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where 6,, lies on the line connecting 8y and 0,,. From this expansion we may obtain
the asymptotic distribution of én, under suitable regularity conditions.

To derive the asymptotic distribution of én, we need to introduce some additional
notation. Let f and § = (¢;) be the derivatives of f, g and ¢; respectively with respect
to 8, B and 3;. Notice that

f(ztv 0) = (dév wllfa C](mtv ﬁ)/)l'
We let v,; = ¢/n and \/nk,; respectively for i € I and i € H. Let
vy, = diag (Un1, - -+, Vnm),

and subsequently define
D,, = diag (\/ﬁmnd, vnl, I/n) ,

where the partition is made conformably with f given above.
Define

M, =D} Zf(zt,eo)f(zt,Qo)’D,;l and R,=D," ZF(ZL‘,HO) w D,
t=1 =1

where F' = 02F/900¢', so that M,, = D;,'Qn(60) D;;* + Ry, and let Z,, = —D;, 1Q(6o).
Moreover, let D,s = n=°D,, for § > 0, and define

0. = {0+ D20 -0 <1}.

Our model (8) includes integrated regressors, but the approach by Wooldridge (1994)
for nonstationary regressions is still applicable. A trivial modification of his result is
introduced below as a lemma for easy reference.

4.1 Lemma Suppose that
(a) (M, Zy,) —a (M, Z),
(b) R’ﬂ = Op(l)?
(¢) M >0 a.s., and
(d) D} (Qn(e) — Qn(c%)) D..; — 0 uniformly in 6 € ©,, for some § > 0.

Then we have Dy(6y, — o) —q M™1Z as n — co.

Once we show that the conditions of Lemma 4.1 are met for our model, the limiting
distribution of 6,, can be obtained readily. Conditions (a) and (b) follow immediately
from the results in Lemma 3.1. Condition (c) is guaranteed by a suitable identification
condition. The most difficult part is to establish condition (d).

To represent the limiting distributions of (@)Ze g compactly, we let

BH = (BZ)ZEH and qH<x76) = (ql(xlaﬁl))zeH
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which are vectorized into column vectors by vertical stacking. Also, we define B}fl
and (3% accordingly from 7 and /3, respectively, for i € H. Moreover, for i € H let

Gi(As, Bi) = Fes(, B (s, Bi),
and let fp; = ki(y/n, BY). Then we define

fkip = diag (Fni);cy  and h(z, 8) = (hi(mi’ﬁi))ieﬂ'

so that &, is a block diagonal matrix with &,;, ¢ € H, on the ¢-th block diagonal, and
h(zx, () stacks h(zi, 3;), i € H ; as a column vector. The following theorem presents
the asymptotic distribution of 6,,.

4.2 Theorem Under Assumptions 2.1 — 2.4, we have as n — o0
(a) V/n(dy, — ag) —q N(0, 022;,}0)
—-1/2

(b) Y3 — %) —a <L4<o 1) /'°° s ﬁ°>'-<s,ﬁ°>'ds) Wi(1)

(c)\/ﬁ<::‘(’g;” ) >—>d </N dr) /N )dU (r

where i € I and N(r) = (d(r),h(V(r),B)). The convergences in (a) — (c) hold
jointly, and the limit distribution in (a) is independent of those in (b) and (c).

The convergence rates of the NLS estimates for the coefficients of the stationary
and deterministic regressors are given respectively by \/n and /nk,g, as in standard
regressions. Those for the NLS estimates of the parameters in functions of the inte-
grated regressors are different, however, and they are dependent upon the types of
functions involved. For integrable functions of integrated regressors, the rate is /n,
i.e., an order of magnitude smaller than the usual rate y/n for the NLS estimates in
the standard stationary regressions. For the asymptotically homogeneous functions,
the convergence rates are determined by their asymptotic orders, and are given by
\/Nky. For functions with increasing asymptotic orders, they are therefore faster than
the usual rate /n.

The limiting distribution of the NLS estimate of the coefficients of the station-
ary regressors is normal. The NLS estimators for the parameters in the integrable
functions of the integrated regressors have asymptotic distributions that are mixed
normal with mixing variates essentially given by the local times of their limit Brown-
ian motions. That the estimators have limiting normal or mixed normal distributions
has important implication for asymptotic inference, i.e., it implies that the usual chi-
square tests are possible. On the other hand, the asymptotic distributions of the NLS
estimators of time trend coefficients or the parameters in the asymptotically homo-
geneous functions of the integrated regressors are generally non-Gaussian. Only in
the very special case where the integrated regressors are strictly exogenous, do they
have mixed normal distributions. The limiting distributions are thus biased, and the
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usual chi-squared approach to inference is not possible. The critical values of the
tests are dependent upon nuisance parameters.

To look at the asymptotic results in Theorem 4.2 more closely, we consider the
following regressions

Yy = w4y
Yy = qi(wy, ;) +u, foreachi el (19)
Y = 7Tldt + Zqi(wit,@-) + Uy

icH

The set of regressions introduced in (19) are nothing but regressions on some of the
additive terms in (8) separately. The first regression is one exclusively on station-
ary regressors, the second set of regressions are those on each I-regular function of
an integrated regressor, and the third is the multiple regression on a deterministic
trend and all H-regular functions of integrated regressors. We denote by 0,, the LS
estimators of the parameters in the regressions (19).

4.3 Corollary  Under Assumptions 2.1 — 2.4, the limiting distributions of 0,, and
0,, are identical.

Corollary 4.3 implies that various asymptotic orthogonalities hold for the regressors
included in our model (8). First, the stationary regressors are asymptotically or-
thogonal to any function of the integrated regressors, as well as to the deterministic
trends. Therefore, the NLS estimator of the coefficients of stationary regressors in
our model (8) behave asymptotically as if it were from a regression with only these
variables. Naturally, the usual normal asymptotics apply to such regressions. Second,
integrable functions of integrated processes are orthogonal in the limit not only to
other asymptotically homogeneous functions of integrated regressors, but they them-
selves also become orthogonal each another. The NLS estimator of a parameter in
any integrable function of an integrated regressor thus behaves as if there were no
other functions of integrated regressors in the regression.

