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Abstract

This paper develops an asymptotic theory for time series binary choice mod-
els with nonstationary explanatory variables generated as integrated processes.
Both logit and probit models are covered. The maximum likelihood (ML) esti-
mator is consistent but a new phenomenon arises in its limit distribution theory.
The estimator consists of a mixture of two components, one of which is paral-
lel to and the other orthogonal to the direction of the true parameter vector,
with the latter being the principal component. The ML estimator is shown to
converge at a rate of n/4 along its principal component but has the slower rate
of n'/* convergence in all other directions. This is the first instance known to
the authors of multiple convergence rates in models where the regressors have
the same (full rank) stochastic order and where the parameters appear in linear
forms of these regressors. It is a consequence of the fact that the estimating
equations involve nonlinear integrable transformations of linear forms of inte-
grated processes as well as polynomials in these processes, and the asymptotic
behavior of these elements are quite different. The limit distribution of the ML
estimator is derived and is shown to be a mixture of two mixed normal distri-
butions with mixing variates that are dependent upon Brownian local time as
well as Brownian motion.

It is further shown that the sample proportion of binary choices follows an
arc sine law and therefore spends most of its time in the neighbourhood of zero
or unity. The result has implications for policy decision making that involves
binary choices and where the decisions depend on economic fundamentals that
involve stochastic trends. Our limit theory shows that, in such conditions, policy
is likely to manifest streams of little intervention or intensive intervention.

Keywords: Binary choice model, Brownian motion, Brownian local time, Dual convergence
rates, Integrated time series, Maximum likelihood estimation.

JEL Classification: C22, C25



1. Introduction

Binary choice models are now a standard tool of microeconometrics and have been widely
used in empirical research. While most of the empirical applications have been to cross
section data, there are many situations in time series modeling where binary choice depen-
dent variables arise. Ongoing economic decisions by individual agents over time constitute
prime examples: consumers decide to buy certain durable goods, firms choose to retain or
fire employees, unions decide to strike or capitulate, women choose to join the workforce,
and so on. At the national level, monetary authorities decide to intervene in the market
for securities to change interest rates, or intervene in the foreign exchange market to in-
fluence exchange rates. One way of formally characterizing these situations is through a
binary choice model with covariates that are relevant to the choice being made. In such
time series applications, the covariates will often involve nonstationary data reflecting rel-
evant economic conditions. For instance, monetary authority decisions can be assumed to
be based on macro-economic fundamentals, which will include such variables as real output
and its components, inflation, unemployment rates and other indicators of economic con-
ditions and performance. Many of these variables display nonstationary characteristics. In
such situations, we may well expect the econometric theory of binary choice models to be
different from that of traditional cross section theory which relies heavily on the simplifying
assumption of independence across observations.

This paper seeks to develop a new theory for binary choice regressions that accommo-
dates nonstationary data. In particular, we study binary choice models with covariates that
are integrated time series and develop a new limit theory for the maximum likelihood (ML)
estimation of such systems. Since ML estimation in discrete choice models involves non-
linear optimization, the asymptotic theory in this paper involves asymptotics for nonlinear
functions of integrated time series. Some recent work by the authors (Park and Phillips,
1998 and 1999) has provided techniques for analysing nonlinear regressions with nonstation-
ary time series, and this paper shows how to utilize some of those techniques in the context
of discrete choice models. The main theoretical contribution of the paper is to derive an
asymptotic theory for the ML estimation of nonlinear discrete choice models with covariates
that are integrated time series. Some of the results obtained here are directly applicable
in the wider context of M-estimation. They also lay the groundwork for the asymptotic
analysis of index models consisting of integrated time series.

One of the main findings of the paper is that there are dual rates of convergence in
binary choice models with integrated regressors. There is a fast rate of convergence of
n3/* in a direction that is orthogonal to that of the true coefficient vector By. A slower
rate of convergence of n'/4 applies in all other directions. Such dual convergence rates are
unexpected in econometric models where the covariates have the same full rank stochastic
order, as they do here, and the parameters appear in linear forms of these regressors. In
fact, to the best of our present knowledge, this is the first instance of the phenomenon in
asymptotic statistical theory. The explanation for the phenomenon in the present case is
that the nonlinearity arising from the discrete choice probability framework confabulates
the signal from the regressors. Since the signal works through the probability function, it
involves sample moments of the covariates x; in conjunction with scalar functionals of a



distribution function evaluated at the linear form x}(y. These nonlinear sample moment
functionals have stochastic orders that depend on the direction in which they are evaluated.
In effect, there is more sample information about (8 in directions orthogonal to Gy than
there are in other directions and, in particular, along 3y. Heuristically, the signal from x; is
attenuated along (g because large deviations of x}(y contribute less to the sample second
moment since they are attenuated by the scaling of a density function which is evaluated in
the same direction and which, by its very nature, downweights large deviations. Thus, by
virtue of the formulation of the model, and somewhat ironically, there is less information
in the data in the direction of the true parameter than there is in the orthogonal direction.

Another finding of the paper is that in nonstationary binary choice the sample proportion
of binary choices follows an arc sine law and therefore spends most of its time in the
neighbourhood of zero or unity, just as a random walk spends most of its time on one
side of the origin or the other. This result has some testable empirical implications for
policy decision making. In particular, if policy involves market interventions and these
are influenced by any factor that involves a stochastic trend, then the theory suggests that
market interventions will most likely occur in streams of little intervention or large numbers
of interventions.

The paper is organised as follows. Section 2 outlines the model, assumptions and gives
some preliminary results. Section 3 gives the main results on the limit theory of the ML
estimator. Section 4 gives a brief numerical illustration of the effects on nonstationarity on
logit and probit estimates. Section 5 concludes. Some useful lemmas are given in Section
6, Section 7 gives proofs of the main theorems, and notation is summarised in Section 8.

2. The Model, Assumptions and Preliminary Results

We consider the regression model given by

yi =i — e, (1)

where z; is a vector of explanatory variables and ¢; is an error. The dependent variable y}
is assumed to be latent and the observed variable is simply the indicator

ye = Hy; > 0}. (2)

The model given by (1) and (2) is a standard binary choice model. As usual, we assume
that x; is predetermined, i.e., x;y; is adapted to some filtration (F;), with respect to which
€t is measurable.

The theory of the binary choice model in (1) and (2) when x; is a stationary and
ergodic process or short memory time series is obtained by standard methods. The simple
case where x; is iid is included in many econometrics texts (e.g., Amemiya, 1985) and review
articles (Dhrymes, 1984), while dynamic cases with weakly dependent data are covered in
the theory in Wooldridge (1994) and White (1994). The present paper looks, instead, at
the case where z; is nonstationary. In particular, we assume that x; is an integrated time
series, possibly of the ARIMA type. All the remaining features of the model are identical to



those of the standard parametric binary choice model. Thus, we let g; be iid conditionally
on F; 1 with distribution function F', which is assumed to be known and standardized,
the primary cases of interest being the standard normal (leading to the probit model) and
the standard logistic (leading to the logit model). Also, we let Gy be an interior point of a
subset of R™ which we assume to be compact and convex.

