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PARTIALLY LINEAR MODELS WITH UNIT ROOTS

TED JUHL AND ZHIJIE XTAO

ABSTRACT. This paper studies the asymptotic properties of a nonstationary par-
tially linear regression model. In particular, we allow for covariates to enter the unit
root (or near unit root) model in a nonparametric fashion, so that our model is an
extension of the semiparametric model analyzed in Robinson (1988). It is proven
that the autoregressive parameter can be estimated at rate N even though part of
the model is estimated nonparametrically. Unit root tests based on the semipara-
metric estimate of the autoregressive parameter have a limiting distribution which
is a mixture of a standard normal and the Dickey-Fuller distribution. A Monte
Carlo experiment is conducted to evaluate the performance of the tests for various
linear and nonlinear specifications.

1. INTRODUCTION

In recent years, statistical models incorporating nonlinearity have received in-
creased attention in econometrics. One type of these models is the following partially

linear regression:

(1.1) yi =Bz + g(z;) + €,

where ¢(-) is an unknown real function, and £ is the vector of unknown parameters
that we want to estimate. This type of specification arises when the primary interest
is on the parameter 3, while the relation of the mean response to additional variables
x; is not easily parameterized. Such a strategy provides an intermediate class of
models that are more flexible than standard linear regression with the potential for
greater precision than purely nonparametric models.

There is a large literature in econometrics and statistics on the study of partially lin-
ear models. Wabba (1984), Engle et al. (1986), and many others studied the penalized
mBruce Hansen, Roger Koenker, Helmut Liitkepohl, Peter Phillips, and participants
of the 8th World Congress of the Econometric Society and the 10th Midwest Econometrics Group
Meeting for helpful comments on an earlier version of this paper. Correspondence: Ted Juhl,
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2 PARTIALLY LINEAR UNIT ROOT MODELS

least squares method in partially linear regression estimation. Heckman (1986), Chen
(1988), Rice (1986), and Speckman (1988) studied v/N-consistency of 3 under dif-
ferent assumptions and using various methods. Using higher order Nadaraya-Watson
kernel estimates to eliminate the unknown function, Robinson (1988) introduced a
feasible least squares estimator for 4. Under regularity and smoothness conditions,
v/N-consistency and asymptotic normality are obtained. Robinson also showed that
when the errors are iid normal, this estimator achieves the semiparametric infor-
mation bound. A higher order asymptotic analysis of the partially linear regression
estimators is given by Linton (1995). In time series, Fan and Li (1999) extended
the v/N-consistency and asymptotic normality results for independent observations
to weakly dependent processes. For other work on partially linear regression mod-
els, see Chen (1988), Shiller (1984),and Schick (1986), among others. However, all
of the previous studies have been focused on either iid or stationary cases and, to
our knowledge, there has been no study in the existing literature on nonstationary
partially linear models. The current paper attempts to provide a first step toward
investigation of such models. In particular, we consider a partially linear model with
a unit root.

Unit root models have been an important subject in econometric analysis and
have attracted a large amount of research effort in the last fifteen years. Testing
for the presence of unit roots is now a common practice in applied macroeconomics.
Although the unit root hypothesis has been tested in hundreds of time series, it is well
known that the discriminatory power of unit root tests is generally low. As a result,
increasing power in unit root tests has become an important research topic. There has
been a branch of unit root literature that use various features of the time series data
to increase power in recent years. For example, Hansen (1995) shows that inclusion
of stationary covariates can generate more precise estimates of the autoregressive
parameter, translating into higher power for unit root tests. Lucas (1995) uses M-
estimators to take advantage of non-Gaussian errors in unit root tests. His results
show that power gains are possible, even if the M-estimator does not coincide with the
true likelihood. Elliot, Rothenberg, and Stock (1996) propose an estimation strategy
which focuses on estimating potential trends under the local alternative hypothesis in

order to effectively reach the Gaussian power envelope for unit root tests. Using rank
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based tests, Hasan and Koenker (1997) are also able to realize increased power under
certain error distributions while experiencing a small loss in power if the errors are
actually Gaussian. Seo (1999) simultaneously estimates GARCH effects along with
the autoregressive coefficients to increase power. Shin and So (1999) and Beelders
(1999) use adaptive estimation to nonparametrically estimate the density of errors,
and again obtain large power gains, particularly if the error terms are heavy-tailed.

While many observed time series seem to display nonstationary characteristics,
nonlinearity also seems to be an important feature in a range of applications. In
fact, a lot of economic models do contain nonlinear elements [see, for example, Tong
(1990), Granger and Terasvirta (1993), and Granger (1995) among others]. For this
and other reasons, one of the directions in which the subject is presently moving is
the study of nonstationary models with nonlinearity. In particular, to treat potential
nonlinearities, Phillips and Park (1999) studied nonlinear autoregressive models and
show that the nonparametric estimator of the autoregressive function converges at
rate N'/* in the unit root case.

In this paper, we consider a partially linear autoregression with nonstationarity:

(1.2) yi = oy + g(x;) + €,

where « is close to unity and z; is a stationary covariate. When « is exactly unity, y;
follows a unit root process. Otherwise, it is characterized as a near unit root process.
In this model, our primary interest is still the estimation and test of the autoregressive
root «, but we allow for an unknown nonlinear function of covariates, g(z), to influence
the time series. In allowing such a general structure, we hope to improve the efficiency
in estimating the AR parameter and further increase the power gains of unit root tests
from using covariates, particularly if there is a nonlinear relationship with the chosen
covariate. Since the form of the nonlinearity is unknown, we estimate this part of the
model nonparametrically while modeling the autoregressive component linearly.
The proposed estimation strategy parallels that of Robinson (1988). However, the
technical issues addressed here are different than those treated in the stationary case.
In particular, we must bound the average of the difference between an integrated vari-
able and its local average over the x values. Moreover, we must show that functions

of the local average converge to known (nonstandard) distributions.
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There are several findings in this paper. First, by using the compromise of a par-
tially linear model, the convergence for the autoregressive component remains at rate
N. This is an important extension of Robinson’s (1988) result to the nonstationary
case. In addition, asymptotic distributions of partially linear estimates of the largest
autoregressive root and its t-statistic are derived. The limiting distribution of the
unit root test is nearly identical to the distribution found in Hansen (1995) where
covariates are used in a linear fashion. A limited Monte Carlo experiment reveals that
there is little loss in using our more general test statistic when covariates enter the
model linearly or not at all, and the power gains from using our partially linear model
when there are nonlinear effects is substantial. Finally, in the course of proving our
theorem, we show that nonparametrically regressing an I(1) series on an I(0) series is
asymptotically equivalent to an OLS regression of the I(1) series on a constant.

The outline of the paper is as follows. In Section 2, we develop the model and
provide a brief description of the estimation procedure. Section 3 provides the as-
sumptions and asymptotic distribution of the test. A generalization to higher order
autoregressions is developed in Section 4. A Monte Carlo experiment is given in
Section 5 and Section 6 concludes.

Notation is standard with weak convergence denoted by =- and convergence in
probability by <. Integrals with respect to Lebesgue measure such as fol W (s)ds are
usually written as fol W, or simply [ W when there is no ambiguity over limits. All

limits in the paper are taken as the sample size N — 00, except otherwise noted.

2. THE MODEL AND THE ESTIMATOR
We begin with the following time series model with a deterministic component 7;

and a stochastic component s;:

(2.1) Yi = T+ 5.