As an illustrative example, we look at the regression with deterministic part
dg’ﬂ' =1 + mot and

s 1
q(21,B1) =e P i @ (x2, B2) = Powa, qs3(w3,03) = Tre B (20)

where (31, 32,05 € R.. We may assume w.l.o.g. that there are no stationary regres-
sors, since they are asymptotically independent of the integrated parts of the model.
To derive the asymptotics for the BZ-’S, it is more convenient to consider the regression
with g1, g2 and

q3(x3,33) = q3(w3,03) — 1{wz > 0}
e P3xs

1
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in place of ¢3.

The regression function ¢z, indeed, does not satisfy the regularity conditions in
Park and Phillips (1998). As one can easily see, g3(+, 33) is asymptotically homoge-
neous with asymptotic order 1 and limit homogeneous function 1{- > 0}. This is true
for all values of 3. The limit homogeneous function thus does not depend upon s,
which implies that (33 is not asymptotically identified in q3. On the other hand, (33
is identified in ¢3. Obviously, the NLS estimators from the regression with g1, g2 and
g3 are identical to those from the regression with ¢, g2 and ¢;.

Now it is immediate from Theorem 4.2(b) that

~1/2
R 3V2
In(BY = BY) —a (W\/:ZLI(LO)> Wi (1),

10

. 2_6 —-1/2
G - 3) ~a (Tzim0) W)

where we write 819 = 37 and (30 = 5. Moreover, we have

n!2(wp — ) 1 -1
n3/2£ﬁg —79) | =4 </ N(r)N(r)'dr) / N(r)dU(r),
n(B3 — B3 ’ ’

from Theorem 4.2(c), where N(r) = (1,7, Va(r)'").
Nonlinear models often include a function like

Ba

54413(3337 53) = m,

(22)
instead of ¢3. Park and Phillips (1998) show that the regression with (4q3(z3,33) in
(22) is the same as the regression with two functions

e_ﬁ3m3

1
0 _ 50
Bia3(xs, B3) = By (1 o Pams H{as <0} — 1o faws

qa(x3,B1) = Pal{xs > 0}

1{xs > 0})

where g3 is defined in (21). Their result easily extends to our general regression,
which one can easily see from the proof of Theorem 4.2. That is, the regression with
q1(z1, B1), q2(x2, B3) and (4q3(xs, F3) respectively in (20) and (22) behaves asymptot-

ically the same as the regression on q1(z1,31), g2(w2, B2), BY¢% (w3, 33) and qu(xs, B4)-
The limiting distributions of the parameters can therefore be easily obtained.

5. Efficient Estimation

In this section, we develop an efficient method of estimating our model (8). The
usual NLS estimator 6,, considered in Section 4 is generally not efficient, because it
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does not utilize the presence of the unit root in the regressors. We may obtain a
more efficient estimator if such information is used, in the same manner as shown
by Phillips (1991) for linear cointegrating regressions. Inefficiency of the estimator
also results in invalidity of the usual t- or chi-squared test on the parameter in the
asymptotically homogeneous regression functions. We now introduce a more efficient
estimator (in the sense of Phillips, 1991) along the lines of Phillips and Hansen (1990)
and Park (1992). The estimator has a mixed normal limit distribution and thus yields
asymptotically valid t- or chi-square tests in the usual manner.

Here we concentrate on the parameter in the nonlinear functions of integrated
regressors, together with those of the deterministic regressors. As shown in Section
4, the limiting distribution for the estimated coefficient of the stationary regressors
is not affected by the inclusion of the regressors with trends. Due to this asymptotic
orthogonality, we may not increase the efficiency of the coefficient estimator for the
stationary regressors by utilizing information on the presence of the unit root in
the nonstationary regressors. In what follows, we simply assume that p(wy, ag) = 0
and is known in (8). This is just to make our exposition simple. Our subsequent
methodology is applicable for the regression with stationary regressors, if we run the
first step regression to get &, and consider the regression

yr — plwe, b)) = 7(t,7) + q(xr, B) +uy

to efficiently estimate 7 and [.
For the development of our method, we need to introduce some additional assump-
tions on the innovation process vy = ®(L)e; of the integrated regressor x; defined in

(11).

5.1 Assumption We assume that

(a) ®©(2) is bounded and bounded away from zero for |z| <1, and

(b) if we write ®(z) "t =1 — Zﬂkzk then ¢° Z T4 |? < oo for some s > 9.
k=1 k—=(+1

To estimate our model efficiently, we first run the regression
Vg = ﬂlvt,l +---+ ﬂgvt_g + é&t

where we let ¢ increase as n — co. More precisely, we let £ = n®, and select § so that

r+2 r
— <0< —— 23
2r(s —3) 6+ 8r’ (23)
where 7 is given by the moment condition for (&), i.e., E|let||” < oo for some r > 8
as given in Assumption 2.3. It is easy to see that ¢ satisfying condition (23) exists
for all r > 8, if s > 9 as is assumed in Assumption 5.1. For Gaussian ARMA models,
Assumptions 2.3 and 5.1 hold for any finite » and s. Then, we may choose any ¢ such

that 0 < 6 < 1/8.
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We define
A oA—1 A
y{f =Yt — Uu5255 ELt+1,
where
n n
~ 1 A Al C 1 A oAl
Ous = — ZWQ 1 and X =— E Eet€pys
n ’ n ’
t=1 t=1
with the first step NLS residual 4. Then consider the regression

yi = f(2,00) + vy, (24)

in place of (8).