In this framework we have E(y|F—1) = P(y: = 1|/F—1) = F(2}0). Then, defining u¢
as the residual in

ye = F(ay00) + uy, (3)

it is apparent that (us, F;) is a martingale difference sequence with conditional variance
E (| Fior) = 0*(a%0), (4)

where 0%(2) = F(2)(1 — F(2)). If the conditioning set or the dynamics are misspecified and
E(y|Fi—1) # F(x,fy), then u; in (3) is no longer a martingale difference and the theory
developed here does not cover that case. Thus, the present paper contributes to correctly
specified dynamic binary choice models of given (distributional) functional form.

The following assumption on the process generating x; underpins the asymptotic de-
velopment. In particular, the linear process structure and the moment conditions on the
innovations assist in the use of embedding arguments that allow for stochastic process rep-
resentations of key partial sum processes, as shown in Lemma 1 below.

Assumption 1 Let x; = x4_1 + vy with xg = 0, and where
0. 0)
UV = H(L)et = ZHiet—ia
i=0

with II(1) nonsingular and Y 524 ||1L;|| < co. The innovations e; are iid with mean zero and
Ellet||” < oo for some r > 8, have a distribution that is absolutely continuous with respect to
Lebesgue measure and have characteristic function ¢(t) which satisfies lim, o [[t]|¢(t) =
0 for some k > 0.

Lemma 1 Let Assumption 1 hold. Then there exists a probability space (2, F,P) sup-
porting sequences of random variables Uyy and Vi satisfying the following:
(a) Jointly for all1 <t <n,

1< 1
(Unt, Vi) =a <— > ui,—= Ui)
= A

(b) There exists a representation



Theorem 1 Let Assumptions 1 and 2 hold. Then
D, Sn(ag) =4 QPW (1) and D, Jn(ao)D," —a —Q,

jointly, where D, = diag (n'/*,n3/*I,,_),

Q:< Li(1,0) [, s2K (as) ds [ dLy(r, 0)Va(r) [, sK(als)ds ) a8)
Jo Va(r)dLa(r,0) [%5 sK (afs)ds [ Va(r)Va(r)'dLi(r,0) [, K(afs)ds )’

o = (By60)'/?, and W is defined as in Lemma 3.

If e; has a symmetric distribution, as in the probit and logit models, K is an even
function. We therefore have

/O:OSK(s)ds:O.

In this case, the matrix @) given in Theorem 2 reduces to a block diagonal matrix.

The asymptotic results for Sy, (ap) and Jp(cg) presented in Theorem 1 aid in deriving
the limiting distribution of &;,. Indeed, from the expansion (14) we may expect that the
normed and centered estimator satisfies

Dy, (6, — ag) = — (D;ljn(ao)D;1>_1 D18, (o) + 0p(1). (19)

Indeed, (19) is established in the proof of Theorem 2 below. This expansion is enough to
deliver the form of the limit distribution of D,, (&, — ap).

Theorem 2 Let Assumptions 1 and 2 hold. Then, there exists a sequence of ML esti-
mators for which &y, —p ag, and

Dn (&n - Oéo) —d Qil/QW(l)a

in the notation introduced in Theorem 1.

Remarks

1. As usual for local extremum estimation problems, Theorem 2 establishes the existence
of a consistent root of the likelihood equation. The log likelihood function is well
known to be concave in the logit and probit cases (and, indeed, in all cases where
log F'(x) and log(1 — F'(x)) are concave functions, see Pratt, 1981), and in such cases

the consistent root is unique and is the global maximum.
2. Let &y, = (Q1p, dh,). When [0 sK(s)ds =0, we have the limits
00 —1/2
w1 =1) =4 (L10) [~ #K G as) T ma),
—1/2
2K (s) ds) Wa(1),

(e.o]

Wiy, oy < /0 Vo () Va(r) dLa (r, 0) /

—o0
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where W = (Wy,W3)" for W defined in Theorem 2. The limiting distributions of
Q1 and Gay, are therefore dependent only through their mixing variates given by V.
Consequently, in this case &1, and &y, become asymptotically independent conditional
on xy.

3. It follows from Theorem 2 that
Dy H' (B = o) —a Q2W(1) = MN (0,Q ), (20)
Setting E,, = n 1/*D,, = diag (1, /nl,_1) we have
(DnH’nfl/‘*)*1 = HE,! — (h1,0)
so that
V(B = Bo) —a (h1,0)Q 2 W (1) = MN (0, (h1,0) Q" (h1,0)')
= MN (0, mnhiairt)

where
q11.2 = q11 — q12Q2_21q217 (21)

which is expressed in terms of the elements of the partitioned matrix

qi1 q12
= 22
@ ( g1 Q22 > (22)
with @) defined in (18). We formalise this result as follows.

Corollary 1  Under Assumptions 1 and 2, as n — oo
%(Bn - 60) —d Pﬁo MN (07q1_112> 9
where q1.2 is given by (21) and (22) and Pg, = (o (6660)_1 Bo-
According to this Corollary we have the asymptotic approximation
L
Vn

A natural estimate of the (conditional) covariance matrix of Bn is provided by the hessian
inverse —.J,,(3,)~!, or the more commonly used alternative —J,,(3,)"!, where

Bn ~q MN (ﬂo, Pﬁoq1_11,2> . (23)

Lo (B)==_ K () w}

t=1

is the negative definite first component of J,,(3) in (12). The next result shows that these
matrices accurately represent the asymptotic covariance matrix of (3, in (23).
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Theorem 3 Under Assumptions 1 and 2,

_ [n’l/QJn(Bn)} - ,— [nfl/Qin(Bn)Tl —a Payqiis
as N — OQ.

It follows that the usual construction for asymptotic standard errors of B applies, even
though there are different rates of convergence in the components of the estimator. The
situation is analogous to that considered by Park and Phillips (1989) in regressions with
cointegrated regressors. Moreover, by (20) the limit distribution of Bn is mixed normal in
all directions, albeit at different rates, and this fact ensures that Wald tests of restrictions
on [y have asymptotic chi-squared distributions, so that statistical inference can proceed
in the usual manner.

Corollary 2 Let Assumptions 1 and 2 hold. If [ sK(s)ds =0, then

Y 3. — — ﬂ 0082 s P 12
Y= ) a7k (01010 [~ @Gl as) W)

where ||Bo|| = (5650)1/2 , and W is univariate standard Brownian motion independent of V.

It is clear from Corollaries 1 and 2 that Bn is asymptotically dominated by the component
that converges slower. The overall convergence rate is thus given by n!/4, but the limit
distribution is singular. It is degenerate along the direction that is orthogonal to the true
parameter vector 3y, and, in that direction, Bn converges at the faster rate of n3/4,

Also of interest are the predicted probabilities F' = F(a},3,) and the estimated marginal
effects f (xéﬁn)ﬁn, where f is the density function corresponding to F. The limit theory for
these functionals is given in the following result.