We write 7, = ¢'k;, where ¢ is a vector of coefficients and k; is a deterministic

component of known form. The stochastic component s; is modeled as

(22) ASZ' = (SSi_l + v;.
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However, there are additional stationary covariates which help explain v;, so that

v = [g(x:) — pgl + €,

where g : R” — R and E(g(%;)) = py. (A generalization to higher order autoregres-
sions will be discussed in Section 4). Combining (2.1) and (2.2) gives

(2.3) Ay, = 7'k + 0yi1 + g(x;) + €.

Our primary interest is the estimation and tests on . For identification reasons,
we absorb the “intercept” term into the nonlinear function g¢(x;) and signify the
corresponding new term as g*(z;). Thus, the “intercept” term is excluded from x;
and we denote the rest of the deterministic component as r,also see discussions at
the end of this Section on related issues). Let z; = (y;_1, k;), (2.3) can be re-written
as

Ay = 'z + g" (x;) + €.
We estimate (3, and thus d, by the following steps: First, regress Ay; and z; non-
parametrically on x; and denote the nonparametric regressions residuals as é4 and
é,; respectively. Next, regress the residuals é4 on é,; by least squares method to get
an estimate of .
The leading cases of the deterministic component are (i) 7; = p or (i) 7; = pu + i

and we focus our attention on these cases. First, consider the case where 7, = u so

that model (2.3) becomes

(2.4) Ay; = p* + 0y + g(z;) + €,

where p* = —d0p — pg. In this case, zis simply y; 1 and 3 = 6. Thus in the first
step we regress Ay; and y; 1 nonparametrically on z;. The nonparametric estimation
uses a Nadaraya-Watson kernel estimator which we illustrate below. Let k(u) be the

univariate kernel and we denote K (u) = []}_,

let
Kij=K <xi_xj)
a

k(u,) if u is ¢ dimensional. In addition,
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where @ is a bandwidth parameter. Then we have

Yi—1 = Ay; =

N N N
P 1 S Ky - 1 2oy K1 . 1D i KiAyy
(YR Nat ﬁ ) Na? fz y

and the nonparametric regression residuals are
Eai = Ay — Ayi; éyi = Yio1 — Y-
The vectors of residuals from regressing Ay; and y;_; on z; are denoted é; and ¢,
respectively.
Next, we estimate ¢ by regressing €, on €,. The above kernel regression necessarily
involves a random denominator, a problem we circumvent by using a density-weighted

estimate as in Powell, Stock, and Stoker (1989) and Fan and Li (1999). Thus, we

regress €4 on €, using OLS and incorporating the density-weighting, so that

(2.5) 5= ((éy@f)T(éy@f)>_l<(éy®f)T(éd®f)>,
where ® denotes the Hadamard product.

Asymptotic analysis of 5 uses the decomposition

55— ((ey @f)T (e f)>_1 ((éy © f)T e f)) ,
where é, is the vector of (¢; — €; + g(z;) — g(x;)) where

N N
1 > Kiges L i i Kig(a)
~ ) g(xl) o .

2.6 &= _
(26) “ 7 Nas fi Naf fi

As in Robinson (1988), our result depends on showing that the bias in g(z;) — g(z;) is
negligible. Tn our case, we need to show that N~" SN (i 1 — 3 1) (g(z:) —g(x:)) f2 =
0,(1). Since y; is nonstationary, a new method of proof is necessary to account for
smoothing integrated time series.

Now consider the case where 7; = p + 0i so that the model (2.3) becomes

(2.7) Ay; = p* 4+ 0%+ 0yt + g(z;) + €,
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where p* = (1 +6) — oy — py and 0 = —66. Thus, z; = (y;—1,7). We introduce
another term which accounts for the estimated trend,

N .
12 Kigd
Nad 7 '

1=

Let the vector of residuals from nonparametrically regressing the trend on x; be
denoted é;. Then we regress ¢; ® f on €, ® f and é; ® f using OLS so that 5 is the
coefficient on €, ©® f

Notice that by nature of the semiparametric partial linear regression, an intercept
term is not identified unless the model is further restricted. Consequently, the esti-
mation of § on the model with 7; = 0 (i.e. with no constant term) is the same as
that on the model with 7; = p and thus is given by (2.5). The apparent lack of
identification arises because we have already implicitly estimated an intercept in the
nonparametric regression, and no such effect remains. As argued by Robinson (1988),
the fact that we do not separate the cases of 7, = 0 and 7; = p is less a drawback
than a consequence of the generality of the semiparametric model. Furthermore, in
practice one would at least estimate an intercept even in the simplest unit root test

and even if an intercept is not present under the null hypothesis.!

3. MAIN RESULTS

We derive the asymptotic properties of the proposed partial linear regression esti-
mation in this section. Our attention is focused on the case where the autoregressive
root is close to unity, and we consider statistical tests for the null hypothesis of a unit
root. For purposes of determining asymptotic distributions, we use local to unity
asymptotics [Phillips (1987) and Chan and Wei (1987)] so that § = —¢/N. Under the
null hypothesis of a unit root, ¢ = 0, while under ¢ # 0, the alternative hypothesis
becomes increasingly difficult to detect as the sample size increases. We assume that

the system is initialized by setting yo = 0 (or, more generally, any random variable

See Hamilton (1994), chapter 17 for a discussion on inclusion of deterministic terms in tests for
unit roots. The case with an estimated intercept when no intercept is present corresponds to case 2

in chapter 17 of Hamilton.
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with finite variance). We follow convention and denote W*(r) the solution to the

stochastic differential equation
dWe(r) = —cW*(r) + dW (r),

where W (r) is a continuous stochastic process. When W (r) is a Brownian motion,
We(r) is the conventional Ornstein-Uhlenbeck process.

Following Hansen (1995), we define o, = Cov(v, € f7), o7 = Var(vy), o, =

B(&f}), and

2
2 _ Ovef
p_ 2

2
050

with f; = f(z;).
The following definitions are given in Robinson (1988), and are used to put con-
ditions on the number of zero moments of the kernel and to provide moment and

smoothness conditions for the nonlinear function and the density of the covariate.

Definition 1: X;, [ > 1, is the class of even functions £ : R — R satisfying

/u%@ﬂu:&g (i=0,1,...,1—1)
R

k(u) = O ((1+ |u""") ") for some € > 0.

Definition 2: GJ, o > 0, p > 0, is the class of functions g : R — R satistying:
g is (m — 1) times partially differentiable, for (m — 1) < p < m; for some n > 0,
SUDyeq., [9(4) —9(2) =Qy(y, 2)|/|y—2|" < hy(2) for all 2, where ¢, = {y : [y—=z| < n};
(Qy = 0 when m =1, @, is an (m—1)th degree homogeneous polynomial in y — z with

coefficients the partial derivatives of g at z of orders 1 through m — 1 when m > 1;
and g¢(z), its partial derivatives of order m — 1 and less, and hy(z), have finite ath

moments.

Lemma 3.1. Let f(x) be the density of x;. If sup, f(z) < oo, Elg(X)| < oo,
sup, [k(u)] + [ |k(u)|du < oo, and N~'a™7 — 0 then

~

(3.1) (Gi-1 = 9) fi = 0p(1).

-
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The above result indicates that if one nonparametrically regresses y; ; on x;, the
predicted value behaves asymptotically as if we used the sample mean. This is intu-
itive because we are attempting to explain a nonstationary series with a stationary
series. Since such a regression is inconsistent, the sample mean is the default result.

The asymptotic distribution of the semiparametric partially linear regression esti-

mator 0 is summarized in the following Theorem.

