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Abstract

A model of repeated price competition with large buyers is an-
alyzed. The sellers are allowed to offer different prices to different
buyers and the buyers act strategically. The set of subgame perfect
equilibria is investigated under public and private monitoring.

With public monitoring the equilibrium set with large buyers ez-
pands relative to the standard model where each buyer is small and
behaves myopically.

With private monitoring, where prices are not observable to the
competing sellers, the set of equilibrium payoffs shrinks. In the finitely
repeated game with private monitoring, all sales are made by the ef-
ficient seller. In the infinitely repeated game this result is preserved
as long as the sellers condition their prices on the public history. In
contrast to the finite horizon game, the set of pure strategy equilibria
expands if the sellers are allowed to condition on their own past prices.
Comparisons are drawn to Markovian equilibria of similar dynamic

games.
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1 Introduction

This paper considers the informational role of past prices in a model of
repeated price competition for large buyers. The basic model is a repeated
extensive form game between two differentiated sellers and a single buyer
with a unit demand in each period. At the beginning of each stage the sellers
set prices, and the buyer selects the seller after having observed the prices.
The competing sellers may or may not observe the prices offered by their
competitors.

We describe the effects of informational constraints imposed on the re-
peated game. The case of public monitoring is compared with private mon-
itoring where the sellers observe no signal of their opponent’s price. In
consequence, the identity of a deviator, seller or buyer, may not be common
knowledge among the players.

We first show that with perfect monitoring, the set of subgame perfect
equilibria is larger than in the standard model with small and hence myopic
buyers. In fact, all individually rational payoffs are supportable as subgame
perfect equilibria of the game. This is in contrast to the model with small
buyers where only the set of stage game individually rational payoffs is
supportable.

We then consider private monitoring. In finitely repeated games, sales
are made only by the efficient seller in any sequential equilibrium of the
game. Furthermore, bounds are obtained for the equilibrium payoffs to the
buyer and the sellers in terms of the outside option that the buyer has in
the form of the less efficient seller. In repeated games, all subgame perfect
equilibria involve sales by the efficient seller only. In dynamic games (e.g.
games with learning by doing on the part of the sellers), the myopically
superior seller need not be the efficient intertemporal choice. We show that
in dynamic games with a finite horizon, the sales in all sequential equilibria
coincide with the efficient path of sales. Hence we observe that informational
restrictions on the extensive form game have a similar effect as restricting
attention to Markovian equilibria in the game.

To obtain some intuition into the results and the role of the strategic



buyer, consider the incentives of the sellers and the buyer in a pure strategy
equilibrium of a two period version of the model. In the second period,
the sellers must price in such a way that the buyer is indifferent between
the sellers. If any collusion in the first period is to be attempted, the sellers
must have a method for punishing each other for any deviation in the second
period. The only effective instrument for punishment is the coordination on
a lower selling price off the equilibrium path than on the equilibrium path.
Notice, however, that a lower price benefits the buyer to the same extent
as it hurts the sellers. Since the intertemporal trade-offs between the sell-
ers and the buyer balance out exactly, the efficient seller can always find a
profitable price deviation that benefits the buyer as well at any node where
an inefficient seller is supposed to make the sale. In Section 3, we show
how this logic extends to all sequential equilibria of the finitely repeated
game. The contrast to the game with a continuum of small identical buyers
is immediate. If the buyers act based on their myopic payoffs only, then it is
easy for the sellers to detect deviations by each other and as a consequence,
the full individually rational payoff set is achievable in equilibrium when-
ever the products are differentiated and the division of surplus between the
buyer and the efficient seller is not uniquely determined in the stage game
subgame perfect equilibria. With multiple strategic buyers, more outcomes
are feasible as well. The key observation here is that with many buyers,
unexpected sales to a given buyer can be punished by lower future prices
in the competition for all buyers. Hence the buyers’ strategic motives for
deviations can be minimized.

In the infinitely repeated version of the game with private monitoring,
the set of pure strategy equilibrium payoffs is expanded by allowing the
sellers to condition on their own past actions. In particular, we show that
when the sellers charge prices that depend on their own prices, the entire
individually rational set of payoffs is achievable.