The efficient estimator that we propose is the NLS estimator éj; of 6y computed
from the transformed regression (24), which we call efficient nonstationary nonlinear
least squares (EN-NLS) estimator. In its motivation, the EN-NLS is closely related
to the FM-OLS method by Phillips and Hansen (1990) and the CCR method by Park
(1992), which both yield efficient estimates for the coefficients in the linear cointe-
grating regression. Just as for the FM-OLS and CCR methods, the EN-NLS corrects
the long-run dependency between the regression errors and the innovations of the
integrated regressors. However, the EN-NLS achieves the goal while maintaining the
martingale difference condition on the regression errors. The latter condition is more
important for nonlinear nonstationary regressions, in contrast to linear cointegrating
regressions where we may allow for more general error processes in FM-OLS and
CCR regressions.

Theorem 5.2 below presents the limit theory for the EN-NLS estimator é;; Let

= (7%,3) and define an* and BI’;* similarly as before. Recall that we assume
there are no stationary regressors in the regression. Also, define

Ui = U — wyr (1, 1V

The process U, is independent of V', and its variance is given by

02 = 02 — W weu,
i.e., the long-run conditional variance of U given V. In the same way as W1,..., Wy,
let Wi, ..., W, be an independent set of Brownian motions that are independent of

V and have the variance o?2.

5.2 Theorem Under Assumptions 2.1 — 2.4 and 5.1, we have

(e.o]

(a) V(B — 3 —>d< 0,1/ Gi(s, B))di(s 60)’d5>_1/2W-*(1)

o

o) v (o ))w(OlN ) /N P UL (r)

where i € I and N(r) = (d(r),h(V(r), Bo)'). The convergences in (a) and (b) hold
jointly.
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Asymptotic variances are seen to be reduced for the EN-NLS estimates of the
parameters in the integrable functions of integrated regressors. Strict variance reduc-
tion occurs whenever the regression errors are correlated with the future or past as
well as the present values of the innovations of the integrated regressors. We have
similar reductions in the asymptotic variances of the EN-NLS estimators for the time
trend coefficients and the parameters in the asymptotically homogeneous functions
of integrated regressors. In particular, the estimators have limit distributions that
are unbiased and mixed normal. Their asymptotic bias and non-normality are thus
removed by the EN-NLS method. This, in particular, implies that the usual t- and
chi-square tests are now possible for all parameters using these EN-NLS estimators.

There are other ways of obtaining asymptotically efficient estimators for the pa-
rameters in the nonlinear regression (8). It is indeed easy to see that we would get
an estimator which is asymptotically equivalent to the EN-NLS estimator if we were
to fit the nonlinear regression

yr = f(zt,00) + €160 + e (25)

Note that we may set e; ~ u} with 8 = Yoy, since u; = é’&tﬂéo + e;. However,
fitting (25) involves the estimation of a nonlinear regression with an additional re-
gressor, and seems less preferable to EN-NLS which directly corrects the regressand.
It is also possible, at least theoretically, to get an asymptotically efficient estimator
by including leads and lags of Ax; in the regression (as in Phillips and Loretan, 1991,
Saikkonen, 1991, and Stock and Watson, 1993). Such a scheme, however, requires
that the number of included leads and lags of Ax; increases as the sample size n — oo.
This makes it necessary to estimate large dimensional nonlinear regressions, which
seems undesirable and impractical especially when the sample size is large.

6. Simulations

This section investigates the finite sample performance of the NLS and the EN-NLS
estimators in a specific nonlinear regression model. We choose the following addi-
tive nonlinear model that combines both integrable and asymptotically homogeneous
functions, thereby having some of the elements of our general theory. The model has
the form

B3

1+ exp(—xy)

2

Yt = T + exp(—ﬁ?xlt) + + ug. (26)

The regression error u; and integrated regressor x;, with x; = (214, x9;)’, are generated
from

Up = £0,041/V2 + (1,041 + €2441)/2,

. . &1t 0.2 0 61775_1
pre=u=(20)+ () ().

and
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where (got), (¢1¢) and (g2;) are drawn from independent N(0,0?) distributions with
02 = 0.12. The true values of the parameters are set at mo = 0, 3) = 1 and 39 = 0.

By construction, the regression error u,; is a martingale difference sequence and is
asymptotically correlated with the innovations that generate the integrated processes
x¢. The Gaussian function exp(—3122,) appearing in the simulation model (26) be-
longs to the I-regular class. The logistic function (5/(1 + e~%2t) in the model is
asymptotically homogeneous with asymptotic order 1 and with limit homogeneous
function B21{xy > 0} and it belongs to the H-regular class. As shown in Theorem
4.2, the NLS estimator for the parameter (3; inside the integrable function converges
at a slower rate n!/4 to a mixed normal distribution, even when the corresponding in-
tegrated process xy; is asymptotically correlated with the regression error. However,
due to the asymptotic correlation of u; and x2, the NLS estimator for the constant
term 7w and the coefficient 35 on the logistic function converge at the rate \/n to
non-Gaussian limit distributions, which are biased.

As shown in Theorem 5.2, the limit distributions of the EN-NLS estimators for 7
and (s, as well as that for (31, are mean-zero mixed normal. Moreover, the EN-NLS
estimators for all three parameters 7, 3; and (5 have reduced variances, compared
with the NLS estimators. More precisely, for the DGP used for our simulation,
we have 02 = 0.12 and ¢ = 0.12/2. This implies that the variance of the errors
in the transformed regression (24) is one-half in magnitude of that in the original
regression (8). The utilization of the information on the presence of the unit root in
the regressors may thus reduce the error variance in half.