Theorem 3.2. Suppose the following conditions hold: (i) x; and €; are independent
and identically distributed; (ii) Ele|* < oo; (i) x has pdf f € G3°, for some A > 0;
(iv) g € G, for some v > 0; (v) as N — oo, N"ta=21 — 0, g?™OA+1v)=a 5 0, (i)
k € Kiin_1 for integers | and n such that | —1 < A <In—1<wv <n; (vii) 02 >0
and p* > 0; (viii) pg=0 for model 2.4. Then

(3.2)  N(6—0)= b </(m)2> R <p2/de1 + \/m/mdm) ,

where Wy and Wy are independent standard Brownian motions, W§ = W{(r) —
[ Wi(s)ds for model (2.4), W5 = W{(r)+ (6r—4) [ Wi(s)ds — (12r —6) [ W{(s)sds
for model (2.7), and b* = E(f*)/(E(f?))2.

Assumptions (i)-(v) are similar to Robinson (1988). Just like the parametric ADF
(Augmented Dickey-Fuller) regression where the limiting distribution of the AR coef-
ficient estimator (and the unit root tests based on it) is invariant to the parameters of
the trend functions and the lag-differenced dependent variables, the proposed semi-
parametric partial linear regression also has the desirable property that the limiting
distribution of ¢ is invariant to the unknown nonlinear functional form g(-). The
limiting distribution given in Theorem 3.2 is similar to Theorem 2 in Hansen (1995).
However, our distribution contains an additional factor of ? due to the use of density
weighting. Moreover, we do not separate the case of 7, = 0 from the case 7; = p and
thus there is not a third model without a constant term. As we have mentioned in the
previous section, the reason is the well known fact that in this form of semiparametric
estimation, the intercept term is not identified.

The analog of the Dickey-Fuller test in our model is the t-ratio statistic of 0.
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Theorem 3.3. Under the Assumptions of Theorem 3.2, the t-statistic based on 5 has

limiting distribution

(3.3) 1 ;
)=~ ([are) o (fare) (o [wsam) +ovi=ENo,

where the N(0,1) variable is independent of Wy and W(r)is defined as in Theorem

3.2. In particular, under the null hypothesis of a unit root,

(3.4) t(6) = b (/(mﬁ) i

The limiting distribution in Theorem 3.3 is very similar to other distributions

1
2

(;)/mdvvl) +by/1— p2N(0, 1).

appearing in various related unit root tests. In particular, nearly identical limiting
distributions arise in Hasan and Koenker (1997) for their unmodified statistic Sy
based on ranks, in Lucas (1995) for unit root tests based on M-estimators, and in
Seo (1999) for unit root tests allowing for GARCH effects. Beelders (1999) and Shin
and So (1999) also obtained the same limiting distribution for unit root tests when

adaptive estimation is employed.

The distribution has the disadvantage that p is a remaining nuisance parameter, and
in our case, there is an additional nuisance parameter in b. There have been various
approaches for dealing with the nuisance parameter p, ranging from simulating critical
values for each value of the parameter to using conservative critical values to cover
the range of possible p. Since there are already critical values for given values of p
provided in Hansen (1995), we propose dividing the ¢-ratio by a consistent estimate
of b and comparing the resulting statistic with the tabulated critical values. Consider

the following consistent estimate of b

\/ Nt sz\; fi4

N1 Zf\;l fiZ

S
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and transformation of #(¢) based on b :

~

t*(8) = (8)/0,

then the limiting null distribution of *(4) is

(3.5) p </(m)2> E W, dW, ++/1 — p2N(0,1).

If we estimate v; by the residual from on OLS regression of Ay; on y;_; and a constant,

and estimate ¢, f; by

~ ~

&fi = (éai — Séyi)fia

the estimates 0; and Eifi can then used to obtain a consistent estimate of p in the same

way as Hansen (1995). Finally, we will employ the statistic t*(0) to allow comparison

to the critical values in Table 1 of Hansen (1995).

4. GENERALIZATIONS

The results in the previous sections generalize to higher order autoregressions which
are often used in practice to remove serial correlation in the residuals. In this Section,
we extend the nonstationary partial linear model (2.1) to the case with k-th order
lagged dependent variables. Such a model can also be viewed as a partial linear ADF
(augmented Dickey-Fuller) regression.

Consider the following AR (k) generalization of (2.2)

(4.1) A(L)Ay; = 0yi—1 + v,

where A(L) =1 —a;L — - -+ — axL* is a k-th order polynomial in the lag operator.
We also assume that all roots of A(L) lie outside the unit circle so that A(L)v; is
stationary. Again, we focus our discussion on the case where the largest autoregressive

root is close to unity and assume for simplicity of exposition that yy, = 0. The
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model contains a unit root under the null hypothesis Hy : § = 0 and allows for local

departures from the hypothesis by setting
§ =—cA(1)/N.

Using a BN (Beveridge and Nelson 1981) decomposition for A(L) as A(L) = A(1) +
A*(L)(1 — L) and denote (; = A*(L)Ay;, we have

C C
A(L)Ay; = —NA(L)%‘—1 + NQ‘—1 + ;.

If we denote y,; = A(L)y; and define y; as

c

Ayr =
yaz N

*
Ya,i—1 + Ui,

then, for all ¢ in a compact set,

1 * p
——=SUP |Yai — Yail — 0.

VN i<
Of course, when ¢ = 0, y,; = y¥;. Let B(L) = A(L)', we have B(L) = B(1) +
B*(L)(1 — L), where B*(L) has all roots outside the unit root circle because A*(L)

does, then

b= (1 - %)H B(1)v; + Op(\/%)-

Following the notation in the previous Section, we denote

N
1D K Ayji—s )

A Ai—s =
/ Nad fi

and the corresponding nonparametric regression residuals from regressing Ay;_; on
ZT; as

éd,z?s = Ay s — Ay
Furthermore, the vectors of residuals é4;_, are denoted é4 s and the matrix of {é4,, s =

1,...,k} is denoted as é;.
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We estimate ¢ by regressing é; on ¢, and €, using a density-weighted regression

and denote the regression coefficient on é, by 5. By partitioned regression we obtain

-1

(42) b= <<ey @f)T(I—P) (& @f))

where

<(éy®f>T([—P) (éd®f)> ,
P (o) (o) (Lo (nos)

is a projection matrix.

To derive the limiting distribution of i given by (4.2), notice that

§—6+ ((éyG)f)T(I—P) (éyG)f))_l <<éy®f)T(T—P) (émf)) ,

where ¢, is the vector of (¢; — € + g(x;) — g(z;)). We show in the Appendix that

~

(éy © f)T (I - P) (éy © f) - (éy © f)T (éy ® f) +0,(N?)
and
(éy © f)T (I-P) (ée © f) _ (éy © f)T (év ® f) + 0,(N).

N T o N T o
Then, we derive the limiting distributions of (éy © f) (éy © f) and (éy © f) (ée © f) .
It is shown in the Appendix that similar asymptotic results as the previous sections

can be obtained. These results are summarized in the following Theorems.

Theorem 4.1. Under the assumptions of Theorem 3.2,

13) N6 -0 = a0 [ary) R (o [wsawi V=t [wsams).

where Wy and Wy are independent standard Brownian motions, and WY is defined in

the same way as in Theorem 3.2.

Theorem 4.2. Under the Assumptions of Theorem 3.2, the t-statistic ofg has the
same limiting distribution as that of (3.3) in Corollary 3.3 .
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~

Again, we can test the unit root hypothesis using the modified ¢-ratio statistict*(d) =
t(0)/b,where t(8) = /5\/86(5), and se() is the OLS standard error for 4. The limiting

~

null distribution of ¢*(0) is given by (3.5) and the test can be conducted in the same

way as that described in Section 3.