In the infinite horizon model, a discrepancy arises between strategies
based on public histories, which includes the sales history, and those based
on private histories, which include the past prices. Since there is no last

period, the buyer’s indifference between the sellers can be broken down. In



Section 4, we show that the outcomes in the game between a single seller
and the buyer are indeterminate in the infinite horizon model, when sellers
and buyer condition their strategies on past prices. We use this result to
obtain a folk theorem for the infinitely repeated game. The basic idea is
to treat the periods when the two sellers are to make sales as strategically
independent from each other and use the strategies from the one seller - one
buyer model separately for both sellers. When current prices depend only
on past public signals, i.e. the buyer’s past purchasing decisions, the sellers
cannot collude at all. In consequence all equilibria are efficient as are the
Markovian equilibria. Hence we find out that in the infinite horizon model,
the restriction to Markovian equilibria is payoff equivalent to a stronger
informational restriction than in the finite horizon case.

A number of papers have analyzed the problem of collusion under imper-
fect monitoring. Starting with Green & Porter (1984), a popular approach
has been one in which the actions taken by the sellers generate a publicly
observable signal. All players may then condition their continuation play on
this signal. This line of work culminates in the papers by Abreu, Pearce &
Stacchetti (1990) and Fudenberg, Levine & Maskin (1994) where it is shown
that as long as a minimal statistical requirement on the quality of the signal
is satisfied, a collusive arrangement may be supported in a perfect pub-
lic equilibrium. A number of recent papers including Sekiguchi (1997) and
Bhaskar & Damme (1999) question the appropriateness of assuming the ex-
istence of public signals. If a common signal can be constructed through e.g.
preplay communication, then Kandori & Matsushima (1998) and Compte
(1998) show that collusive equilibria are possible in games with imperfect
private monitoring while Ben-Porath & Kahneman (1996) obtain the result
for pure private monitoring. Anh (1997) has considered repeated games with
private monitoring where one player observes the moves of all other players.
His stage games are, however, in normal form and therefore his results (as
well as his motivation) are quite different from ours. The current paper is
the first to our knowledge to analyze a repeated game with an extensive

form stage game in the context of private monitoring.



2 Basic Model

Two sellers, j € {1,2} sell a product to a single buyer with unit demand
repeatedly over time.! The maximum amount that the buyer is willing to
pay for seller j’s products is denoted by v/ for j € {1,2} . At the beginning
of period t € {0,1,...}, the sellers announce simultaneously prices p{ and
the buyer chooses between the sellers. The buyer’s net payoff in period ¢ is
given by v/ — pg when buying from seller j. We normalize the production cost
to zero so that the per period payoff to the seller is equal to the revenue.
All players discount future with a common discount factor § € [0, 1] and
maximize the sum of their expected future payoffs. Notice that in our model,
the payoffs to all parties are quasilinear in the payment, p¢, and as a result,

Pareto efficiency coincides with surplus maximization.

3 Finite Horizon

3.1 Perfect Monitoring

Consider first the benchmark case of full information. In this case, secret
price cuts are not possible as all players have perfect information about all
previous moves by all previous players at each decision node (apart from the
simultaneous pricing decisions, of course). Let T' denote the length of the
horizon in this game. When deciding her price in period t < T, seller j has
observed history h{ = {p§, P§, do, .-, p{_1,P{_1, ds—1 } where d; € {1,2, R} is
the buyer’s choice of the seller in period ¢, and R denotes the rejection of
both sellers’ offers. In addition to the history available to the two sellers in
period t, the buyer also knows the period ¢ prices chosen by the two sellers
and thus her information is given by h? = h{ U {pi,p?} . The (behavior)
strategies in period t available to seller j are then the functions from the set
of possible period ¢ histories, Hf to real numbers. The buyer’s (behavior)

strategies in period ¢ are functions from all possible period ¢ histories, H?