In the simulation, the samples of sizes 250 and 500 are drawn 5000 times to
estimate the NLS and EN-NLS estimators and t-statistics based on these estimators.
For the construction of the EN-NLS correction terms, we use one-period ahead fitted
innovations & 411, which is obtained from the ¢-th order vector autoregressions of v,
with £ = 1,2, respectively for n = 250 and n = 500. For the nonlinear estimation,
we use the GAUSS Optimization routine and the Gauss-Newton algorithm. The
simulation results are summarized in Figures 1-3. Figures 1 and 2 present the density
estimates for the NLS and EN-NLS estimators for sample sizes n = 250 and n = 500,
respectively. The estimators are scaled with their respective convergence rates, and
the density estimates for the scaled estimators are included also in Figures 1 and 2.

The finite sample performances of the NLS and the EN-NLS estimators are much
as would be expected from the limit theory. As can be seen from Figures 1 and 2,
the sampling distributions of the estimators well reflect their theoretical convergence
rates. The estimators for the parameter [3; inside the integrable function converge
slower than the estimators for the intercept m and the coefficient 32 on the logistic
function. As expected, the finite sample distribution of the NLS estimator for 3 is
symmetric and well centered. However, those for m and 35 are skewed and suffer from
bias that does not seem to vanish as the sample size increases. On the other hand, the
empirical distributions of the EN-NLS for 7 and 3> as well as for 3 are all symmetric
and noticeably more concentrated around zero both in the small and large samples.
Our EN-NLS estimators thus seem more efficient than their NLS counterparts.
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The sampling behavior of the t-statistics based on the NLS and EN-NLS estima-
tors also corroborate our limit theory. As can be seen clearly from Figure 3, the finite
sample distributions of the t-statistics based on the NLS estimators for m and (3, are
noticeably biased, while those based on the NLS estimators for 3; are symmetric and
well centered, reasonably well approximating their limit N(0,1) distribution. This
is as expected from the limit theory of the NLS estimators. On the other hand,
the sampling distributions of the t-statistics based on all of the EN-NLS estimators
approximate closely their limit N(0, 1) distribution, and the approximation becomes
even closer as the sample size increases. This indicates that our EN-NLS correction
works in nonstationary nonlinear regressions, which in turn implies that we can con-
duct conventional hypothesis testing using statistics, such as t-statistics or x? tests,
constructed from the EN-NLS estimators.

7. Conclusions

This paper develops an asymptotic theory of regression for models with deterministic
trends, stationary regressors, and nonstationary integrated regressors. In many re-
spects, this work continues the program of research that started with the Phillips and
Durlauf (1986) study of multiple regressions with integrated time series. One of the
conclusions of their study was that while least squares regression in models with non-
stationary regressors produces consistent estimates, and at the faster Op(n_l) rate
than in models with stationary regressors, the limit distribution theory is nonnormal
and standard tests no longer typically yield asymptotic x? criteria. The present pa-
per shows that, when the models are nonlinear, least squares regression continues to
be consistent, but the rates of convergence can be slower as well as faster than the
conventional Op(n_l/ %) rate of stationary time series regression. Thus, the nature of
the nonlinearity plays a major role in the asymptotic theory, sometimes attenuating
the signal and sometimes strengthening the signal from a nonstationary regressor.
Moreover, as in the linear theory, least squares regression yields estimators that are
generally inefficient and produce invalid statistical tests. The next step forward from
the Phillips-Durlauf regression theory was the development of modified linear regres-
sions that produced efficient estimates and asymptotic y? test criteria. That step
was taken in the work of Phillips and Hansen (1990) and Park (1992) with fully
modified least squares regression and CCR estimation, and it has had many empir-
ical applications. The present paper proposes a related methodology for nonlinear
regression, leading to the EN-NLS estimator discussed in Section 5. The approach is
simple to implement, produces efficient estimates and leads to test statistics that are
asymptotical x? test criteria.

The analytic framework of Phillips and Durlauf (1986) also made headway by al-
lowing for the nonparametric treatment of weak dependence in the regression errors.
The theory was therefore applicable in the context of quite general cointegrating re-
gressions with stationary errors. The present theory for the nonlinear case is more
delimited. Our analytic framework allows for martingale difference regression errors
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and is therefore more directly suited to the estimation of nonlinear equations that
arise from the solution of rational expectations or dynamic stochastic general equilib-
rium models. In such cases, it is more natural to take the innovations on an efficient
macroeconomic equilibrium, for example, to be martingale differences. Extensions
of our theory to accommodate the more general context of broad empirical relation-
ships between time series variables that move together over time, but possibly in a
nonlinear manner, is important and it is an ongoing area of research for the authors.

8. Mathematical Proofs

8.1 Proof of Lemma 3.1

In the proofs of parts (e), (f), (g), (h), (j) and (k), we assume that a; and b; are
scalar-valued. The proofs for the vector-valued a; and b; can be done simply by
looking at each component of them separately.

Proofs of (a)-(d) The proofs are in Park and Phillips (1999). For (c), we must
show that W; is independent of Vj, j # 4, as well as of V;. This, however, is straight-
forward from their derivation. |

Proof of (e) Under Assumption 2.1(c), we have
Elfw[|" < oo,

as is well known. Let ¢, = n’ with some § such that 1/4 < § < 1/4(s — 1), and write

1 « 1 «
D awaen = > (e | < e}
t=1 t=1

1 n
Ry z;ai(xit)wt 1{||we|| >cn}- (27)
t=
We have
1 < 0 1<
- i\ T 1 <ec,l < Sz 0, 93
ara (el il ead < g3 o)l = 28)

since 6 < 1/4. Moreover,

1 — 1 —
i > llas(@a)we || 1{|Jwel| > en} < lasll 372 > w1 ] [we ]l > cn}
t=1 t=1
s [l
<t<

since 6 > 1/4(r — 1). The stated result follows immediately from (28) and (29), due
to (27). |
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Proof of (f) First assume that h; is differentiable with locally bounded derivative
h;, and define

K = [min Vi(r) = 1, max, Vi(r) +1} . (30)

0<r<1 o<r

bTLZ xlt Wy = n 7 \/— wt + Op l 5 :;l

as shown in Park and Phillips (1998). Also, if we let

then it follows that

since

n

1 Lit Tit—1 1 13

1 (28) (25 < ol A e -0

n; < <\/ﬁ) ( NG ))wt =/n Kintz:;Hvtth —p 0
as n — 00.

