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stockouts and zero sales as in equation (17). A second method of approximating EV was a \quasi

monte carlo, probability integral transform method" (MC-PIT) given by

ÊV (p; q) =
1

N

NX
i=1

V̂ (~pi; q � ~qi) (26)

where f~pi; ~qig are draws from the density h(q0jp0; q)g(p0jp) computed from uniformly distributed

draws f~u1;i; ~u2;ig from the unit square, [0; 1]2 via the probability integral transform method.

Instead of using pseudo-random random draws for f~u1;i; ~u2;ig we obtained acceleration using

Generalized Faure sequences, also known as Tezuka sequences. Using number-theoretic methods

(see, e.g. Neiderreiter 1992, or Tezuka, 1995), one can prove that for certain classes of integrands,

the convergence of monte carlo methods based on deterministic low discrepancy sequences is

O(log(N)d=N) where d is the dimension of the integrand and N is the number of points. This rate

of convergence dominates the rate of convergence of carlo methods converge at rate Op(1=
p
N).

These favorable rates of convergence have been observed in practice, see e.g. Papageorgiou and

Traub (1997).8 The density h(q0jp; q) is the conditional density of q0 given that q0 � q,

h(q0jp; q) = h(q0jp)
1� Æ(p; q)

(27)

where Æ(p; q) = Prfq0 > qjpg = 1�H(qjp). As in the quadrature method, we adjusted the MC-PIT

formula (26) to account for mass points corresponding to stockouts and zero sales. We found that

the optimal order size qo was sensitive to the way the functions ES and EV are approximated.

It was critical to use methods that provide accurate approximations both their levels and their

derivatives, since the latter determine the �rst order conditions for a constrained optimum for qo.

In regions where EV (p; q) is nearly linear in q, small inaccuracies in the estimated derivatives can

create oscillations in the approximations to EV causing the approximate solution to have multiple

local maxima. Without very careful safeguarding of the uni-dimensional optimization algorithm

for computing optimal order size, the algorithm could get stuck on a local maximum, generating

large instabilities in the estimated value of qo. The solutions are also sensitive to the discretization

of the p and q axes, and the number of points used in the discretization. Through a fair amount

of experimentation we have developed numerical procedures that we trust. In particular the two

di�erent approximation methods for computing ÊS and ÊV discussed above produced nearly

identical results.
8We are grateful to Joseph Traub for providing the FINDER software co-authored with A.F. Papageorgiou that

generated the low discrepancy sequences used in this study.

26



Figures 17-20 present the optimal decision rule qo as a function of p and q and the associated

expected sales, value functions, and (S; s) bands. Note that our solution technique does not

exploit our prior knowledge about the form of the decision rule. The computed value function

is nearly a linear function of q. At low inventory levels (in regions the �rm is expecting to buy

steel), V (p; q) is decreasing in p, whereas at high values of q, (in regions the �rm is expecting to

not buy but just sell steel) V is increasing in p. The kink at s(p) is not apparent at this level of

resolution. These results are consistent with the discussion in the previous section. The optimal

decision rule is decreasing in both p and q, although it generally decreases faster in p than in q.

In particular when qo(p; q) > 0, @qo(p; q)=@q = �1 which is consistent with the prediction of the

generalized (S; s) rule that qo(p; q) = S(p)� q.

Figure 19 shows the generalized (S(p); s(p)) bands implied by our model. The graph of the

function s is the curve on the (q; p) plane where the qo(p; q) surface intersects the plane at qo = 0.

The graph of S, is the curve on the (qo; p) plane where the q
o(q; p) surface intersects the plane

at q = 0. These bands are plotted in �gure 20 to make it easier to compare them. Due to the

�xed costs of ordering ($50), the S(p) band is strictly above the s(p) band although the di�erence

between the two bands decreases as the price increases. In other words, the order size at s is a

decreasing function of the price.

As can be seen in �gure 20, when the price is near the lower truncation price bound (16 cents

per pound), the constraint on maximum storage capacity q (5 million pounds) becomes binding.9

This makes sense because the �rm knows prices cannot go any lower. The �rm cannot make a

capital loss on any steel purchased at the lower bound. Nevertheless, this boundary issue is not

a major concern since the �rm very rarely ever observes prices in this region; this region is over

4 standard deviations away from the mean of the price process.

Figures 21- 24 present the results from a single stochastic simulation of the DP model for 434

periods. At �rst glance, the simulated series look quite similar to the actual data. Figure 21 shows

the time series for inventory levels, and there appears to be multiple regimes. During the �rst 275

days of the simulation, inventory levels are centered around 200,000 pounds. This average level

matches the average level of inventory holdings for product 13 and the �rst 200 days of product 4.