! This restriction to just two sellers is without loss of generality in the current repeated
game framework. It has implications in the more general dynamic game setting in section

3.



to {1,2, R} . Let HY = H} N H? denote the public history in period ¢.

To simplify notation, we assume that there is no discounting between
the periods. The results we obtain hold for all § sufficiently close to 1.
Denote the T'—fold repetition of the stage game by I' (T') . Observe first that
the stage game has a continuum of subgame perfect equilibrium payoffs if
vl # v2. Without loss of generality, let v! > v? and define Av = v! — v2.2
Any pair of prices, (pl,pQ) such that 0 < p! < Av, p? = p! — Av, and
buyer’s strategy,

1 whenever p? > p' — Av and p' < o',
d =< 2 whenever p? < p! — Av and p' < ov!, (1)
R otherwise,

is a subgame perfect equilibrium of this extensive form game. Denote the
buyer’s stage game strategy described above by d*. Notice that in all stage
game equilibria, seller 1 makes the sales, and as a consequence, seller 2
has a surplus of 0. Since we have multiple stage game payoff vectors, the
continuation payoffs can be made dependent on the actions chosen, and
there is a chance that a wide variety of outcomes might be supportable in
subgame perfect equilibrium.

If the buyers are myopic, it is easy to show that the payoff vector in each

stage must lie in

U = c0{(0,0,0), (v*,0,0), (0,%0), (0,0,0*) },

where u = (u',u?,u?) € U. As a consequence, all subgame perfect equilib-

rium payoff vectors with myopic buyers must also lie in U.
The closure of the set of individually rational feasible payoff vectors in

the stage game is, however, given by:
U ={u>0]u' +u?+ub <o}

Apart from dealing with an extensive form stage game, the stage game

subgame perfect equilibria are not distinct in payoffs for seller 2. Hence we

21f v = v?, then the stage game has a single subgame perfect equilibrium payoff, and

by backward induction, the finitely repeated game has a unique payoft vector as well.



cannot appeal directly to the result in Benoit & Krishna (1985) to conclude
the existence of collusive equilibria in this game. Our first result shows that
the set of equilibrium payoffs in I' (T') converges to U as T — oco. Strategies

reminiscent to those in Benoit & Krishna (1985) are used to establish this.

Proposition 1 Fizu € UY and e > 0. Then there is a T such that whenever
T>T,T (T') has a subgame perfect equilibrium (in pure strategies) with the
average payoffs of the players in Be (u) .

P roof. We show how payoffs arbitrarily close to the vertices of U can

be supported in SPE for T' large enough. Since
U" = ¢0{(0,0,0), (v*,0,0), (0,*,0), (0,0,0%)},

the result follows upon observing that each v € UY can be approximated by
a convex combination of the vertices with rational coefficients. This corre-
sponds to stacking together independent copies of the equilibria supporting
the vertices in appropriate proportions.

(i) The stage game SPE profile (p',p?,d) = (0, —Awv,d*) yields the pay-
off (0,0,vl) and minmaxes both of the sellers. Playing (0, —Av,d*) in all
subtrees regardless of history is obviously a subgame perfect equilibrium.
We can then also use this profile to punish both sellers for any deviations.

(¢) To find an equilibrium payoff close to (v!,0,0), consider the fol-
lowing strategies. In the last K periods, the play consist of (pl,pz,d) =
(Av,0,d*). In the previous round, play (pl,pQ,d) = (U2 + Av + 1,U2,d*)
and in the first T'— K —1 periods, play (pl,pQ, d) = (Ul, vl d*) . Choose K to
satisfy K > K—lv . Any deviation by the buyer is ignored and any deviation by
cither of the firms leads to permanent reversion to (p!,p?,d) = (0, —Av,d*) .
If T is chosen to be large enough, then the average payoffs to the players
are approximately (Ul, 0, 0) .

(#i) For (0,v1,0), let K be as before, and let the equilibrium actions
in the first period be ((T' — K — 2) v* + Av, (T — K — 2)v*,2) . In the next
T — K — 1 periods, (pl,pQ,d) = (0, —Awv,d*) on the equilibrium path and
in the last K periods, (p',p?,d) = (Av,0,d*). Any deviation by either of
the firms leads to the play of (p!,p?,d) = (0, —Awv,d*) until the end of the
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game and any deviation by the buyer in the first period leads to the play
described in (7).