Corollary 3 Let Assumptions 1 and 2 hold. Given xy = w, the predicted probability
F = F(2/(3,) and estimated marginal effect 4, = f(2'53,)B, have the following asymptotic
distributions as n — co

F(2/Ba) ~a MN (F(w'ﬁo>, %f (2'f)’ w’Pﬂowquz) , (24)

and

Az ~a MN (7(96'50), in [f (2 Bo) + [ (2 Bo) 2’ o] P,BOQ111.2> ) (25)

7
where y(2'Bo) = f(2' o) Bo.

In both cases, the rate of convergence is n
estimated marginal effects is singular and the faster rate n

1/4 However, the limit distribution of the
3/4 applies in directions orthogonal

to Bg. In the Probit case, the asymptotic variance has the very simple form

inso (+/B0)” [1 = (a/50)?]  Paaiils

7
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The asymptotic variance formulae given in (24) and (25) correspond to those given in the
literature for the iid or stationary case (e.g. Greene, 1993), although the singularity in (25)
does not arise in that case. Notwithstanding the singularity, one can estimate the asymptotic
variance matrix of the coefficient estimator by the inverse of the hessian as indicated in
Theorem 3, and it is apparent that standard errors for the predicted probabilities and the
estimated marginal effects may be computed in the usual manner. Thus, the main effect of
nonstationarity is to slow down the rate of convergence in these estimates.

Finally, it is of interest to study the asymptotic behavior of the empirical average r,, =
n~t " y. The quantity r, is an aggregate proportion and measures the proportion of
positive choices (i.e. 3, = 1 outcomes) in the sample data. It can also be used in a predictive
manner to forecast the proportion of positive choices for some given sequence of data on the
covariates, say X = {X;:t=1,...,n}. In this event, we can define y,(X) = 1{X5y > &.}.
Of course, in practical applications y:(X) is unobserved, and we would therefore use the
estimate 7, (X) = n~! S, F3(X), where Fy(X) = F(X}3,). Such estimates are useful in
policy situations in assessing the likely proportionate number of positive choices arising in
the event of the data {X; : ¢ = 1,...,n} . An example in monetary policy would be the likely
number of market interventions needed for a given scenario of economic fundamentals.

The following result gives the limit theory for such quantities.

Theorem 4 Let Assumptions 1 and 2 hold. Suppose the time series X = {X;:t=1,...,n}
18 drawn independently of x; from a process with properties equivalent to those of xy as given
in Assumption 1. Then the sample proportion r, = n~* S 1, ys, the predicted proportion
ra(X) ="t 7 4 (X) and the estimated proportion i,(X) = n~t S5 Fy(X!3,) all have
the following limit behavior as n — oo

Ps T (X) i (X) = /0 T (1, s)ds. (26)

1/2

An elementary calculation shows that Ly (1,8) =4 0 'L(1,s/0) where ¢ = o7}” and
L (1,s) is the local time of standard Brownian motion. Then

/OOOLl(l,s)dszd(r1/OOOL<1,§>d5:/OOOL(l,t)dt:/Oll{W(r)>()}dr’

a quantity that is well known (e.g Revuz and Yor, 1994, p. 232-233) to be a random variable
that follows the arc sine law with probability density

1
m/x (1 —x)

on [0,1]. We deduce that the empirical average r,, and predictive averages r, (X), and
7 (X) all have the same limit distribution given by the arc sine law (27). This result is
decidedly different from the stationary case, where r,, —, E[F(z}5))] and the expectation
is taken with respect to the stationary distribution of x.

(27)
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The fact that 7, follows an arc sine law in the limit means that the sample proportion
of positive choices spends most of its time in the neighbourhood of zero or unity, just
as a random walk spends most of its time on one side of the origin or the other. To
take the explicit example of a monetary policy intervention, the theorem has the following
implication. If the economic fundamentals that determine monetary policy intervention
include a stochastic trend, then the likely number of market interventions needed for any
given scenario of fundamentals is determined by the arc sine law (27). Thus, the theorem
tells us that it is most likely that interventions will occur in streams giving periods where
there is very little intervention or periods where there are a large number of interventions.
This result holds for any given trajectory of fundamentals and for any particular policy
determining mechanism, i.e., any linear form x}(, provided it has a stochastic trend.

3.2
2.8 i
— (54, n=500
L --- (54, n=250 |
Y T e /31, n=100
— (2, N=500
2.0r --- (2, N=250 1
............. /32’ n=100 i
1.8

density

1.2

0.8

0.4

0.0

Figure 1: Logit Model - densities of estimators of 3 = 1, 83 = 0; I(1) case.

4. Illustration of the Effects of Nonstationarity

This section reports a brief numerical exercise that illustrates the effects of nonstationarity
on a binary choice regression. Data were generated from (1) and (2) using both logit and
probit formulations for F' and with exogenous covariates x;, which were generated by a
bivariate vector autoregression of the form

<9€1t>_<a11 0 ><$1t1) (Ult)
- + ’
Tot 0 ao T2t—1 Vo
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with vy = (vyg,ve)’ = N (0, I3) . Both unit root (a; = 1,4 = 1,2) and stationary (a; =
0.5, i = 1,2) cases were examined. The parameter value was set at 3y = (1,0) . Thus,
2480 = Y21 = 214 and the direction orthogonal to 3 is (0,1), giving the coefficient 39 = 0
of xo;. The number of replications was 5,000.

1.4

12 — (4, Nn=500
--- (4, n=250

10 ............. “671’ n:ﬂ]OU i
— (2, n=500
--- (2, Nn=250

o8y N B2, N=100 8

density

0.6

0.4

0.2

0.0

Figure 2: Probit Model - densities of estimators of 3 =1, 89 = 0; I(1) case.

Figs. 1 and 2 show kernel estimates of the sampling distributions of the (correctly
specified) logit and probit estimates of the coefficients 3 and (9 in the unit root case
(ai; = 1, i = 1,2) for sample sizes n = 100,250,500. The greater concentration of the
estimates of 39 and the differing rates of convergence between the two coefficients are quite
apparent in the figures. Comparing the probit results (in Fig. 2) with those of the logit
(Fig. 1), reveals the effect of the longer tails of the logit distribution - the probit estimates
have substantially greater dispersion for both coefficients. The reason is simply that the
probit function attenuates the signal from the nonstationary regressors more severely than
the logit function because of the thinner tails of the normal density. Interestingly, this
relationship between the logit and probit estimates in a nonstationary regression (viz. that
probit estimates are more dispersed than logit estimates) is the opposite of the well known
(approximate) scaling relationship that applies in the standard case, viz. that the logit
estimates tend to be larger than the probit estimates by a factor of close to 7/v/3 , a
feature that arises from the variance of the logit distribution being 72/3, compared with
that of the normal being unity (c.f Greene, 1993).