Starting around day 275, the �rm enters a \high inventory regime" with the simulated inventory

levels reaching a peak over 1,500,000 pounds. This peak is consistent with observed levels of

9In �gure 19 we plot the decision rule for prices between 17 and 24 to make the graph more easily readable.
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inventories for products 2 and 4. During this high inventory regime, days supply reaches almost

350. The transition from the low to high inventory regime occurs when the order price falls below

a threshold value. Later, as prices begin to rise (from day 360 to the end of the simulation) the

�rm lets its inventory holdings gradually fall.

The high- and low-regime property of the optimal inventory holdings can be seen from the

decision rule, qo(q; p). In �gure 19, qo(q; p) is sharply decreasing in p when qo(q; p) > 0. This

occurs for two reasons. First, the �rm takes advantage of low order prices to build up inventories

knowing that it is likely to capture a capital gain on its inventory holdings when prices rise.

Second, the �rm faces a downward sloping demand curve for its product; so when the price falls,

qd rises and the �rm will hold more inventories to accommodate the increase in demand.

The simulation results are consistent with this intuition. Figure 23 presents the censored and

uncensored order and sales price series. In this graph, the solid line is the \censored transaction

price process" analogous to the one we observe in our dataset. For convenience, we superimposed a

linear interpolation of the times and prices at which simulated orders took place on the underlying

uncensored \latent price process" fptg which is plotted as a dotted line in �gure 23. Under an

optimal ordering strategy, the �rm appears to have an uncanny ability to predict turning points

in spot prices, with most orders occurring at local minimum points of the realized trajectory for

fptg. When prices hit a record low around days 285 and 360, the �rm placed several very large

orders that ushered it into a \high inventory regime" between days 260 and 434.

In this simulation the �rm sold steel on 210 days at average price of 22.67 during the simulation

period and purchased steel on 26 days at an average price of 20:04. The average order size was

116; 000 pounds with a conditional standard deviation of 62:3. These implied moments from the

model are consistent with the moments we observe in the data. Finally the ratio of the standard

deviation of orders to the standard deviation of sales for this simulation is 2.4. So the model does

imply that orders are more volatile than sales. The particular realization we presented is typical,

and not designed to make our model look good. Longer simulations also generate similar results.

These results are qualitatively similar to the actual inventory time series for our �rm in �g-

ures 5-16. Our DP model display regime shifts in the inventory levels and days supply of inventory

with little evidence of a single �xed inventory/sales target; however, we have not systematically

searched over the parameter space to ensure that our DP model captures the full volatility and

magnitude in these regime shifts. In our individual product data, we also see very large increases
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inventory levels occurring when prices hit what appear to be record lows. But we do not see the

either very large or very small individual orders. In particular the large increase in inventories

around day 350 is spread across four orders. Moreover comparing �gures 6, 10, and 14 with

�gure 22, we see that the DP model generates fewer small size orders than we observe in the data.

This suggests that perhaps the �xed order cost is too large; however when we set the �xed cost to

zero, we get the counterfactual result that with prices are high, the �rm tightly matches orders to

sales, ordering almost every period an amount equal to last period's sales. Finally the model does

imply occasional stockouts. In the simulation, the �rm stocked out on day 108 when quantity

demanded was unusually large (over 1 million pounds) and current inventories were relatively low

(around 250,000 pounds).

We conclude that cost shocks in the form of serially correlated spot prices in the steel market

is the principal explanation for the observed volatility in inventory/sales ratios and the fact that

orders are more volatile than sales. We believe this simple model provides a promising starting

point for more rigorous estimation and testing using more advanced econometric methods.

6 Aggregation

It is natural to ask whether the �rm we study is representative of other durable commodity

intermediaries. We address this issue in �gure 3 which presents a monthly price index for carbon

plate constructed by Purchasing Magazine. The data are from January, 1987 to February, 1999.

We de
ated this index by the PPI-all commodities so the units are in 1982 cents per pound.10

Note that at the end of the sample the real price of carbon plate is at (at least) a twelve-year low.

Figure 4 plots the �rm's days-supply for product 2, a speci�c type of carbon plate. We also plot

the aggregate days-supply of carbon plate for member �rms of the Steel Service Center Institute

(SSCI).11 Finally we plot the days supply for establishments in the SIC 505 sector (wholesale

trade: metal and minerals, except petroleum). All three data series are monthly, and we plot

three-month centered-moving averages. Since the mean of the SIC 505 data is one half the mean

of SSCI and individual �rm data, the scale for the SSCI and �rm-level data is the left-hand side

axis, and the scale for the SIC 505 data is one the right-hand side axis.