(iv) Finally, strategies supporting a payoff close to (0,0,0) are obtained
by substituting (U2 + Av + 1,02 + 1,d*) for the first T'— K — 1 periods in
(77). Otherwise the description of the strategies is identical to (i7). m

Since the result above is also valid for ¢ sufficiently close to 1, it is clear
that the same set of equilibria can be supported in sequential equilibrium of

the infinitely repeated version of the game.

3.2 Private Monitoring

In this section, we consider the game with private information about past
moves. In particular, we assume that each p{ is observable to seller j and
the buyer, but not to the other seller. The buyer’s information sets are un-
changed from the full information case, but the sellers have less information
available: h{ = {pé,do,...,pz_l,dt_l} for j € {1,2}. Hence a price cut by
one of the sellers is not directly observable to its competitor. In what fol-
lows, we look for sequential equilibria of this game. Notice also that the part
of history that is common knowledge between the players is the sequence of
purchases made by the buyer.

In order to analyze this game, it is useful to define a concept related to
the correlated equilibria of the stage game. We maintain the requirement
that the buyer’s choice must be individually rational given the prices by the
sellers, but we allow the sellers to correlate their choices of prices. Notice
that the concept differs from the correlated equilibrium since a number of
Nash equilibria of the stage game are excluded by the sequential rational

behavior of the buyer.



Definition 1 A SPE with correlation is a probability distribution F (pl, p2)
on R xR and a function d: R x R — A{1,2, R} such that:

1. ifd=d* asin (1);
2. for j € {1,2} and for all p’ € proj; (suppF (pl,pz)) :

p’ € argmaxpPr{d(p,p 7) = j}.
p

Observe that in the first part of the definition, we are specifying the tie
breaking rule to be in favor of the efficient seller. The following result would

be unchanged if the buyer were to adopt any arbitrary tie-breaking rule.

Lemma 1 FEvery SPE with correlation is payoff equivalent to a SPE in the

stage game.

P roof. Observe first that a price of 0 yields profit 0, and thus p/ < 0
and p? € suppF (pl,pQ) implies Pr{v/ — p/ < v=7 —p~/} = 1. Since this
holds simultaneously for both sellers, we conclude, recalling v' > v?, that in
all correlated equilibria, p? > —Awv and p! > 0.

By calculating the profit for seller 2, we conclude that F'! (’Av | p2) <
1 implies p? > 0. Hence for each p* € proj, (suppF (pl,pz)) , either p? <
min{p’ : (p',p?) € supp F (p',p*)} — Av or p* > 0. Notice that the first
inequality states that it is not possible to have overlapping supports for p?
for a set of positive (marginal) probability of p!. Thus whenever p? < 0, we
are (essentially) restricted to the “diagonal” p? = p! — Aw.

The case where p? > 0 with positive marginal probability is ruled out
by usual undercutting arguments. The claim follows once we observe that
every pair of prices on the“diagonal” p? = p! — Av is also a SPE of the stage
game. W

Another way of stating Lemma 1 is that the set of stage game equilibria
is unchanged even if private signals are allowed for since all of the correlated
equilibria are public randomizations of the Nash equilibria. Since privately
observed histories generate private signals to the sellers, Lemma 1 shows that

the private signals cannot be used in a nontrivial manner in the continuation



play. The next proposition shows that restricting the observability in the
game reduces dramatically the set of equilibrium outcomes.

Proposition 2 With private monitoring, the set of sequential equilibrium

average payoffs reduces to
UP = {(ul,O,ub) | ut +u’ =v! and 0 <u! < Av}.
In particular, all sequential equilibria are Pareto efficient.

P roof. The claim is proved by backwards induction. In the last period,
regardless of history, a stage game correlated equilibrium must be played.
Lemma 1 implies then that the last period purchase must be from seller 1
and therefore the last period payoff falls into the set UP.