Due to (31) and (32), it suffices to show
M, —, 0 (33)
to establish the stated result. To prove (33), we let
wy = (1) + (W1 —10y),
as in Phillips and Solo (1992), and write M,, = A,, + B,, with

A, = \11(1)%2%1% (%) "

t=1

1 — xit_1> - -
B, = =) hi|— (Wy—1 —y)
(s

03 (4 () () ()
:—Z hz e —hi : wt——hi — | Wy,.
n N N n o \/n
It follows directly from Park and Phillips (1998) that A,, —, 0. Moreover, it is not
difficult to see that B, — 0, since

()0 5)

1 n
w2

t=1

< hl

1
<= |

1 n
K D lvadde ]| —p 0,
=1
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and ) )
xln ~ ~
(5 ) | < Wl 5 il = 0

The result in (33) is therefore proved.

Next, we show that (31) — (33) hold for h;(x) = 1{x > 0}. Clearly, the stated
result would then follow for piecewise differentiable functions with locally bounded
support. It follows from Park and Phillips (1998) that (31) holds. To deduce (32), it
suffices to show that R,, —, 0, where

1 n
Ry = n ; Wi > 0,251 <0} + 1{ay < 0,241 > 0}.

This is because

(R )

T 2\ 1/2 L 1/2
Tit Lit—1 )
< | = Y I N N , -
< (nZ m( ) h<ﬁ>\> (n;rrwtw ,
by Cauchy-Schwarz, and (1/n) Y7 [[we]|? = Op(1).

t=1
To show R, —, 0, we let ¢, = n=? for some 0 < § < 1/2, and bound R, by
R, < S, + T, where

Vit
>
Vil = c”}’

1 n

MR-

n
t=1

since, if |vi| < cpy/n, xy can change sign from x; ;1 only when |z;;—1| < cny/n.

Note that

T t—1

1 n
" d T,=-— 1
<c} an nz{

t=1

S, :d/o (Vi ()| < 0} dr
- /0 L{Vi(r)| < en} dr + 0p(1) = 0,

due, in particular, to Lemma 2.5(b) in Park and Phillips (1999). Moreover,

sup E|vi|

Vit 1<t<n
? > C’n} S = @@ @ 07

E|T,|<=) Pr
. Z { |5 -
since ¢p\/n — 0.

Finally, we show that A,, B, —;, 0 to deduce (33) for h;(x) = 1{z > 0}. That
A, —p 0 follows directly from Park and Phillips (1998). It is also not difficult to see
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that B, —, 0. We then have, by Cauchy-Schwarz
ZT; Tjt— ~
210 (R) ()

1 & x; x; 2\ 1/ - 1z
(SRR ()
(Z ) A s
which, together with R,, —, 0, implies that the first term of B,, converges in proba-
bility to zero. Note that E|l@||> < co under Assumptions 2.1 and 2.2, and we have

(1/n) >3 l@e]|* = Op(1). Obviously, the second term of By, is of order op(1) since
hi(x) = 1{x > 0} is bounded. |

Proof of (g) This is immediate since

1 n n
2 el = (s s Jel ) 73 )
t=1 P

11<t<

due to Assumption 2.4. |

Proof of (h) We have

—debm i) deh <f/i> +op(1),

which follows easily from the proof of Park and Phillips (1999), since sup; <<, ||dnt||
< 00. Moreover, we have

_deh<x”) /d (r)) dr + op(1),

because d,, converges in L?. The stated result now follows immediately from the
continuous mapping theorem. |

Proof of (i) and (¢) The proofs are in Park and Phillips (1998). [

Proof of (j) The proof heavily relies on the results in the proof of Theorem 5.1 in
Park and Phillips (1998), which will simply be referred to PP in what follows. Let
kn, and 6, be given as in PP, and denote by a,; the simple function approximating
a; over the truncated support [—ky, ky), i.e.,

Fn—1
ani(2) = Y ai(k6,)1{kéy < x < (k+1)6,}.

k=—kn
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We may easily deduce

1 < 1
%;ai(azit)aj(a:jt) =4 ﬁ/o ai(V/nVii (1)) aj (Vi) dr

1
= Vn /0 i (VnVi (7)) an (V/nVag) dr + 0p(1),  (34)
as in (31)—(33) of PP, since a; and a; are both bounded.

To simplify notation in the subsequent derivation of our result, we make the
convention | [ 1(A) — [ 1(B)| = [|1(A4) — 1(B)] for indicators 1(A) and 1(B) on A
and B. All the approximation results on the integrals of indicators in PP, which are
in turn based on Akonom (1993), hold in the sense of [ [1(A) — 1(B)| as well as that
of | [1(A) — [1(B)|. If we let

Nyi(k, 8,) = /01 1{ESp, <v/nVis (1) < (k+1)8,}

1
Np(k, 0, 0,) = / 1{ké, < \/ﬁVm-(r) <(k+1)bp }1{l6,, < \/ﬁan(r) <(l+41)6y,} dr,
0
then we have
‘Nn(kaga 6n) - Nn(0,0,(Sn)] < ’Nni(kvén) - Nni(ouén)‘lm Nnj(gvén)l/Q
+ Npi(0,82) Y2 [Ny (€, 6,) — Ny (0,8,) [/, (35)

due to our convention. Moreover, if we define

N;(k,6,) = /01 1{kb, </nVi(r) < (k+1)6,}

N(k,0,68,) = /1 1k <v/mVi(r) < (k+1)8, 1 1{L6, < /uV;(r) < (0+1)6, } dr,
0

then it follows that
\NH(O,O,(SH) - N(Ovovén)’ < ’Nni(oaén) - Ni(O, 6n)‘1/2 Nnj(ovén)l/Q
+ Ni(0, 80) 2 | Nij (0,6,) — N3 (0,8,)]%, (36)

under the convention.
It is tedious, but rather straightforward, to show that

NG / i (V/TVii (1) (3/70Vis () i
0

= \/ﬁ Z Z az(kén)a](&ﬁn)Nn(k,f,én)

k=—kKn bl=—FKn

- ( i i ai(kén)aj(wn)) VNL(0,0,8,) 4 0,(1)

k=—kKp b=—kKnp

= ([ [ st deas) (/N 0.0.8) 00, @7
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in the same way as (34) and the first line of (35) in PP, using (35).
Now choose 6, so that

