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by Lemma 2.2 in Phillips and Park (1989). Also, it is easily verified that
E(WQ)B(1) @ W(1)B(1)') = vec I, (vec I,)". (8.23)

Using (8.22) and (8.23) in (8.21), we obtain

E [} [S W)W (s) @ W(r)W(s) drds
= %(ImQ + Kp) + ;ILVeC I (vec Iy,),

as required. W

1. Derivation of the Variance Matrix (4.36)

Recall that My, (r) = Cy, (1)W;(r) and My, (r) = Cy, (1)Wi(r), where W;(r) is a
standard vector Brownian motion which is independent of F.,. Hence,
vec( [ My, M, —[3[M M)
= vec((Cy, (1) = BCq, (1)) [ Wi(r)Wi(r) G, (1))

Then,

E vec([ My, M, — 3 [ My, M, )vec ([ M,, M, —BIM%M ) (8.24)
:E{ (Ca; (1) @ (G, (1) — /60%(1)) (vec [ Wi(r)Wi(r)') ]
x (vee [ Wi(r)Wi(r)') (Ce, (1) ® (Cy, (1) — ﬁc’mz( )
:E{(Cmm@(%( ) = BCw () E{[ [ Wi(r)Wi(s)" @ Wi(r)Wi(s )’}]
x(Cr; (1) @ (Cy, (1) = BCM( )))-

where the last equality holds because W;(r) is independent of F,. Using Lemma 14
and rearranging terms, we find that (8.24) equals

= B e ® (Ui — 8%y, — a8+ B%.0,8))
E((szyz - szwz/ﬁl) ® ( Yilq Bszxz) mymz)
E

(vec(Qy,a; — BQu,a;) (Vec(Qy; — Buia,))")
= 0O, say.

)

+1
+1

Lemma 1(d) ensures that © is finite. W
The next lemma gives the joint limit theory needed for Theorem 4.
Lemma 15 Suppose that Assumptions 1-3 hold.

(a) As (n,T — 00),

||
D=
@)

1}: 2: / Pl
T2 Zzt zt_>§
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(b) If (n,T — o0) and n/T — 0, then

T

ﬁ Z % Z(Y;,th(7t - BXi,tXZ(7t) = N(0,0).

2. Proof of Lemma 15
(a) From the BN decomposition of U;; in (2.4) we have
'Lta—s CZ( ) 2t+U20 Ui,t+Zi,0>

where P;; = 22:1 Vi s, which leads to

n T

1 1 /oas. 1

EE ﬁg Zi,tZi7t:ﬁ§ (Qir + Ri),
=1 t=1 i—1

where

T

Qz‘,T = %Zcz( ) thtC ( )

=1
Rir = RliT+R{iT+R2i,T7

Riir = ZC P,y(Uio — Uis + Zip)', and
T

Roir = 72 Z Uit + Zi0)(Uio — Uir + Zig)'.
=1

We show that as (n,T — o0), 237 Qi1 —p 3Q and 1377 | Ry, ¢ —, 0, for
k=1,2.

The @Q;7 are iid across i for all T. Also, as T — o0, Qir = Qi
= Ci(1) [W;W/C; (1)" and %Z?:l Qi —us. %Q, where W; is a standard Brownian
motlon That is, in sequential asymptotics as (T, n — 00)seq; %Z?:le’,T —p %Q
According to Corollary 1 (set C; = I,, so that the second condition is automatically
satisfied), if we show that ||Q; r|| is uniformly integrable in T, then it follows that

%Z 5 390 (8.25)
as (n,T — 00).
By ||AB|| < ||A||||B]| and the triangle inequality
|Qir|l < |ICG:(1 ZHPN:H? (8.26)
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Also, as T — o0
T
D I1Pull = [P,

and we have

T
E<%Z||P¢,tll2> —tr<—ZE Bie By ) = E([IWill?) = gtr(Im)-

It follows (e.g., Billingsley, 1968, theorem 5.4) that %Zle || P;.¢])? is uniformly
integrable in T. Since E||Ci(1)|[? < oo by Lemma 1, we deduce that
||C’,(1)||2% ST ||P:4])? is uniformly integrable in T. Thus, ||Q;7|| is uniformly
integrable in 7', and (8.25) follows.

Next, % >y Ry and % > 1 Ra ;1 converge in probability to zero if E|| Ry 7]l
E||Ry; || — 0 as (n,T — o0). Note that

EllRyirl| < 72 ZE ICi (D) Pil[|Uio — Ui p + Ziol|

T
it

]

L

;
\/_T
= LO(l (8.27)

IN

EHUz‘,O — Ui+ Zipl?