Figs. 3 and 4 show the corresponding estimates for the stationary case (a; = 0.5,
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5.0
4.5 ¢ .
| 51, N=500 |
4.0 £1, Nn=250
3.5 51, Nn=100 |
’ G2, N=500
3.0 B2, Nn=250 i
ey B2, Nn=100
2 25¢ 8
2=
2.0 .
151 .
1.0 8
05} .
0.0 ‘

2.0 2.5 3.0
Figure 3: Logit Model - densities of estimators of 3) = 1, 8§ = 0; Stationary case

i =1,2). There is much less difference between the densities for the two coefficients in this
case, just as asymptotic theory for the stationary case indicates. However, estimates of 39
are still somewhat more concentrated than those of estimates of 3{. Interestingly, there is
a small but noticeable difference between the probit and logit densities, with the probit
estimates now being more concentrated, as theory suggests for the stationary case, which
is quite the opposite of the relative behaviour in the nonstationary case.

5. Conclusion

While binary choice models have been a popular tool of microeconometrics for several
decades, time series and panel data applications of these models are also important and
may well increasingly be so in the future. The present paper provides an asymptotic theory
for maximum likelihood estimation of these models in time series contexts. Our principal
finding is that dual rates of convergence operate in these models when there are multiple
integrated regressors, even though the regressors have the same (full rank) stochastic order.
This outcome is unusual and is the first instance of the phenomena in asymptotic statis-
tical theory that the authors have encountered. As we have seen, the probability function
formulation of conventional binary choice models serves to attenuate the signal emanating
from an integrated regressor by dint of the fact that large values of x}3y contribute little
to the score and hessian because they arise in these quantities by way of a probability
density which vanishes at infinity. The effect is that significant signal attenuation occurs
in all directions except those that are orthogonal to (. It is further shown that the limit
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7
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2
S 3f |
5| |
1l |
0 ‘

Figure 4: Probit Model - densities of estimators of 3 = 1, 39 = 0; Stationary case.

distribution theory of the ML estimator is mixed normal and that conventional methods of
inference remain valid.

Another finding of some interest is that the sample proportion of positive (or negative)
choices follows an arc sine law and therefore spends most of its time in the neighbourhood
of zero or unity, just as a random walk spends most of its time on one side of the origin
or the other. This result has some empirical implications for policy decision making, and
in particular market interventions. Thus, in a situation where any of the determining
factors involves a stochastic trend, market interventions will most likely occur in streams of
little intervention or large numbers of interventions. This is obviously a testable empirical
implication of the theory that we hope to explore in later work.

There is scope for extending the results of the paper to some related models. A partial
list of extensions that seem valuable for empirical work includes multivariate models, poly-
chotomous choice, panel data situations and nonparametric approaches, thereby covering
the common extensions of binary choice that arise in the microeconometric context. As
indicated earlier, it is also possible to extend our theory to include cointegrated regressors
(or combinations of integrated and stationary regressors). In fact, the outcomes in this case
are anticipated in results (16) and (17) and so they have not be detailed here as they involve
little that is new beyond the results already provided.
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6. Appendix A: Useful Lemmas and Proofs

Lemma A1 Let f:R — R and f € Fy.
(a) Lete > 0 and define

fe(x) = sup [f(z +y)|.
lyl<e
Then fg € Fy.
(b) Let K C R be compact, and define

f (2) = sup | f(c)|.

ceK

Then fK € Fy.

Proof of Lemma A1l It is obvious that both f. and fx defined in (a) and (b) are
bounded. It therefore suffices to show that they are integrable. To simplify the proofs,
we assume that f is a symmetric and integrable function which is monotone increasing
(decreasing) on R_(R4). This causes no loss in generality, since any integrable function is
bounded by such a function. To deduce part (a), we only need to note that f.(z) = f(0)
for |z| < e, and f.(z) = f(x —¢) and f(x + ¢) respectively for x > ¢ and x < —e. Clearly,
f- is integrable if f is. To prove part (b), we choose an arbitrary ¢y € K, cp > 0, and its
neighborhood Ny = [co—e, co+e] for some ¢ > 0. Define fo(x) = f((co—e)z) and f((co+¢)x)
respectively for # > 0 and o < 0. By construction, we then have f(cx) < fo(z) for all ¢ € Ny
and z € R. It is obvious that fy is integrable, and the stated result follows immediately
from the compactness of K. |

Lemma A2 Let Assumption 1 hold, and f : R — R. Denote by x5, the k-times tensor
product of xo, with itself. Define

n n
My =Y fleu)af, and Njy=) fleu)afu.
t=1 =1

(a) For f € Fo, M}i = op(n1+n/2). Moreover, if f € F1, then MF = Op(n(l—‘rn)/Q)‘
(b) If o f € Fy, then N = o,(n1+9)/2),

Proof of Lemma A2 Let V = (V4,Vy). Note that

T K
2 ‘ =4 sup [[Vap(r)||* < sup |[Va(r)||"+1 < oo as.
0<r<1 0<r<1

n

for all large n. For f € Fo, we have n=! "1, | f(z1¢)| —p 0, as shown in Park and Phillips
(1999). If f € Fy, it follows from Lemma 2 that n= 237" | |f(xy)| = O,(1), since f

sup
1<t<n
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is bounded by a regular function. The stated results in part (a) therefore may easily be
deduced. To prove part (b), we notice that

n

B 1
n (1+”)E||N7’§||2 =E (n”“ Z(szz)(xlt)H@tH%)

t=1

IN

E (( sup HVz(T)HQ“H) / 1(02f2)(\/ﬁ‘/1n(7’))d7’> —p 0,

0<r<1

by dominated convergence. |

Lemma A3 Let Assumption 1 hold. Assume o2f?,0%g?> € Fr and o2 f* o%g* € Fy for
f,9: R — R. Define
WPL =020 () w2 and  oP? = n 3 2¢% (0, wopahul,

and ;Q%, = E(;P%|Fi_1) fori=1,2. Then we have fori=1,2
¢

t
}:ifﬁs_'E:iQ%s
s=1

s=1

sup
1<t<n

—ap07

as n — oQ.

Proof of Lemma A3 Notice first that
1Q0 =1 2(0?f*)(w) and  2Qpy = n VP (07g?) (w1r) warwy

It follows from Lemma 2 that

n

S 1@k —a 1a(10) [ (02 (o) ds,
=1 -

S Qi —a [ WV an0) [ (06 b

and therefore, both are obviously tight.
Now we show that

S B (P4 Fi) =0
t=1

for © = 1,2. We may assume w.l.o.g that xg; is scalar by considering each component
separately. It follows that

E (uﬂ .7-}_1) =07 (1 —3F, +3F}),

where we write F; = F(x1¢) and 07 = Fy(1 — F}) for short. We therefore have
S E(1Py|Fia) =
=1
> (2334 ft—l)

t=1

(02 fH(1 — 3F + 3F?) (1) — 0,

I
w|'—‘ S
= L0

(0294)(1 —3F + 3F2)($1t)$%t —p 0,

3
i
I,
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due to Lemma A2(a). The stated result now follows from Theorem 2.23 of Hall and Heyde
(1980). [

Lemma A4 Let Assumption 1 hold. Assume o®f,0%g € Fy and 0>f?,0%¢g> € Fqy for
f,9: R — R. Define

1Nfbt = n_3/4f(x1t) th and 2Nq§t = n_5/4g(x1t) xgtu?.