5. MONTE CARLO

In this section, a small simulation study is conducted to examine the finite sample
performance of the nonstationary partial linear estimation and the associated unit
root test. We consider several specifications of g(z), both linear and nonlinear to
compare the standard Dickey-Fuller test, Hansen’s (1995) CADF test, and the new

test t*(0) using the Partial Linear Model which we denote PLMUR test. The data

generating process is

Ayi = oyia + gj(@i) + &, j=1,...,5.

The different functions are listed below:

g1(x) = 0; go(x) = 22; g3(x) = 221295 ga(z) = z? — L; gs5(z) = ¥ — .

The z variables are all standard normal. When g, (z) is used, we expect the Dickey-
Fuller test to perform the best as there is no x effect to detect. The function go(z)
gives the CADF test of Hansen the advantage since the covariates enter linearly.
We include g3(z) for the purpose of checking the ability of the PLMUR test to use
multiple covariates. The nonparametric estimates AAy and g are likely to worsen as the
dimension of x increases. In addition, it is easy to check that the OLS coefficients on
x1 and x5 will converge to zero so that the CADF test should have similar performance
to the Dickey-Fuller test for g3(x). The other specifications are also nonlinear, so that
the PLMUR tests should be more powerful if the nonlinearity is estimated reasonably.

Given a density associated with =, smaller values of p are indicative of the effec-

tiveness of covariates in explaining variation in v; = g(x;) + ¢;. Therefore, we expect
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TABLE 1: Size

Model (2.4) Model (2.7)
DF CADF PLMUR | DF CADF PLMUR
g1 0.05 0.05 0.06 |0.06 0.06 0.05
g2 0.05 0.05 0.04 |0.05 0.05 0.04
c=0 g3 005 0.05 0.05 |0.05 0.05 0.04
g4 0.05 0.05 0.04 |0.05 0.05 0.04
g5 0.05 0.05 0.04 |0.05 0.05 0.03

more powerful tests if p is small. Straightforward calculations show that

where p7 is associated with g;(x).

For the PLMUR test, we need to select a kernel and a bandwidth. In our experi-
ment, we chose a Gaussian kernel. The bandwidth is set to NV ~5 for all experiments.

The PLMUR test and the CADF test both require estimates of p. We compute
these using the residuals from each of the regressions and then use the resulting
estimate to select a critical value from Table 1 in Hansen (1995). We explore size
and power by changing the value of ¢ in § = —+. For each specification, we generate
samples of size 100 and compute 10,000 replications for both Models (2.4) and (2.7).?
The numerical results for size appear in Table 1 and we provide graphs of the Power
Functions in Figures 1 through 5.

For ¢ = 0, we have a unit root and we compare the size for each of the tests.
All three tests have reasonable size for all of the specifications, with no test being
severely oversized. The size result for the PLMUR test indicates that the asymptotic
theory provides an accurate approximation for the distribution of the statistic. This
is remarkable given the choice of the same bandwidth for all of the widely different

choices of g(z).

2The programs were written in Ox 2.0, see Doornik (1998).
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For ¢ # 0, the departure from the unit root becomes apparent in the increased
rejection frequencies. For g¢;(x), the power of the CADF test is very close to the
Dickey-Fuller test for the range of local alternatives considered. However, the PLMUR
test is not as powerful as either the Dickey-Fuller of CADF tests when there is no
covariate effect. For g¢o, the linear effect, the PLMUR test competes favorably with
the CADF test, suggesting that when there is a linear effect, the loss in using the more
general PLMUR test is small. The advantage of the PLMUR test becomes apparent
when g3 is considered. As expected, the covariate is successfully used to reduce the
variance of the estimator of 6. As expected, the CADF test has nearly identical power
to the Dickey-Fuller test since the coefficients on the covariates tend to zero. For the
quadratic function, the difference is more pronounced with the PLMUR test. Finally,
using the cubic function, power is again much higher than the competing tests. The
CADF test has more power than the Dickey-Fuller since using x linearly does help
explain some of the variance of v; so that ¢ is estimated with more precision. Simple
calculations show that the estimated linear regression coefficient should converge to 2
so that the estimated value of p converges to 7/11. As shown in Figure 5, the CADF
picks up this effect and power is higher than the DF test. In all cases where covariates
are correctly chosen, both the CADF and the PLMUR test dominate the standard
Dickey-Fuller tests. In all cases where there is a nonlinear effect, the PLMUR test is

the most powerful, with power increasing as p decreases.

6. CONCLUSION

We have studied a class of nonstationary partially linear models using local to unity
asymptotics. In particular, we have proposed a unit root test based on estimating
a partially linear model where a covariate enters the model nonparametrically. Our
Monte Carlo experiment suggests that estimating a partially linear model is relatively

benign even when the covariates do not have a nonlinear effect. In addition, the results
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indicate that the proposed test effectively exploits the nonlinear effect to increase
power.

There are several extensions of our partial linear unit root model and semiparamet-
ric estimator that may be of econometric interest. First, an extension to allow non iid
settings for x; is possible. For example, Fan and Li (1999) and Li (1999) show that
one can obtain the usual /N convergence rate in stationary partially linear models
when the data is absolutely regular (beta mixing). Incorporating dependence in the
unit root model is possible by using the results developed in the two aforementioned
papers in combination with the proofs used for our results. As a practical matter,
the issue of bandwidth selection needs to be treated carefully, perhaps with the de-
velopment of a type of cross-validation procedure. Finally, an obvious extension to
the multivariate case of cointegration is possible. This is currently being undertaken

by the authors.

APPENDIX A

We define E,(-) = E(-|z1) and Ex,(-) = E(-|Xn) where Xx = (z1,%2,...,2zn). To
begin, use y; = Zfzo(l — ¢/N)(g(x;) + ¢). Without loss of generality, we find the
convergence rates for ¢ = 0, the case of a unit root. Notice that we also are assuming that
the initial value is yg = 0.

Proof of Lemma 3.1:

2=

1= (Lo i) =5
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where d; = Zf:o ¢ and h; = Zf:o g(x;). First,

o

N
(d—d;_)? f;) =N YE > Ki(d—d, 1)
pFi

2|~

=N~ Sa’QqEZKZ d—d,
pF#i

+NaMEY Y KpKipy(d —dp—1)(d — dy_1)
p#£D £t

= A + As.

Ay = O(N ta 1) since E(d — dj—1)?> = O(N) and E(K;,)? = O(a?) from Lemma 3 of
Robinson (1988). For Ay, condition on Xy = (zo,...zxN) so that

Ay = N3¢ %E KipKz'p’ Z Z EXN (J— dpfl)((i— dplfl)
p#P'#i

~\2 _ _
From the identity E (va(di - d)) = 0 we find that 33 B(d — dj—1)(d — dm—1) =
O(N?), so Ay = O(N 1) since E(K;pK;y) = O(a?).
Next,

1 - 3 —2 2
E(N(h hi_ )fi> N3 QEZK (h — hy_
p#i
+ N30 EY " Y KipKiy (h—hy1)(h — hy 1)
p#p'#i

= A3 + Ay.

Az = O(N~'a™9) by the same argument used for A;. Now we consider the summands in

Ay. First,

; S (N —i)?
E(KiypKiyh®) = <— ZT2> E(KipKiyg(zs)®) + TE(K@K@'Q(%)Z)

(N —p')?

+ 7E(KipKip’9($p)2) + N2

E(KipKip’9($p’)2)-
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If p < pandi<p,

7 1 = 2 (N—P') 2
E(K;pyKyhh, 1) = NZ(N—T) E(KipKip g(z5)%) + N E(KypKiyg(zy)?)
r=0
+ W —5) E(KppKipyg(z:)?).

