for both the LS and IV estimators, we have

86 4 (8,%) = —2X'27H(Y — XpB) and

0 0

Pi(8,%) = (Y - XB) 2-—(Z7)(Y - X7). (10.17)

3wk ¥ &uhg

The expectation of the supremum over 3 € B(fy,¢) and ¥ € N(X¢) of the rhs of
second equation in (10.17) is finite because EU? < oo and E||X1||? < co. Also, the
rhs of the first equation in (10.17) is the same as in (10.11). Hence, Assumption 3(b)
holds by the same argument as above.

Assumption 3(c) holds for the LS and IV estimators because U; has an absolutely
continuous distribution. This completes the proofs of parts (a) and (b) of the Lemma.

We now prove part (c) of the Lemma, which concerns the GMM estimator. To
show that sup;_1 _,m+1[8(;) — Boll —p 0, we extend the standard proof of consis-
tency for nonlinear extremum estimators. First, we verify that for £ =1, 2, and CU
and all € > 0,

sup  sup ]ng)) (8) = Q™ (B)| —, 0 and (10.18)
BeB j=1,....n—m+1
Q¥ (By) < inf  QW(B), where (10.19)

BEB(Bg,£)NB
QW (B) = Eg(W1, B) V™ Eg(Wh, B3),
QW(B) = Eg(W1, 8)'V™(8y)Eg(W1, 3), and
QY)(B) = Eg(W1,3)V~1(B)Eg(Wh, B). (10.20)

Condition (10.18) holds provided

sup  sup |(n —m)t Z g(W;,8) — Eg(W1,8)| —p 0, (10.21)
peB j=1,....n—mt1 =1, 5 m—1

because Assumption GMM(e) insures that the weight matrices are well-behaved.
Equation (10.21) holds pointwise in 3 for all § € B by applying (10.8) and (10.9)
with & = g(W;, ) — Eg(W1, 3) using Assumptions 1 and GMM(d). Then, a generic
uniform convergence result strengthens pointwise convergence to uniform convergence
over 3 € B. In particular, Theorem 5 of Andrews (1992) using Assumption TSE-1D
gives the desired result under Assumptions 1 and GMM(b)-(d).

Condition (10.19) holds by Assumption GMM(a)-(c) and (e).
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Next, we use (10.18) and (10.19) to show that sup,;_1 __, mi1 ||B(j) — Boll = 0.
By (10.19), given ¢ > 0 there exists € > 0 such that ||3 — By|| > e implies that
Q™ (B) — Q™ (B,) > 6 for k=1, 2, and CU. Hence, we have

P( sup  |IBy) —Boll > ¢)
—+1

j:17"'7n_m

< P( sup Q(k)(B(j)) —QW(8y) > 6)

7=1,...n—m+1

=P swp (QPBy) - QY By + Q% (By) — QM (Bo)) > 6)

7=1,...n—m+1

<P( s (QW(By) - QEBy) + Q% (B) — QM (By)) > 6)

7j=1,...,n—m+1
<P2 s QBB - B>
7j=1,....n—m-+1
= 0,(1), (10.22)

where the second inequality holds because B(j) minimizes ng)) (B) over 3 € B and the
second equality holds by (10.18).

The proof that sup;_; _,_m41 |[B2¢) — Bol| —p 0 is essentially the same as that
given above. The proofs that HBln —Bg|| —p 0 and HBLner —Bgl| —p 0 are standard
(and are special cases of the proof above) and, hence, are not given. This completes
the verification of Assumption 2(a) for the GMM case.

To verify Assumption 2(b) in the GMM case, we write

sup Hzl,n—i-m(ﬁ) - EOH

ﬁeB(ﬁ075n)
< sup (B (0) —Z@)I + sup [[E(8) - Zoll,  (10.23)
ﬁeB(ﬁ07€n) ﬁEB(ﬁ(ME’ﬂ)

where X(3) = EUy 5, (8)U1,m(8)". The second term on the rhs is o(1) by the domi-
nated convergence theorem because U(W;, 3) is continuous at 3, almost surely and
Esupgep (g, e) U?(W;,3) < oo by Assumption GMM(f). For any fixed 3, the first
term on the rhs is 0,(1) by the ergodic theorem. A generic uniform convergence re-
sult strengthens pointwise convergence to uniform convergence over 3 € B(f3,¢) for
some ¢ > 0. For example, Theorem 5 of Andrews (1992) using Assumption TSE-1D
gives the desired result under Assumptions 1 and GMM(f).