Then we have fori=1,2
¢

ZZNT%S

s=1

sup
1<t<n

—p O,

as n — oQ.

Proof of Lemma A4 We let ;M2, = E(;N2,|Fi_1) for i = 1,2, so that
My =070 f) (1) and oMy, = 0”5 (0%g) (1)

It follows from Lemma A2 that 37 4 ;M2, —, 0 for i = 1,2. Moreover,
SE(1NG|Fir) = n7 23 (02 A1 - 3F 4 3F%) (@) — 0,
t=1 t=1
S E (Mg Fict) = 0723 (0%6h) (1 = 3F + 3F2)) (w)ad, — 0,
t=1 t=1

where we assume that xy; is scalar, as in the proof of Lemma A3. The stated result therefore
follows as in Lemma A3. |

Lemma A5 Let Assumption 1 hold. Define

tok(r) = kb, < /nViu(r) < (k+1)8,}
t(r) = 1{0 < /nVi,(r) < 6,}
M) = 0 < VaVi(r) < 6.}

Then we have
B[ ar) <o (1 e
| lslr) = )l dr) < 5 (14 koZ logn)
for all large n, where ¢ is some constant. Moreover,
1
[ lentr) = @) dr = o)
0

for any 6, > n~1/3,
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Proof of Lemma A5 The stated result follows from Akonom (1993), precisely as for
Lemma 2.5 of Park and Phillips (1999). We may just apply his results to [y |t (1) —tn(r)| dr
and fol |tn () — ¢™(7)| dr, instead of fol(Lnk(’l“) — tp(r)) dr and fol(Ln(T) —"(r))dr. Though
not stated explicitly, it is obvious that all his results are applicable for fol ltng (1) — tn(7)| dr
and fol |tn(r) — ™ (r)|dr as well as fol (tnk(r) — 1y (7)) dr and fol(Ln(’l“) —*(r))dr. |

7. Appendix B: Proofs of the Main Theorems

Proof of Lemma 1 We show how to construct sequences (U,:) and (V) satisfying
conditions (a) — (c). In the subsequent construction, let (2, F,P) be any probability space
rich enough to support the Brownian motions U and V in addition to the other random
elements which it includes. Also, define the filtrations

Gr =0 (us, Fr—1) and Gpy = 0 (Unt, Fri—1)

and denote by -|Fy the distribution conditional on a sub-o-field Fy.

Let n be given and fixed. First, let V;,; be any random variable on (2, F,P), which
has the same distribution as n’l/Qvl, i.e., V1 =4 n /2y, Second, let 7,1 be a stopping
time defined on (2, F, P), for which U(7,,1/n)|Fno =4 n~'/?u1. Such a stopping time exists,
as shown in Hall and Heyde (1980, Theorem Al). We then define a random variable on
(Q,F,P), denoted by V,2, such that V0 — V;,1|Gr1 =4 n_1/2U2|Q1, and so on. It is obvious
that we may proceed in this way to find (T5,¢)7=; and (V)i on (Q,F,P) successively so

that
t

Tt 1 1<
U<_>‘fn,t—1 =3 —= > u|Fi1 and V| Gne =g —= ) ;| Gt,
0 Vi =0 T 2
in a zig-zag fashion. The equalities of the distributions in (a) and the representation of U,
in (b) are fulfilled by construction. The moment conditions for the stopping times 7,,; follow
from Hall and Heyde (1980, Theorem A1l). Moreover, if we define V,, as in (c), then an
invariance principle holds for V},, as in Phillips and Solo (1992). In particular, it follows that
V,, converges weakly to V in DI[0,1]™ endowed with uniform topology (see e.g. Billingsley
(1968, pp. 150-153) for the uniform topology in DI0,1]). We may therefore redefine V,, so
that the distribution of (Upt, Vi) is unchanged and V;, —g4. V uniformly on [0,1]. This
is possible due to the representation theorem in e.g. Pollard (1984, pp. 71-72) of weakly
convergent probability measures by the almost sure convergent sequences. |

Proof of Lemma 2  Part (a) follows directly from Park and Phillips (1999, Theorem
5.1). To prove part (b), we let V;, = (Vi,,, V3,,)’, where V,, is given in Lemma 1. Define

fole) = S5 (SRS, < o < (5 + )80,
k=—FkKn

where K, and 6, are sequences of numbers satisfying conditions in the proof of Theorem
5.1 in Park and Phillips (1999). In particular, k,, — oo and 6, — 0. We may show using
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the notation in Lemma A5 that
1 1
Vi [ FViEWVaulr) dr = VA [ Vi () Ven(r) dr+ 0y (1)
= VY S0 [ k) Vanlr)dr - op(1)

jR——— 01
= ([ o) L0 Vanlr) i+ (1), (29

following the proof of Theorem 5.1, Park and Phillips (1999). Note that Vo, —gs Vo
uniformly and therefore, V5, is bounded uniformly in n. Also, we have

‘/01 Lk (1) Van (1) dr — /01 1 (1) Var (1) dir

< [ e (1) = ()| Ve () dir

0<r<1

< (H sup !Vz(r)’) /ol\bnk(f‘)—bn(f)\dr-

The stated result therefore follows from Lemma A5 exactly as in the proof of Theorem 5.1,
Park and Phillips (1999).
We have

/ Fuls)ds — / F(s) ds. (29)
Moreover, if we choose 6, =n ¢ with 0 < 6§ < 1/8 and let 7, = 6,,/v/n, then n5/37, — co.
We therefore have from Lemma A5 that
1 1 1 1
— tn(r)Vap,(r) dr = — S (r)Va(r) dr + op(1) (30)
Tn JO Tn JO

since

1
0

[ ) = @V dr 5 [ Von(r) Vi)l dr
0 0

'/01 tn (1) Var(r) dr —/ () Va(r) dr

IN

IN

<1+ sup |V2(7“)|> /01 |tn(r) = "(r)| dr + sup [Van(r) — Va(r)]

0<r<1 0<r<1

We may write
1 1 1 rl
= [ ey dr = / / Va(r) ALy (r, ps)ds (31)
Tn JO 0 JO

using the extended occupation times formula [see, e.g., Revuz and Yor (1994, Exercise 1.15,

p222)].
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Define . )
R, — / / Va(r)dLi (r, s ds — / Va(r)dL: (r,0). (32)
0 Jo 0
Due to (28)—(31), it suffices to show that R,, —4 s 0, which we now set out to do. Let ¢,
be a sequence of numbers such that

1/2—¢

cp, — 00 and c,m, — 0,

for some 0 < ¢ < 1/2. Define

(@) = /v2 r)dLy(r, 7)
o - Sl (22 1 (2)

|Rn| < Ap + By + Ch,

Then we have

where

A, = /|I TnS) — In(mps)|ds,

B, = /|In(7rns)—In(0)|ds,

C, = /u 0)|ds.