(V1/83) [Ni 0, 8n) — Ni(0, 8n)| = 0p(1).

Then since
(\/ﬁ/én) |Nm(07 5n)| ’ (\/ﬁ/én) |Nz(07 5n)| = Op(l)a

we have from (36) that
(V/82) INn(0,0,8,) = N(0,0,8,)| —5 0. (38)
However, for large n,
N(0,0,6,) < N(0,0,1) = Op(logn/n) (39)

as shown in Kasahara and Kotani (1979). The stated result now follows easily from
(34), (37), (38) and (39). [

Proof of (k) Let K; be defined as in the proof of (f), and note that

% tz”; |ai(2it)bnj (i) = Z\az Tit)| (3%)‘ +0p(1)

< thHK-— Z |ai(zit)| + 0p(1) = Op(1),
Vi
as was to be shown. |
8.2 Proof of Lemma 4.1
See Theorem 8.1 of Wooldridge (1994). [

8.3 Proof of Theorem 4.2

We only need to prove that the condition in Lemma 4.1(d) holds. The conditions
(a)—(c) are easy to show, given the results in Lemma 3.1. The stated asymptotic
distributions then follow immediately from Lemma 3.1 and Lemma 4.1.

Let ¢; be given by Assumption H(a) if ¢; satisfies the condition there, and let
otherwise it be any number satisfying 0 < ¢; < 1/2, for i = 1,...,m. Subsequently,
we define € = min(ey,...,&,) and § to be a number such that 0 < § < ¢/6. It is
shown in Park and Phillips (1998, proof of Lemma 6.3) that

ZH "i(@it, B7) H = 0p(1)

n® sup ZH (Vi ® V) "is(ie, B)||F = 0(1), (40)
0€0, 1=
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and that, due to Cauchy-Schwarz,

w2 sup 3 ||vtd (s B ([ @ng @ vng) ™ dilies Byl | = 0p(1). - (41)
%n 1

Furthermore, since

S prsdalf =0 w00,
t=1 t=1

we may easily deduce that

% s Y [ ) i, ] = o) a2
72 aup S |2z o @ )i ]| = (D), (83
€On 41

by simple applications of Cauchy-Schwarz.
We now let

Qn(8) = Qn(6o) = (Ru1(8) + Ru1(8)) + Ru2(6) + Ru3(6) + Rua(6)

where

Roa(6) = 3 f(e1,00) (F(20,0) — a1, 60))

t=1
Ra(0) = 3 (F0) = 1,00)) (£(10) = F1,00))
t=1
Rn3(9) = ZF(Ztae) (f(ztve) - f(zt7 00))
t=1
Ru(6) = =Y (F(zt,O) —F(zt,eo)) g
t=1

and F(z,0) = 9*f(2,6)/0000'. .
If we define Q(z,8) = 9%q(1,3)/9B08" and Qi(wi, 3;) = 0%qi(vit, 3i)/0B:08,

similarly as F’, then we have

) 0 0 0 ) Q1(11, 41) 0
F(z,0) = ( 00 0 ) and Q(x,3) =
0 0 Q(xtaﬁ) 0 Qm(mmtaﬁm)

It follows that ) )
D, F(2,6)D, = n* v Qar, By, (44)
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and that
VEIQ(%:;@)VEI’ < ZH(Vm‘®Vni)_ldi($it,51)” (45)
i1
vt Q(y, By ! ’2 < Z || (Vs ®Vm)_1dz‘($itﬁi)“2- (46)
i=1

Here we use the fact that || A||? < tr (A’A) < || vec Al for any square matrix A, and
that [|A|| <37, ||Ai]| for A =diag (Ay,..., Ap) with any square matrices A;.
We want to show
P {075 Rk (8) D15 || = 0, (47)

for k=1,...,4. To establish (47) for k = 1, we note that

‘ )

for all # € ©,,, where  is on the line segment connecting # and #y, and that

D Ra®) D2 < 3 [ e )| |12 01D,
t=1

HD;&lf'(Zt,@O)H <n’ (Hn_l/Q"{nc}dtH + Hn_l/thH + zm: ‘|leqi(xit75?)‘|> .
i=1

Therefore, (47) follows immediately from (41), (42) and (43), along with (44) and
(45).
To deduce (47) for k = 2, observe that for all 6 € O,

2

M

D7 Rua(@O)D| < 3 | D (1, 0) D7
t=1

where 6 lies, as above, between 6 and 6y. We then have (47) from (40), (44) and (46).
To prove (47) for k = 3, we write

1D Ras () D3| < 3 | Do (a1, 0) D32
t=1

[ 17(z2,0) = £ (z1,00)]
and use the fact that
(21,0 — f(z,00)| < n® (Hn%t)\ [ 2 rade] |+ D [l 80
i=1
1 & ) _
+ § Z H(an ® Vni)ilqi(wita /BZ) H) )
=1

together with (41) — (45). Due to (44), the result (47) for the case k = 4 follows
immediately from Park and Phillips (1998).
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8.4 Proof of Corollary 4.3

This is obvious from the proof of Theorem 4.2, and is omitted. |

8.5 Proof of Theorem 5.2

Define
x
€t = &t + Z Ixv—g
k=€+1
Voy = (74717 e avzlsfe)lv
and

I(¢) = (Iy,...,I0,), TI(¢) = ([y,...,1L,).