Assume next that in the last n periods, the continuation payoffs after
all previous histories can be generated by using subgame perfect stage game
strategies in the last n periods. By Lemma 1, we may write the continuation
payoffs to the players as (u1 (5) ,u? (5) ,ub (j)) for the buyer’s decision j €
{1,2, R} in period n + 1. By the induction hypothesis,

ut () +ub (§) = no! and 0 < u! < Aw.

Assume that seller 2 makes the sale at some node with n + 1 periods left.
Denote the private history of seller j consistent with reaching that node by
hi for j € {1,2}. At that node, p* (h?) > 0 as u*(2) = 0 by the induction
hypothesis. The buyer prefers seller 2 if

ot —pt (BY) + b (1) <0 —p* (B?) + 4’ (2) or

pt(RY) =0t —v? +p? (%) —ub (2) +ul (1).

But using the induction hypothesis, this implies that the buyer prefers seller
2 if
p'(hY) = p* (h*) +0' =0 —u! (1) + 4! (2), or

p(RY) +ul (1) 2 p? (h2) + o' —o? ot (2).
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Therefore, since Av > 0 and p? (hQ) > 0, seller 1 has a strict incentive to
undercut and therefore the buyer must buy from the efficient seller in each
period at a price not exceeding Av.

Since all v € UP can be supported as stage game subgame perfect equi-
libria, the claim follows. m

The economic significance of this result is immediate. If the buyer prefers
the product of seller 1 to the product of seller 2, then the equilibrium price
of the efficient seller is between 0 and the quality difference in all periods,
and the efficient seller makes all the sales in the model. As a result, we see
that the possibilities for collusion are severely limited by the unobservability
of opponents’ prices in the finite horizon model.

The final proposition in this section extends the above result to the case
where the stage game payoffs may be changing from period to period. We
maintain the assumption of common knowledge of the payoffs between the
players at all nodes of the game and as a result, we allow the stage game
payoffs to depend only on the publicly observed history, i.e. the sequence of
purchases by the buyer. The buyer has a valuation of v?(h}) for the product
of seller j after public history hY. The changes in the valuations could be
interpreted as resulting from learning by the buyer or from learning by doing
by the sellers (in which case we would interpret v/ as the valuation net of

the production cost).

Proposition 3 In every finitely repeated dynamic game, the path of sales

i all sequential equilibria coincides with the socially efficient path.

P roof. The backwards induction argument in the previous proposition
extends immediately to this case as well. =

Notice that even though a restriction on the observability of past moves
produces a reduction in the equilibrium set, the sales path does not collapse
to the repetition of the myopic Nash equilibria. The sellers and the buyer
can still take advantage of the changes in payoffs over time as the payoffs to

the players conditional on the public history remain common knowledge.
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3.3 Multiple Buyers

We conclude this section with an extension to I > 2 strategic buyers. The
products are assumed to have the same value for all buyers. We assume that
the sellers quote separate prices for the buyers and that the prices are not
observable to outsiders, i.e. other buyers and other sellers. Denote seller j’s
price quoted to buyer 7 in period t by pf;j for j € {1,2} and i € {1,...,I}.
Denote the purchasing decision of buyer i in period ¢ by d:. The key difference
to the single buyer case is that the buyers do not internalize their impact on
the continuation values of the other buyers when contemplating a deviation.
As a result, the earlier argument is weakened as not all future losses to a
seller from breaking the collusive agreement are recorded as gains to the
individual buyer. We demonstrate the effect of adding more buyers to the
model by showing how the inefficient seller can achieve an increasing fraction
of the total surplus as the number of buyers increase.

The equilibria we construct are of a very simple type. On the equilibrium
path, the inefficient seller 2 sells at price v? in the first K periods and in the
remaining T'— K periods, the efficient seller sells at price Av. A deviation by
any buyer (towards seller 1) in any of the first K periods results immediately
in a switch to the subgame perfect equilibrium minmaxing both sellers. The
(average) cost of such a deviation for seller 1 is given by

I(T—-K) (v —v9)
T
whereas the (average) gain for an individual buyer is bounded from above
by

T-K
T

v — V9.