We will show that A,,, By, C,, —4.5. 0.
It is obvious that C), —.. 0 since I(0) exists. To show B,, —,. 0, notice that we have

Sup |La(r, 7ns) — Li(r,0)] < fmas[V2 as, (33)
rel0,1]

for some constant k1, due to the uniform Holder continuity of the local time Li(r,-) [see,
e.g., Revuz and Yor (1994, Corollary 1.8, p217)]. Therefore,

Cn

1 i 1/2—e
_ < il -
1Ly (Tns) — In(0)] < 201 (C 3 V2<Cn>D colmns[1/27F,

n =1

and consequently,

1 &
By < 2K10,my/ 2 ¢ (— 3

Cn

; 1
V2 <i> D / ’8‘1/2_6‘15 —a.s. 0,
Cn, 0

i=1

as was to be shown.
Finally, we let
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so that .
L(@) = [ V() dLa(ra)
0

As is well known
sup |Va(r) — V& (r)| < kac, Y2+ a.s. (34)

0<r<1
It follows from (33) and (34) that
[(705) — In(ms)| < ko, /24 /0 AL ()
< kgey, tAEE (/01 |dL1(r,0)] + 2/@1|7rns|1/26> ,
and therefore,

1 1
A, < f@gc;l/%g/ |dL1(r,0)| + 2/{1@051/2“7%/2*6/ |s|1/276ds —as 0.
0 0

The proof for part (b) is thereby complete.
The proof for part (c) is analogous to that of part (b). We have

2 3 St
= /7 [ FO/RVin(7)Vanr) V)
= V[ DAY Vo r)Vanlr Y+ 03(1)
- v Z F(k62) /O k6 < AAVAn(r) < (k& 1)80} Vo (1) Van () dr + 0y(1)

k=—kKn

= ((5n i f(k5n)) (5£: /01 1{0 < V/nVip(r) < 8, Van(r)Vap(r)'dr + 0,(1)

k=—tn
- (/o;f (s) d5> % /0 1{0 < Vi(r) < ma}Va(r)Va(r)/dr + 0,(1)
= ([rwa) [ [ o i+ a0
= (/o:o f(s) ds> /01 Va(r)Va(r)dLi(r,0) + op(1).
Each step can be shown rigorously using the arguments in the proof of part (b). [

Proof of Lemma 3  We set m = 2. This is just for notational simplicity. The proof for
the general case is essentially identical. For any ¢ = (c1,c2) € R2, we let

Ap(z1,22) = cln_1/4f(x1) + czn_3/4f(m1)x2,
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and define
t—1 T T
= S tvite (o(%) - o (B
i=1 n n
Thi—
+ VA (V1 Vi) (U(r) — U(T“>> , (35)
for Tmt_l/n < r < Tpt/n, where Ty, t = 1,...,n, are the time changes introduced in

Lemma 1. One may easily see that M, is a continuous martingale such that

- Ton
Z An(mltv th) ug =q My (—> 5 (36)

=1 n

for all n.
Let By (w1, 20) = 02(21) A2 (21, 29). The quadratic variation [M,] of M,, is given by

n

M](r) = ngA%va)(% L) s (V) (7 - )

- an(\/ﬁvm) 1{r > %} + 0p(1),

uniformly in 7 € [0, 1], by Lemma A3. Consequently, we have
[Mp](r) —p dM(r)e, (37)

uniformly in r € [0, 1], where

L1r0/ f2 ds /dLlsOVQ ’/ fo(8)go(s) ds

M(r) = /V2 s)dLy (s, 0)/_ 9o (5)[o(s ds/ Va(s)Va(s)'dLy(s,0) /Oogi(s)ds

M

due to the results in Lemma 2, and where the notation f,(s) = o(s)f(s) and g,(s) =
o(s)g(s) is being used.
Moreover, if we let oy, be the covariance of U and V and
Cp(21,22) = 02($1)An($17$2),
then the quadratic covariation process [M,, V] of M,, and V is

Tnz 1

[Mn,vw)=ﬁ§An(ﬁvm)(f’j— ) P VALV (1= ) o,

_— tz”;cn«/ﬁvm) {r=) 0,0 =0
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uniformly in 7 € [0, 1], by Lemma A4. It follows, in particular, that
(M, V](on(r)) =3 0, (38)

where p,(r) = inf{s € [0,1] : [M,,](s) > r} is a sequence of time changes.

The asymptotic distribution of the continuous martingale M,, in (35) is completely
determined by (37) and (38), as shown in Revuz and Yor (1994, Theorem 2.3, page 496).
Now define

Wi (r) = My, (pn(r)) -
The process W, is the DDS (or Dambis, Dubins-Schwarz) Brownian motion of the con-
tinuous martingale M, [see, for example, Revuz and Yor (1994), Theorem 1.6, page 173].

It now follows that (V,W,,) converges jointly in distribution to two independent standard
linear Brownian motions (V, W), say. Therefore,

Tnn
Mn <7> —d W(C/MC),
which, due to (36), completes the proof for the first part. |

Proof of Theorem 1 The limiting distribution of D, 1S,,(ap) is derived by applying
Lemma 3 with f(x) = *G(z) and g(x) = G(x). It is easy to check that the conditions in
Lemma 3 hold. Note that G*F (1 — F) = K, for which Ky € Fr by Assumption 2(a). Also,
we have GF(1 — F) = F and Fy € F; by Assumption 2(b). Moreover, G*F(1 — F) = G*F
and we require G®Fy € Fg in Assumption 2(c). Thus, with of = (3)3)'/? and using Lemma
3, we obtain

D, 'Su(a0) = D, G(afo)H'wi (i — F(2}0))
t=1
_ [ AR Glaad) i
n=3 S Gayaf)waruy
= ( n=V4 )7 R faned)u )

n—3/4 S g g(a1al)wopuy

—q MY2W (1),

mip M2
M = ,
( mo1 Moo )

with

where

= (@9)La(1,0) [ ng(sag)ds

miz = @) [ A, 00) [ folsadigs(sa) s
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mar = @) [ Va)aLa0) [ golsabifolsad) ds
My = /0 V() Va(r) Ly (1, 0) /_ O:ogg(sa(l))ds
and where
fola) = f(z)%0(2)? = 2°G(x)*F(2)[1 - F(x)] = 2* K (),
9o(2)? = g(2)%0(2)* = G(2)*F(2)[1 — F(2)] = K(x),
fo(2)go(z) = f(x)g(a)o(2)? = 2G(x)*F(x)[1 - F(x)] = 2K (z)
Thus,
A ( Li(1,0) [, QK(als)ds fO dLy(r, 0)Va(r) [°°, sK(als) ds )
Jo Va(r)dLa(r,0) [%, sK(als)ds [y Va(r)Va(r)dLi(r,0) [°3, K (afs) ds

and, with M = (), we have the stated result for the limit of the score process D, 1S, (o).
To get the stated asymptotic result for J,(ag), we let Gy = G(z1;) and observe that

n n n
-1/2 Y 9 -1 : —3/2 : /
n~V E Gxjug, n E Giripzotuy, n / E Gragwyug = 0p(1).
t=1 t=1 t=1