Assumption 3(a) holds for GMM estimators by Assumption GMM(f). Next, to
establish Assumption 3(b) for GMM estimators when v = a or b, we verify that

n—m-+1

Byi=(n—m+1)7" Y sup [[(8/00)T;(B)|l = Op(1).
j=1 PBEeB(Boe)

For T'= S, we have

/!

9 jt+m—1 j+m—1
T@Sj(ﬁaz) =2 Zz; G—@Q(Wi,ﬁ) v, H(B) Zz; 9(Wi, 8)
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j+m—1 Jj+m—1
+ Z Wi, B (5 ( jl(ﬁ))) 2. 9B

(10.24)

forr =1, ...,dg. The matrices V[%ﬁ) and (8/3[3?){/]71(6) have stochastically bounded
Euclidean norms uniformly over 3 in a neighborhood of 3, and over j = 1,...,n—m+1
using Assumption GMM(f). In consequence, it suffices to show the desired result with
V1(B) and (9/ 3[3r)1/j_1([3) replaced by I;. The latter holds by Markov’s inequality

J
given the moment conditions in Assumption GMM(f).

For T = P, (0/05)P;(8) = 232027 U(W;, 8)(9/0B)U(W;, 5) and B, = Op(1)
by Markov’s inequality and the moment condition in Assumption GMM(f).

For the case where v = ¢ or d, the verification of Assumption 3(b) for GMM esti-
mators is essentially the same as that for IV estimators with Y ;1,1 — X j4m—108
and Z; j4m—1 replaced by Uj j4m—1(8) and Z; j1m—1(5), respectively, using Assump-
tion GMM(f).

Assumption 3(c) holds for GMM estimators by Assumption GMM(g). O
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Footnotes

! The author thanks Ray Fair for suggesting the testing problem considered in
this paper and for helpful comments, Patrik Guggenberger for helpful comments, and
Alastair Hall for pointing out the closely related paper by Dufour, Ghysels, and Hall
(1994). The author gratefully acknowledges the research support of the National
Science Foundation via grant numbers SBR-9730277 and SES-0001706.

2 The estimator [31 n» which appears in the statistic S, depends on n observations.

In contrast, the estimators {[3(] :j=1,..,n—m+ 1}, which appear in the statistics

{S; (B(j)) :7=1,....,n—m+1}, only depend on n — m observations. To see whether
the use of the same number of observations by all estimates of 3 leads to better size
results, we carried out some Monte Carlo simulations for the case where S, is defined
using the estimator 51 n—m instead of 61 - This had essentially no effect on the size
of the test for the cases considered.

3 This holds provided the rank of ijﬁ_l X, X/ is greater than or equal to m, as
is typically the case when d > m.
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True Size of Tests with Nominal Significance Level .05
Using Normal, x3, t3, and Uniform Regressors and Errors

Table I

Normal % 13 Uniform
n n n n
m p Test 100 250 100 250 100 250 100 250
10 0 S, 078 .063 083 .064 087 .064 071 .061
Sp 055  .055 068 .060 071 .060 046 .049
Se .069  .060 072 .061 075 .060 .066 .060
Sa .046 .052 .056 .055 .058 .055 .043 .048
P, 074 .063 082 .063 084 .068 056 .052
Py 063 .060 072 .060 075 .065 048 .052
F 051 .050 088 .089 .090 .085 028  .024
10 4 S, .087  .064 086 .067 .090  .067 .081  .063
Sp 061 .054 068 .061 072 .061 053 .052
Se 072 .059 075 .063 077 .063 .068 .059
Sa .047 .050 .056 .058 .058 .057 .042 .049
P, 071 .058 079 .068 085  .066 .060 .053
Py 062 .056 072 .065 078  .065 048 .050
F 123 115 A31 125 140 129 105 101
10 8 S, 118 .078 112 .073 116 .076 118 .078
Sp 075 .060 077 .060 082 .064 074 .061
Se 091 .066 088 .064 094 .067 087 .068
Sa .053 .055 .061 .058 .064 .060 .049 .054
P, 077 .061 079 .061 085 .065 075 .062
Py 062 .058 076 .063 .080 .066 .050  .055
F 329 .286 318 .270 314255 334 288




Table I (cont).