The cost equals the gain if
E_Ivl—lvg—vl—l—vg (2)
T  ITvy—Ivo+ve

and as a consequence, we can solve for the maximal number K = K (7))

that is consistent with an equilibrium of the form above.
Observe next that K/T — 1 as I — oo, and as a consequence, we

conclude that
(07 v2, O)

12



can be achieved as an average equilibrium payoff as I — co. For any given I,

we can support equilibrium average payoff (per buyer) vectors of the form:

V1 (1)1 — UQ) (%] V1V2
o) 2, G
Tvi — Tvg + vo Tvy — Tvg + v9 Tvi — Tvg + v

The next step is to use this equilibrium as a punishment for the buyers.

Since the price of the seller who is not making sales in a given period can
always be increased to the point where the buyer is indifferent between the
two sellers, we can consider the action of rejecting both sellers as a deviation
by the buyer. It is then possible to support average payoffs:

(% (1)1 — UQ) 1— (%] . V102
Tvy — Tvg + 03 T — Tvs +v2 ) ' Tog — Tvg + 9

in equilibrium. Notice that here the payoff for seller 2 converges to vi as

I — oo.
The strategies supporting these payoffs are as follows. In the first v/T'
periods, seller 2 charges

V1
l-— VT
( Tvy — Tvg +U2> v

The buyers can be induced to purchase (even though it would be myopically
better not to) by a threat of switching to the equilibrium leading to the
payoffs in (3) if any buyer deviates. In the second phase,

K — VT,

the buyers purchase from seller 1 at price 0 to recoup the losses and in
the third phase, approximately of length T' — K, the equilibrium leading to
payoffs (3) is played. The idea behind the new equilibrium is that the length
of time at which seller 2 sells is minimized so that the efficiency losses are
minimized, but seller 2 can extract a large part of the surplus by charging
initially high prices.

Using similar arguments as before, it is again possible to show that all
the other vertices of U! can also be approximated given that the number
of buyers is sufficiently large and that there are sufficiently many periods in

the game.
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We summarize the discussion. Denote the average payoffs per buyer to
the sellers in a game of length T" by v7. for j € {1,2} and the average payoff
in a symmetric equilibrium to the buyer by ur.

Proposition 4 For any u € UY and for any ¢ > 0, there are I < oo
and T < oo such that whenever I > T and T > f, there is a sequential
equilibrium with (v%,v%, uT) € B (u).

It should be remarked that the strategies employed in Proposition 4
are very sensitive to collusion among the buyers. By sharing the cost of a
single deviation, the buyers can improve their payoffs dramatically in the
game. Notice that we have not proved that the equilibria above support the
maximal collusion in this game for finite / and T

To address the issue of optimal punishment strategies, recall that the
optimal punishment strategy of seller 2 towards seller 1 consists of reducing
his payoff to 0 and increasing the payoff of every buyer to v'. Since the
buyers can, in effect, bribe seller 1 to deviate and since the originator of a
deviation is not observable to the other seller, it follows that the optimal
punishment play for seller 2 is the equilibrium which solves

min max {V!+V*}. (4)
(p*.d*) i
We conjecture that the equilibrium leading to payoffs 3 solves this minimiza-
tion problem.

4 Infinite Horizon

4.1 Single Seller

We consider first the relationship between a single seller and a single buyer.
In this case, the game is one of perfect information, and the set of sequential

equilibria coincides with the subgame perfect equilibria.

Proposition 5 In the single seller game, the set of SPE payoffs converges

to the convex hull of all individually rational payoffs as 6 — 1.
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P roof. The proof is by construction. We first show that the entire
Pareto-frontier can be achieved as 6 — 1. Then we show that the Pareto
frontier allows us to sustain arbitrarily inefficient equilibria. Consider first

the following class of stationary equilibria (on the equilibrium path). Define

vt = D, ?f hi_q = (ptfladt—l)* (5)
v, fh = (p-1,di—1#d; )

and

n, if pr > pf

for some p € [es, 1], for some g5 > 0, where e5 — 0 as § — 1. Consider first
the problem of the buyer. The yes decision is clearly sequentially rational.
The no decision is sequentially rational for all p’ > p if

6 (v—p)

—p<
v p 1_67

or for all § > % But then it follows that the seller’s strategy (5) is sequen-
tially rational as well. Based on (5) and (6), we next show that we can
support a single period in which no sales occur.