10De
ating this price index by the CPI would not change any of analysis presented below.
11The SSCI is an industry organization which among other things collects data on member �rms' shipments and

inventory holdings.
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For the sample period of our �rm-level dataset (July, 1997 to February, 1999) the more ag-

gregated data appear to be consistent with both our �rm level data and the implications of our

theory. During this period carbon plate prices fell to record lows and inventory levels at all three

levels of aggregation rose signi�cantly. This suggests that the �rm's strategy of placing speculative

bets is not atypical of metal wholesalers. We would observe similar results if we were to aggre-

gate the simulated inventory holdings of di�erent simulated �rms. While there are idiosyncratic

demand shocks that will be averaged out over �rms in the simulation, their behavior is a�ected in

a similar way by the common \cost shock" fptg. To the extent that these price series are a�ected
by macroeconomic factors such as the Asian crisis, we have a simple explanation for the role of

inventory investment as a propagating mechanism in the business cycle. It would not be diÆcult

to add other \macro shocks" to our model. For example, rather than allowing the interest to be

constant, we could allow frtg to evolve stochastically, say according to a Markov process. We

would then be able to study the impact of monetary policy on inventory investment, determining

features such as the interest elasticity of inventory investment. This is a topic for future work,

however.

We note that the aggregate data present several interesting challenges to try to explain using

the model developed in this paper. For example the large swings observed in price of carbon plate

seem super�cially at odds with the predictions of our model and the commodity storage literature

more generally. In particular the latter literature implies that the price process should satisfy the

arbitrage condition in equation (1). Our model implies a similar condition

p =
@ES

@q
(p; S(p)) � rp� @ch

@q
(S(p)) + �

@EV

@q
(p; S(p)): (28)

The �rst terms @ES(p; S(p))=@q � rp � @ch(S(p))=@q constitute the \convenience yield" net of

holding costs of adding an extra unit of inventory, the analog of the term c(xt) in the commodity

storage model in equation (1). In our case, the convenience yield equals the increase in expected

sales of having an extra unit of inventory and the holding costs are the sum of the interest

opportunity costs rp plus the marginal physical holding costs @ch(S(p))=@q. The second term,

�@EV (p; S(p))=@q, is the expected discounted shadow price of an extra unit of inventory. However

as we noted above, V is essentially linear in q with slope p, so �@EV (p; S(p))=@q is the analog of

the term �Efpt+1jpt; xt; ztg in equation (1). Large swings in prices in and of themselves do not

contradict either (1) or (28), but intermediaries such as the one we study should tend to dampen
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price swings by buying when prices are low and selling o� accumulated inventory when prices are

high.

It is striking to note that even with 5,000 steel service centers in the U.S., each one presumably

solving a dynamic programming problem similar to one presented above, the real price of carbon

plate rose 70 percent from early-1987 to mid-1988 only to fall 50 percent by mid-1992. A very

puzzling feature is that during the 1988-1989 period prices for carbon steel hit a record high {

but so did days-supply both at the steel service center industry level and at the three digit SIC

level. According to our model, if intermediaries viewed the prices during this period as being in

a temporary \high price regime", they should have been reducing rather than increasing their

inventory holdings. Furthermore during the early 1990s as price fell, so did days supply, a result

that is also hard to explain using our model. Of course there may have been demand shocks in

the steel market during this period that we are currently unaware of and that might need to be

incorporated in a more realistic model. We hope to address these issues more fully in future work.

7 Concluding Remarks

This paper has presented a new data set containing high quality, high frequency observations

on product-level inventory investment by a U.S. steel wholesaler. Our empirical analysis yielded

six conclusions about inventory investment and price setting by this �rm: 1) orders are more

volatile than sales, 2) orders are made infrequently, 3) there is considerable volatility in order

levels, 4) there is no stable inventory/sale relationship, 5) there is considerable volatility in sales

prices consistent with price discrimination, and 6) inventory stockouts occur relatively frequently,

especially during periods of high commodity prices when inventory holdings are low.