These follow from a direct application of Lemma A2(b) with f(z) = G(x), G (x);, 2*G(z)
and using the fact that [GF'/2(1 — F)1/2], € Fg by Assumption 2(c). We therefore have

D, T (o) Dy ()

= —D;' " K(wyal)H'z@, HD; ' + 0p(1)
t=1
_ ( w2 K (o) 0l S K (), >+op<1>- (39)

n LY K(eual) gy n 32 Y0 K(vyal)zyd,

The stated results are now immediate from Lemma 2. [ |

Proof of Theorem 2 We employ a standard approach to local extremum estimation.
In particular, Theorem 10.1 of Wooldridge (1994) allows for varying rates of convergence
in the components of the estimator and is well suited to the present problem. The idea is
simply to show that equation (19) holds and that there is a consistent local solution to the
likelihood equation. Conditions (i) and (i) of Wooldridge’s theorem hold trivially by our
assumption about 3y and our Assumption 2, so it remains to verify conditions (iii) and (iv)
of that theorem.
The likelihood equation for the ML estimator &,, is

Sn(&n) - 0; (40)
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which has the expansion
Sn(&n) = Sn(aO) + Jn(an) (dn - 040) = 07
or
Sn(ag) + Jn(ao) (Gn — o) + [Jn(an) — Jn(ao)] (dn — ap) =0, (41)

where S,,(4,,) and Sy, () are the scores respectively at &, and g, and Jy,(c,) is the hessian
matrix with rows evaluated at mean values that lie on the line segment connecting &, and
ag. Then (41) can be written as

0 = D, 'Su(0) + | Dy Ju(c0) Dyt | Du (6 — o)
+ (D" [ulaw) = Ju(@0)) D) Dy (6 — )
0 = D71S,(ag) + [D;ljn(ao)D,;l] D, (6, — )
+0 2 (Ct [Jnlan) = Ju(a0)] Cp ) D (@n — a0) , (42)

where C,, = D,n~° for some § > 0, so that C,,D;! = 0(1) as n — o0, as in condition (iii)
(a) of Wooldridge’s Theorem 10.1. Equation (19) now follows from (42) if the final term of
(42) is 0p(1). This will be so, if condition (iii) (b) of Wooldridge’s theorem holds.

To show this is so, we need to establish that

sup 1C [Tn(@) = Tn(a0)] Gt || = 0p (1) (43)
{osl|Cn (a—a0) | <1}

Our proof involves looking at the components of the hessian. We therefore partition the
hessian conformably with « as

_ () (e
‘]"@‘)‘(J%(a) Jé(a))’

wherein, from (12),

n n

Ti(a) = =) Ki(o) wawje — anGtm) g (Fi(0) — F) + > Gulo) wazjeu,  (44)

t=1 t=1 t=1

for 4,j = 1,2 and where we define fi(a) = f(x10q + vh,a0) for any function f: R — R

and further define f; to be the value of the function f at ag = (af,ay').

For (43) to hold it is sufficient that

n=PE I (@) = Jf (o)) = O,
n= | Iy () — Jia(ao)|l = 0, (45)

Jaa(ao)ll —p 0,

a

n73/2+26 HJ;LQ(O[

~— ~—
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uniformly for all a; and s satisfying
jar =1 <n V4 and [lag|| < 084 (46)

for some 6 > 0. Now, from (44) we have

Ji’}(a) — ij(ao) = A?j(a*) + B}’j(a*) + ij(a*), (47)
where
A?j(a) = — ZKt(a) TitTjt (wlt(oq — 04(1)) + xhy (g — ag)) ,
t=1

Bii(a) = =Y (GF)u(o) zaury (r1(0r —af) +ady(az —af)).

2
Cli(a) = Y- Gil@) wugun (w101 — f) + ay(az — af))

and a* is on the line segment connecting a and . For any f: R — R, define f by

f(z)= sup sup|f(azx+0)],
la—1|<e |b|<e

for e > 0 given. We denote f, = f(x1;). As shown in Lemma Al, f € Fyif f € Fy. Since
SUpP; <y<p |22t /v/1 = Op(1), |og — af] < n~=Y/46 and |zl < n=3/4%%  we have for any
e>0

|f(z1eon +a202)| < flane) +o0p(1),

for large n, uniformly in 1 <t <n.
By virtue of (46) we have

|

It therefore follows from Lemma A2(a) that

n n
A(@)| < 0N Kl lagilllenel +nm 34 ST Kl ez
t=1 t=1

1Ay (@)l = Op(n"/*2), [|ATy()l| = Op(n**F0), [|ABy(a)l| = Op(n®*F0),  (48)

uniformly in « satisfying (46). Note that K = GF +GF and hence K5 € Fy by Assumption
2(b). We may use exactly the same argument to deduce that

1By (@)l = Op(n!/**+?), ||Biy(a)|| = Op(n®/*+*), | Biy(a)|| = Op(n®**%).  (49)

Finally, we have

i) < VST Gy (Bt~ F)Y? e[
t=1

n
IS G (Fi(L = )Y [l e
t=1
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since

(E(jutl|Fi-1)* < E(uf|Fi1) = F(1 - F),

by the conditional Jensen inequality. It follows directly from Assumption 2(b) and Lemma
A2(a) that

ICTy ()| = Op(n!/**2), | CRy(@)| = Op(n**F2), | Ca(a)l| = Op(n>*7%),  (50)

uniformly in a given by (46). If we let 0 < 6 < 1/12, we may now easily deduce (45) from

(48), (49) and (50) together with (47). Hence, (43) holds and therefore (19).
It now follows as in the proof of Theorem 10.1 of Wooldridge (1994) that there exists a
solution to the likelihood equation (40) with probability approaching one such that

D, (6, — ap) = O, (1).
JFrom Theorem 1, we have the joint weak convergence
(DitSu(a0), Dy (o) D) —a (Q12W(1),-Q), (51)

where () is positive definite with probability one. Thus, condition (iv) of Wooldridge’s
theorem holds. The given limit distribution of D, (&, — o) now follows directly from (42),
(43) and (51). [

Proof of Theorem 3 Write
. -1
~Ju(Bn)™ = —H [H'Ju(B)H] ~ H'
= —H [Ju(an)) " H'
-1
= —HD;* [D;lJn(an)D,;l} D;'H.
By Theorems 1 and 2 we have
—DﬁlJn(dn)Dﬁl = —DﬁlJn(ao)Dﬁl +op(1) —a Q.