Consider the candidate equilibrium strategy in period 0:

po=0
and
if po < p
dEk) _ y 1 pO p07 (7)
n if po > pg.
The equilibrium continuation strategy for the seller is
p ifho=  (po=pg do=n),
pr =9 p<p ifho= (po<pj, do€{yn}), (8)
p>p ifhg=  (po>p§ do=1y).

and for the buyer, df coincides with (6).
It is easy to verify that dfj and p{ are sequentially rational given the
continuations as long as p is chosen to be sufficiently close to 0 and p is

15



chosen to be sufficiently close to v. To see how any pair of long run payoffs,
u = (ul,ub) > (0,0) such that 0 < u* +u® < v can be supported in a
subgame perfect equilibrium, write v = a (0,0) + (1 — a) (p,v — p) for some
a and p with 0 < a <1, 0 < p <w. For ¢ close enough to 1, there is a N
such that 6" is close to «, and the equilibrium can be constructed by using
strategies dj and p{ in the first N periods if there are no deviations and by
reverting to (pf, d;) upon the first deviation. Since 0 < p < v and ¢ is close
to 1, it is always possible to choose p and p to satisfy sequential rationality.
[ ]

Proposition 5 implies in particular that the equilibria can be arbitrarily
inefficient. Notice the important role that conditioning on past prices plays
in the argument. It is easy to see that any equilibrium where the prices
charged depend only on the choices by the buyer must be efficient. In
the next subsection, we generalize this idea to show how any individually
rational payoff can be supported in a pure strategy sequential equilibrium

of the infinitely repeated game with two sellers.

4.2 Two Sellers

Next we consider, as in Section 3, two sellers with values v! and v? <
v!. The analysis in Proposition 5 then suggests the following structure for
individually rational payoffs that can be sustained in equilibrium by the
buyer and seller 1 while keeping V2 = 0 in all continuations.

By ignoring seller 2 altogether, any continuation payoffs which have the

following properties

and

T 9)

can be implemented as a sequential equilibrium while maintaining V2 = 0.
In fact, a much larger set of payoffs is achievable in sequential equilibrium
in pure strategies. The easiest way to see this is to notice that the two
sellers can be treated separately from each other by using strategies of the

type displayed in Proposition 5. It is useful to observe that the following
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result does not make use of the fact that a seller can distinguish between
the cases where a buyer did not buy at all and where the buyer bought from
the opponent.

Proposition 6 In the game with two sellers, any payoff in U can be ap-

prozimated by a sequential equilibrium payoff as 6 — 1.
P roof. Consider an arbitrary payoff u € int U. Write
Uu=awo (vl _plaplao) +y (1)2 _p2707p2) + (1 — Q= f)/) (07070)

for some p',p? >0, p?> <v?and 0 < a,y <1, a+v < 1.

(i) Consider first p! < Awv. The equilibrium path consists of three phases.
For N periods, both sellers quote prices p! = p?> = v! and the buyer does
not buy. For the following N? periods, seller 2 sells at price p? and seller
1 quotes a price of v!'. In the remaining periods, seller 2 quotes a price
of v! while seller 0 sells at p'. Any failure to purchase by the buyer on
the equilibrium path results in the equilibrium seller raising the price as in
Proposition 5. Deviations by the sellers result in lower continuation prices
as in Proposition 5. For § ~ 1, N™ and N? can be chosen to match the
prespecified o and .