If p’ > p, then the second term is not present in the above equation, and if 7 > p, the third

term is zero. Similarly, if i < min(p — 1,p’ — 1),

E(KipKipy hy_1hy—1) = min(p — 1,p' — 1) B(K;p Kipy g(z5)°) + E(KipKip 9(7)?).

Therefore,
|A4] < N30 1 E(|Kip Kiylg(25)*)|Asr| + C(Na?) "' E(|Kip Ky |9(2)?)
where
1 & ot ]
_ 2 : /
A41—Z Z WZ’)” N (N—r)—N (N —r)+min(p—1,p"' — 1)
pF#p' #i r=0 r=0 r=0

However, Ay is equivalent to the expectation we find in E Y Zp;ép,#i(ﬁ —hp_1)(h—hy_y)
which is O(N?). E(|KipKiy|g(zs)?) = O(a*?) and E(|K;pKiy|g(zp)?) = O(af). Thus, we
have |A4] = O(N~!) + O(N~'a~9). Using Cauchy-Schwartz, we can show that

so that A = O(N~'a~9) and N_I/Q(g — gifl)fi = Op(N—l/Qa—Q/2)_
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APPENDIX B

We prove Theorem 3.2 for model (2.4) in this appendix. Note that N (§—0) =

where
1 & )
QZ Yi—1 — Ui 1 fZ'Z
=1
| X
By N; yio1 — Gic1) (& + () — §(a2) 2
1 & )
By = N ; (yie1 — Gim1) & f7,
with

. 1 2 p—ipri Kipep

1 Zp Lp;éZszg(pr)

i

Notice that under the assumptions of the theorem, o,y = U?E( f2) and o.f = o,

where 02 = E(¢?). This means that

Then the theorem holds if we can show that

By = E(f?)o? / W$))?,
By 5o,

B3 = 0,04 <p/mdwl +/1=p? /md%) .

We prove these results in a series of seven propositions.

Proposition 1.

N
1 )
(B.1) N > (yicr — Peif] = ovoes (P/_W 1dW1 4+ /1 = p? /_W fdeQ>

=1

By " (B + Bs))

E(f*)
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Proof of Proposition 1:

N

—Zyu Deif? = 31— D)lfi — it i)

=1
1 < ) )
=~ Z(y — P2+ (fi = ffi + (fi = 1:)?)
=Cy+Cy+ Ch.

Notice that C converges to the expression given in (B.1) by Lemma 3 of Hansen (1995).
We show that the remaining parts converge to zero in mean square. First,

N

PO = B Y (i1 — )i~ i f?

+$EZZ(dm—J)(djfl—dmej(f 5 — ) fif
i#]

+$EZZ(hH—B>(hH Reie;(fi = f)(fs = £) fif
i)

EZZ i— 1__ dj— 1_d)6163(f fz)(f fy)fzf]
i#]

+$Ezz(d,~_1—ci)(hj_l Rese;(fi — )5 = 1) fid;
i£]

= (91 + Cog + Caz + Coy + Coys.

Cy1 = O(a® + N o 9) since E(f; — ;)% = O(a® + N 1 9) from the proof of Proposition
4 in Robinson (1988). Ca3 = 0 since E(e;e;) = 0. Conditioning on Xy gives

Cyp=F ((f =) fznyQ XNZZ -1 —d)(dj— 1d)€i6j>-
i#]

The inner expectation is O(N?2) and E((f;— fz)(f] ) fifi) = O(a®+N1ta"7) by Cauchy-
Schwartz so that Cy3 = O(a?* + N~'a™9). Next,

24: (N2 ZZ i— 1__ fz)(f f])fzfy XN( d)€i€j> .

i#]
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The inner expectation is zero so that Cyy = 0 and Cy; = 0. The proof of EC§ is similar

except we need to find the order of E(f1 — f1)*. Define fl = Elfl. Then

E(fi — f1) <8E(fi — fu)* +8E(fi — f)*.

O(a4)\)
from Lemma 4 in Robinson (1988). Now
4
B N
E(fi— i)' =B | N"'a™") (Ki; — B1(Ky))
i1
<Nt MY EEy)' 4+ Nty Y EKKG,
J#l jEM#L
= O(N%a™%)
so that E(fl — 1) = 0(a™ + N~2a729) and EC? = O(a** + N~2a~%). 0
Proposition 2.
1 o )
(B-2) I Z(Q — gic)eff 50
i=1

Proof of Proposition 2:
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1 & o Y
B (ﬁ Z(ﬂ - yi—l)eifz?) =y ;(?3 —gi-1)%6 [

1 . L o
+FEZZ(h_hifl)(h_hjfl)fz'ijZeifj
i#]

+ %EZ Z(J— sz',l)((j_ ijl)fgffeiej

i#]

Ezzh hz 1) ] l)flfjelej

i#]
EZZ di— 1 h h] l)fzfjelej
i#j
:D1+D2—|—D3+D4—|—D5.

Dy = O(N~'a~9) using the proof of Lemma 3.1. Conditioning on Xy, Dy = 0 since
E(e;ej) = 0. Conditioning on Xy, Dy = 0 and D5 = 0 since Ex, (d — a?z-,l)eiej = 0. For
D3, we treat the individual summands to find

E(d— Czi—l)(cz_ fzj—l)fifjﬁiej

N
= (Naq)_QE Z Kiijp((Z—dp_l)QeiEj
pFIF]
+(Ta") B | KpKip B[ Y Y (d—dpo1)(d — dy_1)eie;| Xn

PEDP' FiF]
= a72qE(Kz‘ijp)D31 + a72qE(Kiijp’)D32'

Matching indices, we find that

(N —i)(N —j)  ,max(i,j)®  max(i,j)  ,min(i,])
Diy = 22— 2 — 2y 2
_ 2(N — max(z,]))(N — mln(Z,j)) o 2(N — Hla,X(Z,j))(N — max(iaj))
N? N2
i
+ 1 - m-

After algebra, we find N_szgéj D3z = O(N7!Y), and similarly N_szgéj D3 =
O(N™1), so that D3 = O(N~1). O
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Proposition 3.

N
1 .
FZ yio1— 9@ —di0)ff B 0.

Proof of Proposition 3:

N

(B.3) %E (Z(yi—l—y)(y i-1) 2) <32 Z\/ (Yio1 — 7 4EN( — i)t f

i=1
by Loeve’s ¢, inequality and Cauchy-Schwartz. Using a similar proof to Lemma 3.1, we have
y q y g

Ex(y—gi1)'f = O(N~'a™20) and E(y;_1 — y)* = O(N?), then (B.3) is O(N~/2a79).

2

|

Proposition 4.

N
1 S
el > @ —9i-1)fF B0
=1

Proof of Proposition 4: The proof follows from E<-(§ — Jic1) f = O(N~1a—29).

Proposition 5.

1 & ) _
(B.4) N2 > (ie1 — §i-1)f7 = BE(f*)o, /(W1 — W)

=1

Proof of Proposition 5:

N N

1 N . N
e Z yie1 — Gic1)’f7 Z yir =97+ 2555 Y Wi =)@ — G- f7
=1 =1
1 N
TNz (G —9i1)°f7
=1

The second and third terms on the right hand side converge to zero by Propositions 3 and
4. Using the method in the proof of Proposition 1, the first term converges to the right
hand side of (B.4). O

Proposition 6.
N

> (yir —Gi1)éf; B 0.

=1

1
N
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Proof of Proposition 6:

N N N

1 R o 1 o 1 . .o
=Y Wis — Gim)éifi = = Wior — DEfi + = > (7 — Gic1)éf?
NS N= N=

=F+F

Note that

E (é?ff) =F (Naq)_zsz,e; + (Na%) ZZ Z KipKip €pepyr
(B.5) pi p#P #i

= O(N"a9),

so that E(FZ2) = O(N~'a=2%) from Loéve’s inequality. Now

N
E( ( Zyz 1—Y 22fz>

+E NQZZ vie1 — 9) (i1 — D) f1f}
1]

— Fll +F12.