Partitioning the hessian matrix conformably with (22) and using (39), we have

1 Jin Jie 1 1 Sy K(zyad)a? Sy K(v109) 2y, 1
D 1 D =D t=1 1)1t t=1 1 2t D +o0 1).
" <J21 J22> " o\ Yk K(rua)zaxn Yy K(zya)zyay, |77 07 )

(52)
Then

o -1
|:Jn(0[n):| ! _ | L (I e
Vn v\ Ja Ja
_ T Iy
B ﬁ( —Ja5" a1 1y T ‘
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Next observe that

nV2 0, = (n‘l/Q Z K(z1.09)23, + op (1)) - (n_l Z K (21:09) 2140, + 0, (1))

t=1 t=1

n _1 n
. (n—3/2 > K(zy0f)zyxh;, + op (1)> (n_l 2 Klauo)eaau + oy (1)>

t=1 t=1

_1
—q q11 — q12Q% @21 = q11.2,

\/ﬁjig(]mjil B % (ﬁjﬂ12> <n71<]12) <n73/2<]22>_1 = Op(n*1/2)7
and
Vidy' = v ("fg/QJQQ)_l =Op(n ).

0372

[Jn\(/éﬁén)]_l —y ( 8111.2 8 ) ,

It follows that

and thus

Consequently,

N —1
~VAda(B) "t = —HD,'/n D Jn(6n)Dyt| Dyt H

—q higsh) = Bo (5650)_1 Bodit'ss

giving the stated result for —/nJy,(3,) 1. The result for —/nJ,,(3,) ! follows from (52)
using the same argument. |

Proof of Corollary 2 The stated result follows immediately, since
(Bn — Bo) = 11 (aln - a?) + Jo (dgn - ag) ;

and
(B = o) = /i (G1n — af) + Op(n=11?),
for large n. |

Proof of Corollary 3 Use the following mean value expansions for F' = F(2/f,) and

’AYw = f(xlén)én
F =F(2}80) + f (2}By) 2,(Bn — Bo), (53)
32 =12 Bo) + T (2/ Bn) (B — Bo),
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where
T (2/B) = [ (@ Ba) I+ f' («/ Ba) B’
Then
Vi (F—F@B)) = f('Ba)a (B = Bo)n'* ~a [ (2/Bo) @' MN (0, Payarty)  (54)
=4 MN (0, f (a/fh)° 2/ Payqrtly ),
and
Vi (e =@ Bo)) = T (2'Bn) (Bn = Bo)n!/* ~a T ('60) MN (0, Pyyaiy's)
=4 MN (0,1 (2/50) P T (/) a1 -
A simple calculation reveals that
T (2/fio) Pa,T (/)" = (f («/Bo) + ' («/50) @' 0)” P,

and the stated results follow. |

Proof of Theorem 4 Since y; = F(x}3) + u; and u; is a martingale difference, we have

rn=n"tY ye=n""Y F(aifo) + op(1),

t=1 t=1

The function F(z) is a cumulative distribution function and is asymptotically homogeneous
of degree zero as z — oo in the sense that

F(A\z) =1{z > 0} + R(z,\),

and R(z,\) is dominated by a locally integrable function that vanishes at infinity. It there-
fore follows from Park and Phillips (1999, Theorem 5.3) that

niln x, — - S s)ds = - s)as
> Faith) —a [ s> 0L (@o)ds = [ Li1.)ds

as required.

The proof for the predicted proportion ry(X) = n 1y, y¢(X) follows in the same
manner. In the estimated case, 7,(X) = n~! 3% | F}(X), with F;(X) = F(X}3,). By the
mean value expansion in (54) and using Lemma 2 (a) and (b) we find that

Pa(X) = 1a(X) +07 S f (2 0) ' (Gn — Bo)
t=1
= m(X)+ Op(n71/4)a

and thus 7,(X) has the same limit as r,(X). [
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8. Notation

—as. almost sure convergence

—p convergence in probability
—d weak convergence

op(1) tends to zero in probability
0a.5.(1) tends to zero almost surely
=4 distributional equivalence
~d asymptotically distributed as
= equivalence

W,V1,Vo  standard Brownian motions
MN (0,V) mixed normal distribution with variance V'
Il Euclidean norm in R”

Fr Class of regular functions
F Class of bounded integrable functions
Fo Class of bounded functions vanishing at infinity

9. References

Akonom, J. (1993). “Comportement asymptotique du temps d’occupation du processus
des sommes partielles”. Annales de I'Institut Henri Poincaré 29, 57-81.

Amemiya, T. (1985). Advanced Econometrics. Harvard University Press: Cambridge.
Billingsley, P. (1968). Convergence of Probability Measures. Wiley: New York.

Dhrymes, P. (1986). “Limited dependent variables”. Ch. 27 in Z. Griliches and M. D.
Intriligator (Eds.) Handbook of Econometrics, Vol. I1I1. North Holland: Amsterdam.

Greene, W. (1993). Econometric Analysis. MacMillan: New York.

Hall, P. and C. C. Heyde (1980). Martingale Limit Theory and its Application. Academic
Press: New York.

Park, J. Y. and P.C.B. Phillips (1989). “Statistical inference in regressions with integrated
processes: Part 2”. Econometric Theory 5, 95-132.

Park, J.Y. and P.C.B. Phillips (1998). “Nonlinear regression with integrated processes”.
Cowles Foundation Discussion Paper, No. 1182.

Park, J.Y. and P.C.B. Phillips (1999). “Asymptotics for nonlinear transformations of
integrated time series.” Econometric Theory (forthcoming).

Phillips, P. C. B. (1998). “Econometric analysis of the Fisher equation”. Cowles Founda-
tion Discussion Paper, No. 1180.



33

Phillips, P. C. B. and J. Y. Park (1998). “Nonstationary density estimation and kernel
autoregression”. Yale University, Cowles Foundation Discussion Paper No 1181.

Phillips, P.C.B. and V. Solo (1992). “Asymptotics for linear processes”. Annals of Statis-
tics 20, 971-1001.

Pollard, D. (1984). Convergence of Stochastic Processes. Springer-Verlag: New York.

Pratt, JJW. (1981). “Concavity of the log likelihood”. Journal of the American Statistical
Association 76, 103-106.

Revuz, D. and M. Yor (1994). Continuous Martingale and Brownian Motion, 2nd ed.
Springer-Verlag: New York.

White, H. (1994). Estimation, Inference and Specification Analysis. Cambridge University
Press: Cambridge.

Wooldridge, J. M. (1994). “Estimation and Inference for Dependent Processes.” In R. F.
Engle and D. L. McFadden (Eds.) Handbook of Econometrics. Vol. IV. North Holland:
Amsterdam.