Then, we have R
o1 = g1 — (IL(€) — TI(£))vgt41-

For the proof of the main results, we first need to show

Zdnt5e t+1 = Zdnt5t+1 + 0p(1) (48)
\/_
Y Zai(mit)éztﬂ = Zaz Tit)et 11 + 0p(1) (49)

1 n
—= g bni(it)é] = —&= E bni (2it)e} 1
\/ﬁ v (l‘ t)sﬁ,tJrl \/ﬁ g (x t)5t+1 + Op( ) (50)

in the notation defined in Lemma 3.1.

We proceed by proving a set of technical results that are needed for the proof of
(48) — (50). Throughout the proof, we assume that Assumptions 2.1 — 2.4 and 5.1
hold.

Lemma A1 Let { = o(\/n). Then Hﬁ(z) —TI(¢) H = 0,(00=9)/2) + 0, (n~1/201/2).

Proof of Lemma A1l The stated result follows from Berk (1974, Equation 2.17,
page 493). [ |

Lemma A2 E|e;; — e = O(¢"%/2) for large ¢.

Proof of Lemma A2 Write
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We have, as shown in Berk (1974, Proof of Lemma 2),

oo oo
Do It <e Yo e,

k=(+1 k=(+1

for some constant c¢. However, for all m,

m Id m 7‘/2
E Z Preekl] < CE( Z ||Pk||2||5tk||2>
h—tt1 k—t+1
m r/2
< C( > HTkH2> Elle]"
k=(+1
0o r/2
< C( > |Tk|2> Elle",
k=t+1

with some constant ¢, by Burkholder’s inequality (Hall and Heyde (1980), page 23)
and Minkowski’s inequality. The stated result now follows immediately. |

Lemma A3 (a) Zai(xit)vgfk = Op(nY /2 wniformly fork=1,... L.
t=1

(b) Y ai(it)(ee a1 — ee1) = Op(nHHD2rg7s/2),

t=1

Proof of Lemma A3 We may assume that a; is scalar-valued as in the proof of
Lemma 3.1. Let e; = vy_j and €711 — €441 respectively for parts (a) and (b), and
write

n
S as(@ie)edll < An + B,
t=1

where . "
Ap=cn Y lai(zir)] and By =i > llec1{lles]| > e},
t=1 t=1

for a sequence ¢, of numbers. It follows directly from Lemma 3.1(a) that A, =
Op(cny/n). Notice for By, that

laill Y Elledl|1{llecl > ca}

t=1

i sup; Elleq[|”
[l l g

E(By)

IN

by Tchebyshev’s inequality. Part (a) follows immediately if we let ¢, = n/?" since

E|lv; ||” < oo uniformly for k = 1,...,¢. For part (b), we set ¢, = n/?"¢~5/2 and
note that Ellegss1 — r1” = O(¢7/2) due to Lemma A2. |
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Lemma A4 (a) > bui(aa)v)_j, = Op(n*H30/A ) r /2050 uniformly for k =
t=1
1,....0

(0) > bpi(xi) (1 — et41)’ = Op(nl /).

t=1

Proof of Lemma A4 As in the proof of Lemma A3, we assume that b; is scalar-
valued. It is shown in Park and Phillips (1998) that

> bt = 3o h () a1 + 0,1

t=1 t=1

uniformly in £ =1,...,/. We now show that

- [ Zit _ S [ Lt 3r+4)/4(r+1) pr/2(r+1)
hi| =2 ) v p = h2<—>v 1+ 0,(nl 0 . (51
; <\/ﬁ> t ; Vi) ' ) )

To deduce (51), we write
tzn;hi (%) U1 = tzz;rl hi <$i,t\;%_1> Vg + tE:;k hi <%> Uiy,
with the convention that h(z;0/y/n) = 0. It follows that

n

>

t=n—k

Clearly,
< kg D Mol = Op(e), (52)

t=n—k

Tit
h; % Vt41
uniformly in k=1,... /.

For h differentiable with locally bounded derivative, we have

(o 28) (22

n

k
1 .
< Jalilie 35 (Lol | sl = 0,070, 53

=k+1 \ j=0

n

>

t=k+1

uniformly in k£ = 1,...,¢. Now (51) follows immediately from (52) and (53), since
¢ =0(n/*).
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For hi(z) = 1{x > 0}, we start by looking at

(5)+(252)
(TR ) (o) e

Since Y-y 11 lvi—k|* = Op(n) uniformly in k =1,...,¢, we may concentrate on the
first term in (54). Define

1 n
2

t=1

1 n
Ry = - Z H{xi > 0,24 41 <0} + I{xy < 0,24 41 > 0},
t—kt1

and bound it by S, + T%, where

_ - Tit—k—1 Z] 0 Vit—j
Snk—21{ NG <cn} and Tnk—21{' ch}.
t=k+1
We have
Sk < 1{ it <Cn}
— n
I
- (ncn)c—/o 1{|Vai(r)] < e} = Op(ncs).