Fi1 = O(N~ta=%) since E(y; 1 —y) = O(N). Consider the summands in Fio. It is easy to
verify that

Eyior — ) (yj—1 — Déesf2 17 = Bee; f1f703) Fus + E(éié; f7 fivav;) Fua

+ E(éiéjfz-Zf]?Ut’Ut)FIS +o(1),
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where s 1 # j, ' #i# j,and t Zt # 1 # j. In addition,

1 i—1 ljfl 1 N
F13:min(i_l’j_l)_ﬁZ(N_T)_NZ(N_T)'*‘WZTz
r=0 r=0 r=0
Fio = (N —i) (1_(i§1)_(j];1)>+(N_j) (1_(j&1)_(¢§1)>
—g-i-min(i—l,j—l)
S (et V[ e B LS VS G

2 2 4

Due to cancellations, we have

N S Fis = o)

i#£j

% Z ZFM =0(1)
i#£j

% Y>> Fis =O(N).
i#£j

E(ézéjffffvz) = O(N 'a ) and E(éiéjfl?f]?vsrvj) = O(N~'a"9) by Cauchy-Schwartz so it

remains to show that E(€i€jfz-2fj2vt/vt) =o(N 1.

E(éigjf?f;vt/vt) =F (Naq)_4 Z Z Z Z Kz-ijuKZ-p/Kju/ep/eu/vtrvt
pFi p'FiuFtg u'Fj

which is nonzero when ¢ = p’ and t = v/, or ' = p and t = u, or ' = p’ and t = u so that

E(éigjf?fjgvtlvt) =2F (Naq)74 Z Z KiijuKit/Kjtet/vt/ €Ut
pFL u#j

+ 2F (Naq)*‘l Z Z Kit’KjtKip’ ju/ep/eu/vt/vt
pEuE]

+ 2F (]\/va,q)i4 Z Z Ky Kji Ky Kjulﬁtl €/ Vpr Ut
pFL u'#]
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which is O(N~2a~29) by Cauchy-Schwartz so that Fio = O(N 'a~29) and

N
Z yz 1= Yi1 elfz =0 ( 1/20’7‘])

Proposition 7.
1 )
= (it = ) (g(e) — 3w 7 B 0.
i=1

Proof of Proposition 7: Let £ = min(A + 1,v). The proof follows Proposition 6.
However, we need to find the order of E(g(z;) — §(x;))2f? and E((g(x;) — G(zi))(g(z;) —
§(x)) f2f2vpvy). First,
A N
B(g(zi) = §(:)* f2 = (Na) 2B [ Y Kip(g(z:) — g(p))
(B.ﬁ) pFEi

= O(N~'a™1 + a*)

from the proof of Proposition 1 in Robinson (1988). Next,

E((9(2:) = §(:))(9(x) = §(2)) 7 ffowv) = 2B | (Na®) Y " KipKjuKiv Kjenivvpnjeor
PFL uF]

+ 2F (Naq)*4 Z Z Kitl KjtKip’ j’u.’nip"r]ju’vt’ Ut
pEIuE]

+2E [ (Na®) ™Y KipKj Ky Kjunivnjuvp vy
pFi u'#j

with n;; = g(z;) — g(z¢). The above term is O(N~2a~2%). Combining these results and

using the proof of Proposition 6, we find

N
1 ~ r S 4
NZ Yic1 — Gi—1)(9(zi) — §(2:)) f7 = Op(N 5077+ af 7).
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ArPENDIX C

We prove Theorem 3.2 for model (2.7). We define
w; = 01 + Yi

so that the relationship between the previous propositions and those given in this appendix
is more transparent. Let é, and éa, denote the vectors of nonparametric residuals from

regressing w; 1 and Aw; on x;. The joint estimators for (0,60*) are given by

wONT o) ol @oh | |
) &N Ewof) (& o)

S}
*
—~

where é,,, €Ay, and é; are the residuals from nonparametrically regressing w, Aw, and a

trend on z;. A rotation of the type in Fuller (1976) is applied to facilitate the proof.

-1

N 0 S . G11 G12 Hl
_9N: N o Go1 G H,
with
Gu = Z — 0e)° f7
1 N
Gz = =7 ;(ém — 0éy)én f?
1 N
G2 =153 Z e f?
=1
1 N
Hy =~ ;(ém — 0é4)énwif?

1 .
Hy = e > eieawif]

=1
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The proof of Theorem 3.2 for model (2.7) follows using partitioned inverses and showing

that

Notice that using the rotation above, we generate

bwi — 06 = w; 1 — w1 —0((i — 1) — (i — 1))
(C.1) =0 —1) +yi 1 —06G—1) =g 1 —0(i—1)+0(i—1)
= Yi-1 — Yi-1.
This allows us to use some of the results in Appendix B in the remaining proofs.

Proposition 8.

(C.2) —5 Z(éwi — 0e)? f7 = E(fZ)Ug/ (W1 — W)

Proof of Proposition 8: The result follows by Proposition 5.

Proposition 9.

. 2
(C.3) B (i _ 1) 2= 0,(N a9
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Proof of Proposition 9

A al p o 1\°
£2 —2 2

E(ﬁ—§> fi = (Na®)™"E Z .Kip <N‘§>

p=1,p#t
_ p 1 g 1
roan ey S Kok (5 -3) (4 5)
pFqF
=J1 + Jo.

Ji = O(N~ta™9) and we know that E|K;,K;4| = O(a??) and D ptati (£ -3) (£ -
O(N) so that J, = O(N 1), O

NO[—
~
I

Proposition 10.

N
(C.4) N2 S (fwi — On)enf? = E(fZ)gv/ (W1 — W) sds

=1

Proof of Proposition 10

N N N
_s R A A p _s N s L s
N2 (bwi — Oen)énfi = N2> (yic1 — Gic1)iff = N2> (yic1 — Gi1)if?
i=1 i—1 i=1
=K, + K>
and
5 N 5 N
Ki=N: Z(yifl - g)ZfZZ +N 2 Z(g - ngl)ZfZZ
i=1 i=1

Using the well known result that

N
5

N2 (yir—9)i= o, /(W1 — W1)sds
i=1

and the proof of Proposition 1, we have

K = E(fZ)O'v /(W1 — Wl)sds.
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Next,
N ~ A~ A,
E(K}) =N"° Z(Q — i )% f AN Z Z(Q — 91U — 95 1)ii f7 f7
i=1 oy
= O(N~1a™9)

Now consider Ks. Using the proof of Proposition 1, it is easy to see that

N
_3 . 1.
N2> (yi1 — yi—1)§fi2 50
i=1
so it is enough to show that
3 i1
K3 =N":2 Z(yi—l - @i—l)(ﬁ - 5) 75 0.
i=1
We write
5 i1 5 i1
Ki= N > iV (— — 2Yf2a N2 7— 1 )M — — =)
3 2;(92 1 y)(N 2)fz + 2;(:‘/ Yi 1)(N 2) 2
= K31 + K3».
Using Lemma 3.1 and Proposition 9, we have
al i1
E(K3) = NﬁSZE(yi—l - ﬂ)Z(W - 5)2 i
i=1
+N73ZZE iy — i_l i_l f2 2
- (i1 —9)(yj—1 y)(N 2)(N 2)fi fj
i#]
= O(N~'a™),
al i1
E(L3)=N"*) E(y- ?JFI)Z(W - 5)2fi4
i=1
+N_3 E(g — 0 TR i_l i_l F2 £2
Z; (=81 — 915 — 5 — )
i#j

= O(N 20~ %),

31
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Proposition 11.