We argued that the standard versions of the (S; s) model, production smoothing models, and

LQ models with target inventory/sales ratios are incapable of explaining these facts. We intro-

duced a new model of optimal inventory speculation by durable commodity intermediaries and

showed that the optimal inventory investment strategy takes the form of a generalized (S; s) rule

where the S and s bands are declining functions of the spot price of the commodity. Simulations

of a calibrated version of our DP model suggest that the �rm's behavior at the product level can

be well approximated by an optimal trading strategy. We employed a continuous-state version of

Howard's policy iteration algorithm to solve a two-dimensional nonlinear in�nite horizon dynamic
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programming problem with continuous state and control variables that are subject to frequently

binding inequality constraints. The predicted behavior from the generalized (S; s) rule appears

to explain a number of di�erent aspects of inventory investment behavior by our steel wholesaler,

including highly variable inventory/sales ratios and occasional stockouts during low inventory

regimes when the spot price for steel is relatively high.

In future work we plan to undertake more rigorous econometric estimation and testing of our

generalized (S; s) model which will account for diÆcult problems of \dynamic selectivity bias"

arising from endogenous sampling of the prices at which the �rm purchases inventory. We also

plan to extend the model to allow for additional state and control variables such as the �rm's sales

price pt and the interest rate rt. The former will allow us to study endogenous price determination

and price discrimination, whereas the latter will allow us to study the impact of monetary policy

on inventory investment as a potential propagating mechanism for business cycles. In doing so,

we will need to address some diÆcult issues connected with the curse of dimensionality underlying

the solution of high dimensional DP problems such as the one considered in our paper. Recent

progress in this area by Rust (1997, 1998) and Rust, Traub, and Wo�zniakowski (1998) make us

optimistic about the prospect for solving these larger and more realistic models.

In future work we plan to develop more realistic models that relax the some of the strong

simplifying assumptions in our model. This includes our assumption that the current spot price

pt is a suÆcient statistic for the distribution of per period retail demand. We want to allow for

the impact of \macro demand shocks" and the possibility that the �rm's demand in period t, qdt

also depends on its realized value in previous periods. More ambitiously, we would like to model

equilibrium determination of prices in durable commodities markets with three di�erent types of

agents: producers, retail consumers, and intermediaries. We want determine whether the funda-

mental functional equation in the rational expectations commodity price model of Williams and

Wright, equation (1), can be derived from microfoundations in a market where informational fric-

tions and transactions costs lead to considerable price dispersion and potential market ineÆciency

despite the standard nature of the product.
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Figure 1: Aggregate inventory holdings for the eighteen products studied.
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Figure 2: Aggregate days-supply for the eighteen products studied (in business days).
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Figure 3: Price index of carbon plate steel from Purchasing Magazine de
ated by the PPI.
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Figure 4: Three-month moving average of days-supply for product 2 (dashed line), days-supply
for aggregate carbon plate of SSCI �rms (solid line), and days-supply for all �rms in the SIC
505 sector (dotted line). The units for the �rm's holding of product 2 and the SSCI companies
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axis.
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Figure 5: Times series plot of the inventory
for product 2.
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Figure 6: Size of purchases for product 2 as
a function current inventory holdings and the
buy price.
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Figure 7: Order prices (solid line) and sell
prices (dashed line) for product 2. For the
order price series, the size of the marker is
proportional to the size of the purchase.
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Figure 8: Days-supply of inventory for prod-
uct 2 (in business days).
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Figure 9: Times series plot of the inventory
for product 4.
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Figure 10: Size of purchases for product 4 as
a function current inventory holdings and the
buy price.
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Figure 11: Order prices (solid line) and sell
prices (dashed line) for product 4. For the
order price series, the size of the marker is
proportional to the size of the purchase.
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Figure 12: Days-supply of inventory for prod-
uct 4 (in business days).
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Figure 13: Times series plot of the inventory
for product 13.
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Figure 14: Size of purchases for product 13 as
a function current inventory holdings and the
buy price.
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Figure 15: Order prices (solid line) and sell
prices (dashed line) for product 13. For the
order price series, the size of the marker is
proportional to the size of the purchase.
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Figure 16: Days-supply of inventory for prod-
uct 13 (in business days).
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Figure 17: Expected sales revenue, ES for
the calibrated example.

Figure 18: The value function, V (q; p) for
the calibrated example.

Figure 19: Decision rule, qo(q; p), for the
calibrated example. Figure 20: S(p) and s(p) for the calibrated

example.
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Figure 21: Simulated inventory holdings
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Figure 22: Simulated orders as a function cur-
rent inventory holdings and buy price.
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Figure 23: Censored (solid line) and Uncen-
sored (dotted line) order and sales prices from
the simulation.
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Figure 24: Simulated days-supply of inventory
(in business days).
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