Moreover,

T

k
ETnk—ZPr{'ZJ i) _cn} <n' e, E|Y vyl
7=0

and by Minkowski’s inequality, we have

T

k
E Zw,t—j < U"BElugl",

§=0
for all k =1,...,¢. The stated result in part (a) now follows immediately, if we let
¢, = /2t pr/(r+1)

To show part (b), we note that

n

> bpi(wic) (ee,p41 — E141)

t=1

n
< bmill s - Meeers —ers)ll;
t=1
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from which we may easily deduce the stated result, since ||bp;||x, = Op(1) and
Ellegit1 —ea]® = O(07*),
as shown in Lemma A2. |
We may now show (48) — (50). To prove (48), write

€01 = €41 — (€041 — Eapv1) + (Eger1 — €t41),

and use this to rewrite (48) as

1 n
Z dntge t+1 \/ﬁ Z dnt5;f+1 - An + Bn,
t=1

where

A, = %;dmvzm(ﬂm —T1(0)y

1 n
By = —=Yd —er1)
n \/ﬁ - nt(gf,tJrl gt—‘rl)

To establish (48), it suffices to show A, = B, = o0p,(1). It follows directly from
Lemma A2 and Assumption 2.4 that

B, < — Z Il | Z lleter1 — et41]| = O(n 1/2) (nl~ 5/2) = 0p(1),

for 6 > 1/s. To show A, = 0p(1), we may first show
Zdntvgfk = Op(y/n), uniformly in k=1,...,¢. (55)

To deduce (55), notice that

n n n
/ / /
E dntvt+1 = E dntvt_k + E dntvt+1,
t=1

t=k+1 t=n—k

with the convention d,9 = 0. Then, it follows that

n

ZdntvéJrl - Z dntvzlt—k = Z dntvzlerl - Z (dnt — dnt—k—1) U{‘—k- (56)
t=1

t=k+1 t=n—k t=k+1
We have
Z | dntVys1 ] <Sup||dnt|| Z [vir1ll = Op(0), (57)

t=n—k t=n—k
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uniformly in £ =1,...,¢, and

D dne = duei-) 10l < Y lldne = due—iall o]l = no(€/n)Op(1) = 0y(£).

t=k+1 t=k+1

(58)
Moreover, following Proof of Lemma 3.1 (f), it can be shown that
Z dntvy g1 = Op(Vn). (59)
=1

Now we may easily deduce (55) from (56)—(59). Then it follows that
An = O™ )0, (tn2) (05 (£17)/2) + 0, (n™1/20112)) = 0,(1),
for 0 < 6 < 1/3, due to Lemma Al, and therefore A, = B, = 0,(1) holds for

1/s <6 <1/3.
For (49), we first show that

1 n
—= D ai(®it)(ees1 — €r1) —p 0 (60)
\/ﬁ ; Ert+1 — Et41
(%\/ﬁ 3 i)y, +1> (ﬂ(e) —H(e)) —, 0. (61)
t=1

One may easily deduce (60) from Lemma A3(b), since
O(nilﬂ)Op(n(lw)/Qwis/Q) = op(1),

whenever § > (r +2)/2rs. The condition holds because we set 6 > (r +2)/2r(s — 3).
For (61), apply Lemmas Al and A2(a), and note that

O<n—1/4)Op(n(1+r)/2r€)0p(g(1—5)/2) — Op(]-)7

and

O(n,1/4)0p(n(lJrT)/Qrg)Op(n*l/le/Q) = Op(]')7

respectively if 6 > (r+2)/2r(s —3) and § < (r — 2)/6r, which are satisfied under our
condition for . Note that (r —2)/6r > r/(6 + 8r) for all » > 8. The stated result in
(49) is immediate from (60) and (61).

To prove (50), we first deduce from Lemma A4 that

1

~ Z bni(zit) (€0as1 — et41) —p O (62)

t=1

( 1nzbm(wit)vé,t+1> (ﬂ(é) _H(E)) —p 0, (63)

S

Bl
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from which (50) readily follows. To show (62), note that
O(nil/Q)Op(néis/Q) = 0p(1),

whenever § > 1/s, which holds because § > 1/2(s—3) under our condition. For (63),
we note that

O(n71/2)Op(Zn(4+3'r‘)/4(1+7")gr/2(1+7"))Op(g(lfs)/Q) _ Op(l),

whenever (s—4+1/(14r))6 > (r+2)/2(r+1). The condition holds if 6 > (r+2)/2r(s—4),
which is in turn satisfied under our assumption § > (r + 2)/2r(s — 3). Moreover,

O(n—l/Q)Op(Zn(4+37‘)/4(1+7‘)Zr/Q(l—i—r))Op(n—1/2£1/2) _ Op(l),
for 6 <r/(6+8r). |
Finally, we return to the proof of the main results.

Proof of (a) From (49), we have

n
Z iL‘Zt, 6@ i+l = \/— qu Lit, 6 )53 t+1 T Op(l)

and this gives

NE

. A Al a
Gi(i, 57) (Ut — OueXice €e,t+1)

o~
Il
—

Gi(wit, B7) (we — oueteris1) + op(1).

I
Sl= 5=
M=

o~
Il
—

Notice that
"
1 1
— ) e =g TNV (1), (64)
Vi S
and (ug — UUEE;}EMH) is a martingale difference sequence with variance
var(u; — au52%1557t+1) =02 — O'UEE Oy = 02 — Wy we,

due to (14). Now the stated result follows directly from Lemma 3.1 (c). [
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Proof of (b) It is immediate from (48) and (11) that
Z py <Ut - (}uaiggléé,ﬂrl)

n
Zdnt (Ut - UUEE‘;lsf,t+1) + Op(l)

1 n
7 2 Dt
=

d(r)dU,(r), (65)
U(r) = ouSZ @ (DV(r) = U(r) — wnQy V(r) = Us(r),

due to (64) and (14). Moreover, it follows directly from (50), Lemma 3.1(d) and (64)
that

L L~ -
—= ) i G (e, Bo)uy = 7 > i tdn (a, Bo) (w — oue St er ) + 0p(1)
=1 =1

—y / h(V (r), Bo)dUs(r). (66)
JO

Now the stated result follows immediately from (65) and (66). [
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Figure 1: Densities of NLS and EN-NLS Estimators, n = 250
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Figure 2: Densities of NLS and EN-NLS Estimators, n = 500
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Figure 3: Densities of t-Statistics, n = 250 and 500
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