Normal % t3 Uniform
n n n n
Test 100 250 100 250 100 250 100 250
Se (= Fy) 064 057 057 .060 .058  .059 062 .055
Sy (= P) 051  .052 053 .057 052 .057 042 .047
Se (= PR,) 060 .056 054 .058 055  .058 .060  .053
Sa (= Py) .047 .052 .049 .056 .050 .055 .040 .045
F .050 .049 103 .102 .099  .089 .007  .004
Sa (= Fy) 069 .059 060 .057 062 .061 067 .061
Sy (= Py) .051  .052 052 .054 053 .057 .044  .050
Se (= F) 065 .059 055 .057 .058  .059 061  .057
Sa (= Py) .050 .053 .050 .054 .052 .056 .041 .048
F 071 .068 099  .094 102 .093 .040  .036
Sa (= Pa) 095 .070 086 .066 090 .071 094 .070
Sy (= Py) 062 .058 061 .057 .066  .061 060 .058
Sc (= PF,) .080 .063 072 .060 075 .062 078 .065
Sq (= Py) .056 .055 .060 .057 .061 .058 .049 .055
F 146 125 142 118 147 125 141 123
Se (=S, =P.=PF,) .060 .053 059  .056 061 .052 057 .050
Sq (=S, =Fy=h) .048 .048 .053 .053 .053 .049 .034 .039
F .050  .052 055 .057 054 .049 008 .002
Se (=8, =P.=P,) 065 .054 060 .052 062 .053 063 .053
Si (=S, =PFPy=h) .051 .049 .053 .050 .053 .050 .046 .046
F 054  .052 052 .050 055 .052 030 .025
Se (=8, =P.=P,) .089  .063 .084  .060 082 .062 .090  .066
Sa (=S, =PFPy=h) .072 .058 .068 .056 .069 .058 .073 .059
F 074 .059 068 .054 075 .061 072 .059




Table 11
Power of Significance Level .05 Size-corrected Tests
Using Normal, x3, t3, and Uniform Regressors and Errors

Normal % t3 Uniform
n n n n

161l m p  Test 100 250 100 250 100 250 100 250
1.7 10 0 S 91 .95 .66 .78 66 .78 95 .96
Sa 90 .94 .67 .78 .67 .78 .93 .96

P, 83 .89 48 .52 49 44 94 .96

Py 80 .88 39 .57 39 41 92 .95

F 94 .95 79 .82 81 .83 96 .97

1.75 10 4 S, 80 .85 57 .66 .56 .59 83 .89
Sa .85 .91 .62 .72 .61 .70 .89 .94

P, 71 .80 4247 44 42 82 .88

Py 74 .85 36 .45 36 .37 88 .93

F 83 .86 67 .71 69 .71 87 .89

1.75 10 8 S A1 .46 32039 32037 49 43
Sa .76 .87 .56 .71 .53 .64 .90 .80

P, 38 .45 Bl .37 Bl .32 49 43

Py 68 .81 35 .48 33 41 90 .79

F A2 .47 36 .44 40 .40 49 44

175 5 0 Sy (=Dh) 68 .72 36 .42 35 .45 81 .83
Sq (= Py) .66 .72 33 .42 34 .43 79 .83

F 70 .73 41 44 44 .46 81 .83

175 5 4 S, (=h) 57 .62 3339 32 .40 68 .71
Sa (= Py) .61 .67 .30 .39 32 .39 74 .79

F 60 .63 36 41 40 .43 68 .71

175 5 8 S (=Dh) 35 .37 300 .34 27 .30 S7 .39
Sa (= Fa) .54 .63 .31 .38 .30 .37 .65 .73

F 36 .38 34 .35 300 .32 39 .40




Table II (cont.)

Normal % t3 Uniform

n n n n
151| p  Test 100 250 100 250 100 250 100 250
1.75 0 Sq(=8S,=DB =Py 31 .32 .25 .25 .29 .29 41 .42
F 32 .32 24 .25 28 .29 40 41
1.75 4 S;(=S8=P=P) .31 .32 .24 .27 .29 .29 .36 .36
F 32 .32 260 .27 29 .29 36 .37
1.75 8 Sq(=8S,=DP =Py .30 .30 31 .29 27 .27 31 .31
F 30 .30 29 .29 28 .28 31 .31
7 0 Sy (: Sy, =P, = Pd) ST T8 12 .72 76 .77 81 .82
F 78 .78 2072 .75 .76 81 .82
7 4 Sq (=S, =P =Py 7T .78 72 .74 .76 .76 79 .80
F 7778 7374 .75 .76 .80 .80
7 8 Sq(=8S,=DP =Py .76 .76 76 .75 74 .75 ST 7T
F .76 .76 75 .75 714 .75 NUG