1

Proof of Proposition 11

g () (G 06 ) ()

Following the proof of Proposition 1, we have

Next,

coneves (5o (4
““EZZ( DG-v) G2 (G-3)#e

i#£]
which is O(N~'a~9) by Proposition 9 and Cauchy-Schwartz. Then

N 2\ 4 2\ 2 ?
s =3 EY (3o ) e TS (3o 5) (;-—) 7

il
= L31 + L3».

Following the proof of Proposition 9, we can show that L3; = O(N2a729). Lsy
O(N~*a~21) by Cauchy-Schwartz. |
Proposition 12.

N

NS (i —ief? S /(s—%) (aff pdWi(s) + /1 — p2dWs(s )

=1
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Proof of Proposition 12: The proof is completed by showing that

L1
N2 (N —§> aft 5 o.
=1

Conditioning on X and using the independence of ¢; gives

Y1 ’ Norio1\’
1 ~ - ~
E(N 2§:<N—§>eifi2> =N 1E§:<ﬁ—§> 2 fi
i=1

i=1
which is O(N~ta=9).

Proposition 13.

Proof of Proposition 13: Again, we break this term into two parts:

_EN.A.AAQ _lNi IAAQ _lNl
N2 (1 —1)&fi =N 2 (§ —)&fi +N 2, G- %)
=1 =1 =1
= My + Ms.
For My,
N ) 1
BT = NUPY (g
1=
NIEY S - byl - e
* ZZN 9\ T /e
i#]
= M1 + Mqs.

33

Using (B.5), My is O(N~'a™9). Since Eé;é;f2f? is identical for i # j and 33, (% —

%)(% — 2) = O(N), My is also O(N~'a™?). For M, we have
Sl I A
BM3) = NEY (3 — V&
i=1

1 % 1 :7\- It
N1 ZZ ~ o 272
i#£]
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Proposition 14.

Proof of Proposition 14: The proof follows the proof of Proposition 13 with the excep-
tion that (B.6) is applied to (g(z;) — §(z;))f; as (B.5) was applied to & f;. The order is
Op(N~1/2q79/2 + a¢) where ¢ = min(\ + 1,v) as in Proposition 7.

APPENDIX D

We provide the proof for the generalization to higher order autoregressive models in this
appendix. Again, for simplicity of exposition and without loss of generality, we demonstrate
the proofs for the exact unit root (i.e. ¢ = 0) case, local to unit root case being similar. In

this case:

Y B(L)v; =Y [B(L)g(s) + B(L)e,],
s=1

s=1

&

Yi

Ay;s = B(L)vi—s = B(L)g(xi—s) + B(L)ei—sa B(L) = Z blLl-
=0

Proposition 15. Fors=1,....,k,

N

Z(yi—l — Gi—1)(Ayi—s — A\yifs)f? = Op(N)
i1

Proof of Proposition 15:
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Notice that

N
D (yim1 = Gi-1)(Ayims — Dy;_) f7
=1
N N N
= > WNa) 2 [ Kiplyir —vp-1) | | D Kir(Ayis — Ayr_y))
=1 pFi r#i

N N i—1 p—1 N
= Y (Na®)™ ZKZ-p(ZB(L)thB(L)vt)> (ZKZ-T(B(L)WSB(L)UTS))

i=1 pi t=1 r#i

N p—1
= ) (Na?)™ ZKZ,,ZB g(zi) + ] — Y _ B(L) [g(wt)+et])) X

=1 pFi t=1 t=1

N
Z Kiy(B(L) [9(zi-s) + €i—s] — B(L) [g(zr—s) + 67"8]))
r#i

N N i—1 oo p—1 oo
ZNaq S KOO bilg(memy) + el = > Y bilgmmy) + €]) | x
=1 pi =1 =0 =1 1=0
00
Kzr xz s— V) + €5 V] - Zbu [g(xrfsfy) +€rfsfu])
r#i v=0 v=0

For the term

N N i—1 oo N 00
(D.1) > (Na?)~? (Z Kp(O > biglae l))) (Z K,»T(Z byg(xisy))>
i=1 £i =

pFi t=1 [=0

oo oo i—1

- Z (Na) QZZZZZszwalb,,g(xt D9(Tizs—v),

pFi r#i =0 v=0 t=1

the second moment of (D.1) is

4 N N N o~ oo i1-1 N N N oo oo a1

() SELESES Y S SYY

1=1 p#i r#i =0 v=0 t=1 a=1 j#a k#a =0 u=0 7=1
KipKirKajKakblbub,@bug(xt—l)g(a:ifsfu)g(xﬂ'—ﬂ)g(xafsf,u)
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whose leading term (whent =i— s+l —vand T=a—s+ 5 — pu)

N oo o0

4 N N N oo oo N N
(Na‘1> ZZZZZ ZZZZW’ babu Kip Kir Koj Kakg(wi—s— v)? (xa—s—u)Q
Lj#aka

1=1 p#i r#i =0 v=0a= B=0p=0

is of order O(N?) since

(e cIuNNe ol CBENe o]

NN bibubgb, = 0(1)
=0 v=0

and FB[K;jpKir Koj Kok g(Ti-s—v)29(Ta—s—p)?] = O(a’®). Thus, (D.1) is of order O,(N). For

N i—1 oo N 00
(D.2) > (Na%)" ZKW M biglee) | [ D KirD bueios) |
i=1 PFi t=1 1=0 r#£i v=0

the second moment
4 N N N o0 o0 i-1 N N N oo oo a1l
KipKirKajKakblbubﬂbug(xt—l)g(xT—ﬁ)eifsfl/eafsfu-

Again, it can be verified that the order of magnitude of the leading terms are O(N?): when
a=i+pu—vand 7T=1t+F —1 we have

(L) IEEESYY >y %

1=1 p#i r#i =0 v=0 =0 p=0 jEi+pu—v k#i+pu—v t=1

KlPKZT‘K(H-M v)j K(z—l—u V)kblb bﬁbug(xt l) 612 s—1)

which is of order O(N?) since E[KipKirK (i )i K(ispwg(@i—1)*e_,_,] = Ola 44) and
D120 25 2 libubgby = O(1). Consequently, (D.2) is of order Op(N). By similar methods,

we can verify that the remaining terms are Op(N). O
Proposition 16.

(&0 f)T (¢ 0 ) = 0p().
Proof of Proposition 16: This is a direct result from Proposition 15.

Proposition 17. For s,t=1,...., k,

N
D (Ayis = Ay )(Ayiy — Ay; ) f7 = Op(N).