(ii) Consider next p! > Awv. This case is similar to (i), but to maintain
proper incentives, the first selling phase must involve sales by seller 1 at
prices above p'. In the second selling phase, seller 2 sells at p? and in the
third, seller 0 sells at p' < Av. Again, the incentives can be maintained by
using strategies similar to the one in Proposition 5 and the lengths of the
phases can be chosen to match o and . =

4.3 Equilibria in Public Strategies

In this subsection, we show that the equilibrium payoffs in the infinitely
repeated game reduce to the payoffs on the efficient frontier when the sellers

do not condition on their own private prices.

Proposition 7 pr{ : HY — A(R), then the set of sequential equilibrium
payoffs in the infinitely repeated game is UP.
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P roof. The set of sequential equilibrium payoffs contains UP since all
u € U? are stage game subgame perfect equilibrium payoffs. To prove the
converse, note first that in any sequential equilibrium with a payoff vector
not contained in UP, the buyer must buy from seller 2 infinitely often. If
not, we could use the backwards induction argument of the finite horizon
section to derive a contradiction. It is also useful to note that each sequential
equilibrium of the game is payoff equivalent to a pure strategy equilibrium
as long as we restrict the strategies to depend on the public history alone.

Since we are dealing with sequential equilibria where the sellers use pub-
lic strategies in this case, dynamic programming can be used readily as the
seller’s strategies condition on the public history only. Denote the value
functions of the players by (V! (h?),V? (hP),V? (h?)) and the continuation
payoffs to the players by (V! (h?, ), V2 (hP, ),V (hP,§)) if the buyer pur-
chases from seller j after public history h?. The equilibrium conditions for
seller 1 to make sales after history AP are then stated as :

ot — pl (hP) +6V° (hP,1) = v? — p? (hP) +6V° (h?,2),

or
v/ —p? (WP) 4+ 6V (WP, 5) <0 for j =1,2
and
pt (RP) + 6V (RP, 1) > 6V (WP, 2)
as well as

SVE(RP,1) > p? (hP) +6V? (WP, 2).

Since we have v! — p! (hP) 4+ 6V (hP,1) = v? — p? (RP) + 6V (hP,2) in all
periods, then we can simply sum up the three equations above to get for all
hP .

W (hP) = v 4+ 6W (hP,1) > v? 4+ 6W (hP,2),

where W (-) = V1 (-) +V2(:) + V?(-). But this implies that the sum of the
equilibrium value functions of the players satisfies the recursive equation for
the planner’s optimization problem and as a result, we conclude that the

equilibrium path must coincide with the planners optimal path.
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It is easy to see that the buyer must be getting a strictly positive surplus
in all subgames. Therefore, the only task remaining is to verify the claim
on prices. This follows also from standard arguments. m

The argument here is easily modified to allow v/ to depend on hP. Again,
the analogous result in the dynamic game case is that all the sequential equi-
libria where the sellers condition their prices only on the buyer’s choices must
be efficient. In light of the results that we have previously obtained on the
efficiency of Markov Perfect Equilibria in closely related games (see Berge-
mann & Viliméki (1996)), this suggests that the informational restrictions
on the full information model that are needed to reduce the set of equilib-
rium payoffs to that corresponding to the MPE are stronger in the case of

infinitely repeated games than in finitely repeated games.

5 Conclusion

This paper analyzed a repeated pricing game with private monitoring. In the
finite horizon model, the presence of a strategic buyer reduced the ability of
the sellers to sustain collusion. Every punishment strategy which lowers the
payoff of the deviating seller leads to an equal increase in the payoff of the
buyer and vice versa. As private monitoring prevents the detection of the
identity of the deviating player, collusion and inefficient allocations become
impossible to sustain. With multiple buyers, this logic becomes weaker as
the buyers fail to take into account the changes in the future payoffs of the
other buyers caused by their own deviations.

Interestingly, in the infinite horizon model pure strategies based on the
sales history and strategies including the private price history lead to a
different set of equilibria. The discrepancy is due to the extensive form of the
stage game introduced through the presence of a strategic buyer. We recall
that in a normal form repeated games the two sets of pure strategies are
known to induce the same set of equilibrium payoffs. The divergence between
private and public strategies might be of interest also in other settings with
a sequential structure such as repeated principal agent games with private

monitoring.
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