=1
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Proof of Proposition 17: Notice that

Ayi_s = B(L)vj_s = B(L)g(zi_s) + B(L)¢;_s, B Z b L

(Ayi s — Ay; o) (Ayi s — Ay, ) f2

M-

-
Il
—

[
M) =

N N
(Naq (Z sz Ayz s Ayp s ) (Z Kir(Ayi—t - Ayrt)))

1 PFi r#i

.
Il

[
Mz

(Na?)™ (Z KipB(L)([9(%i-s) — g(zp—s)] + [€i=s — 6p8])>

pFi

.
Il
_

N
X (Z KirB(L)([9(zi—t) — g(zr—1)] + [€i—t — Ert]))

r#i

N
= Z Naq (Z sz Zbl xz s— l ((I"pfsfl)] + [Eifsfl - 6psl]))
=1

pFEi =0

r#i v=0

(Z K, Z b xz t— V - g(xrftfy)] + [Eiftfl/ - 6rty])>

= ZNaq QZble
=0 v=0

Z Z szKzr xz s—l) - g($p—s—l)] + [ei—s—l - 6p—s—l])
pEiL r#i

X (([9(zit—v) — g(@r—t—)] + [€it—r — €r—1—1]))
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N 00
Z Naq -2 Z by Z by Z Z szKzr xz—s—l) - g($p—s—l)] [g(xiftfu) - 9(371"71571/)]

= v=0  p#i r#£i

Z Naq - Z bi Z by Z Z KiPKiT [g(xi—s—l) - g($p—s—l)] [ei,t,y — erftfy]

= v=0  p#i r#£i

+Z Naq QZble ZZszKzr €i—s—1 — €p—s— l] [g(ﬂh?tfu) _g(xrftfy)]

= v=0  p#i r#£i
N N

+ Z Naq -2 Z by Z by Z Z KipKir [ei—s—l - 6p—s—l] [Gi,t,,/ - erftfy]

=0 v=0 p#ir#i
= P1+P2+P3+P4
Similar to the proof of Proposition 15, we can verify that all these terms are O,(N). O
Proposition 18.
(és ® f)T (és © f) = 0,(N)
Proof of Proposition 18: This is a direct result from Proposition 17.

Proposition 19.

(@0d) (@od) [(@en) (@on)] (o) (aos)-am

Proof of Proposition 19: This can be obtained by using the results of Propositions 16
and 18.

Proposition 20.
1
N2
Proof of Proposition 20: Notice that B(L) = B(1) + B*(L)(1 — L)

(éy ® f)T (éy ® f) = BE(f2)o? [ (W, — W1)2JA(1)2.

:ZB(L)UZ Zvﬁ-v — vy = ZB Jur + Op(1),
1=0

where v} = B*(L)v;.

Jio1fi = (Na%)~ ZKWZB (Na%)~ ZKW WY o+, =

pFi t=1 pFi =0
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N i1 | N p—1 R
Z B(l)Zvl—Fv;‘,l—vé—W ZKZ-,, B(l)waLU;,l—va‘ /fi ﬁ
i=1 1=0 p#i 1=0
N N 2
Yo v =T o — v Nal > Kip[vp_1—w5] | /fi ] i
i=1 pFi

2
Y 2 Y Y
Z (visi —im0)" F7 + Z (i1 —vg) — Zsz v = v | /fi | fi
i=1 =1 p#L

1
~
N ) N R
+22 (v =) | (v —w5) - Nat ZKip [vy—1 — 5] | /fi ?

where

It can be shown that

N N
SNl —v) == [ Yo K[ =] | /Fi] F7 = Op(N)
1=1 p#L

N

(éy ®f>T (éy ®f> = i (7 —@\211)2}? + 0p(N?)

1=

By a similar analysis as the proof of Theorem 1, we can show that

N
N7 Wi~ T )T = BUPE()aE [ -T2
=1
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Proposition 21.
w2 (60) (=P (e07) = B [ov-W02/aap.
Proof of Proposition 21:
CEDHIEEICEY)
= (wed) (wod)

(on) (o) [eon) (@) (o) (5o
= (éy ® f)T (éy ® f) + 0p(N?)
Then, by the result of Proposition 20, we have the proof.
Proposition 22. Fors=1,....,k,
i(Ayi ¢ = By, (e — &+ g(wi) — §(@:) 7 = 0p(N).
i=1

Proof of Proposition 22: By definition,

N
S (Ayis — By e — & + g(@i) — §(xi)) f
=1
N A,
= ZlszB( Vj—s€; — Zfz Na qulpB Up s | €
i= PFEi
N ~,
_ZszB( Vj— s€z+2fz Na quzpB Up s | €
i=1 pFi
+Zf7, 'Uz s ( z Zfz Na qZszB Up s (g(xz)_/g\(xz))

pFi
= Q1 +Q2+Q3+ Qs+ Q5+ Qs

N N N
=Y " 2B(Lyvises =Y fEB(L)g(mis)ei + Y fEB(L)ei—sei
=1 =1 =1
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N
1
Noi > KipB(L)Ups> €

pFi

1
Nat

N
Z KipB(L) [9(zp—s) + 5pS]> €
pF#i

1 XN N L XN
NanKipB(L)g(xpfS) 6i‘"Zfi WZKWB(L)%*S €i
i=1

pFi pFi

=1 p#i
N . 1 N ) N
> fi (Nq > Kz‘pB(L)Ups) (Naq > Kl]e])
= p#i i
1 V2L,
(N—aq> Yo Sl DD KipKijei [BL) [9(p—s) + eps]]
i=1 \p#i j#i
1 V2L,
(N—aq> Y fi| D0 KipKije; [B(L)g(zp-)]
=1 \p#i j#i
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Qs

Qs
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= 3 2B(L)v; (g(wi) — ()
i=1
N N g R
= D R BWgwi-s) + sl (575 Do K (=) o) — 9(2)] / f (1))
i=1 i=1
N 1 N x]—x
= Y ABWgin)]) (o 2o K lg(ai) — g(w)])
i=1 =1
N 1 Jn T; — T;
+ 3 FiIBE- (g Yo K () lg(ai) — g(w))
i=1 j=1

N . 1 N
> (aq ZKZ-,,B(LMS) (9(w) = G(2))

=1 pFi

N 1 N 1 XL gz ~
S Fi| o o KB lg(@ys) + 6] | (5 20 K(F—2) [g(@:) = g(a))] /F ()
i=1 p#i j=1

N 1 N 1 X T — T

> Far 2 Kin (Bl )] | (g D0 K (T [ala) = gla))

i=1 pi j=1

N .
S (Nl S K [B(L)eps]) (577 S0 K () [g(w) — g(w))
=1

pFi 7=1

By staightforward but tedious moment verification we can show that all of the above terms

are of order o, (N). O

Proposition 23.

(6:0F) (20 f) = o)

Proof of Proposition 23: This is a direct result of Lemma 22.

Proposition 24.

(od) (o) [(0od) (m0d)] (@ed) (@od)=am

Proof of Proposition 24: The results can be obtained by the results of Propositions 16,
18, and 23.
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Proposition 25.
1

L (éy ®f>r (@6@f) = B(1)oos (p/WdeI + M/Wfdm) .

Proof of Proposition 25:

(& @ f)T (ecof)

N
= D1 = Gi) (6 =&+ g(mi) — ()

=1

N i—1 1 N p—1 R
— ; (B(l) gvz +vi_ — vy — Nai (pZ#Kip B(1) gvl +ui_y - v;;]) /fi)

x (€1 — & + g(xi) — §lw:)) F7

=1
N ) N ~

+y (Uf1 — vy — Nat (Z Kip [vy 1 — U(ﬂ) /fi) (6 — & + g(z:) — Gx:)) J?
i=1 pFi

It can be shown that

N 1 N N
)» ( v~ (Z Kip [1-1 vé]) /fz') (s =@ + g(a) — ) F2 = op(N)

i=1 p#i
thus
% (e @ f)T (e© f)
1 Y R ~
= 20— (e — &+ glan) = (@) 7+ 0p(1)
i=1

(yiy —T1) €2 + 0p(1)

I
z| =

=1

= B(1)o,0 (p/Wfdm +/1 —p2/W{dW2>.
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Proposition 26.

e (éy ® f)T (I-P) (ée ® f) = B(1)oyo¢s <p/W{dW1 +/1- p2/W{dW2> :

N

Proof of Proposition 26:
(&0 f)T (1-P)(ecof)
(o) o
o) (o) [for) (o)

(éy ® f)T (ée ® f) + 0,(N)

-1

(01) (w01

Thus the result follows immediately. O
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