~

where the first inequality holds by the triangle inequality and ||AB|| < ||A||||B]],
the second inequality holds by the Cauchy—Schwarz inequality and the last line holds

because E HC (1 )f/l—tH =0 (1), E||Zio||> < My, and E||U;4||* < My Vt and for some
My, My < oo by lemma 1(c). Thus, E||Ry ;|| — 0 as n,T — oo.
Similar arguments show that E||Ry;7|| = +O0(1). So, all the desired results hold

and part (a) is proved. W

(b) Write C;(1) = (Cy, (1), Cy, (1)), and Uy, = (U .)', conformably with the
partition of Z;; into Y;; and X;;. Using the BN decomposrcion of U;z in (2.4), we
have

n T
ﬁ Z % Z g tX' BXi,th(,t)

=1 =1
= ﬁ Z (Qir + Riir+ Rosr + R3s1+ Rasr+ Rs i),
=1
where
T
Qir = 7z > {Cy,(1)PitP},Co, (1) — BCa, (1) P, Py Coy (1)},
=1
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Ryir = 72 Z{ﬁcmi(l)ﬂ‘,t(ﬁmi,o — Usyt + Xi0) + B(Us, 0 — Usyp + Xi0) P, Ca, (1)}

Rsir = % ZT:{ﬁ(Uwi,o —Upit + Xi0) (U0 — Upyt + Xi0)'}-
We show that as (n,T — o0)
I i Qir = N (0,0) (8.28)
=1
and as (n,T — oo) with n/T — 0,
NG i Rpir 5 0, (8.29)
i=1

where k=1,...,5.
Note that

i—1
Also,
T
7YY Elvec(PPly)vec(Pys P, |
t=1 s=1
T T
= > Y E[P:P/, @ P, P
t=1 s=1
_ 1 XT:ET:{ (MTS)Q (L2 + Ky, + vec I, (vec I,)") } +0(7)
" Pl G MTS)((WTS) - MTS))VQC Iy (vec Iy)' r
=EZ7r+0 (%), say, (8.30)
and
E(vec(Qir)vec(Qir)")
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t=1

% (Crn(1) @ (Cyr (1) — 5C4, (1))
— B[(Coy(1) & (Cyo(1) = BCo () (B + O (3)) (Cor (1) @ (Co (1) = BCo,(1)))]
= O, say. (8.31)

T T
_ B (Cr; (1) ® (Cy, (1) — BC, (1 714 ZZEveC (PP )vec(P s P/ )]
(

It is easy to see that ©Op — © as T' — oo. So {Q; r}: is an iid sequence with mean
zero and covariance matrix .
Next, apply Theorem 3 with C; = I,m, to establish that \/— Yo Qir =

N (0,0) as (n,T — o0). Conditions (i),(ii) and (iv) of the theorem are obviously
satisfied in view of the fact that C; = Iy,m, and O — © as T — oo. For the
uniform integrability of ||Q; ||, note by the continuous mapping theorem that as
T — o0

1Qir|* = 11Qs]* = || [{Cy, OWiW// Ca, (1) = BCa, ()WiW;iCa, (1) [
Then, ||Q;7||* is uniformly integrable in T’ because
ElQir|* = tr(E(vec(Qir)vec(Qir))) = tr(Or)
— t1(0) = tr(E(vec(Qs)vec(Q:))) = BllQilI*.

Next, to prove ﬁ Y1 Reir —p 0as (n,T — o0) with n/T — 0, we simply
show that \/nE||Rg || — 0 as n,T — oo with n/T — 0 for k =1, ...,5. Note that

T
VRE||Ryirll < Vige Y E{[Cy ()Pl |10z:0 = Usy + Xiol[}
=

— \@0(1) -0,

where the first inequality holds by the triangle inequality and ||AB|| < ||A]|||B]| and
the last line holds in view of (8.27) above. Similarly we can show that /nE||Ra; 7|,

VAE||Ryir|| = /EO(1) and AE||Rs;r|l, VAE||Rsrl| = Y2O(1). So we have
the desired limits and part (b) follows. W

3. Proof of Theorem 4
By Lemma 15(a), it is easy to see that as (n,T — 00)
n T n T -1
DEEE S R D WS RN
=1 =1 =1 =1
20,01 = 3.

Also, when (n,T — oo) with n/T" — 0, from Lemma 15(a) and (b) we have

n n -1

T T
\/7_1 <BnT - 5) = (ﬁ Z % Z(Y;J/Xz(,t - ﬁXiin{,t)) (% Z % ZXi,th{,t>
i=1 =1 =1 i=1

= N(0, 42 ® In, )02 @ In,)),
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giving the required result. W

8.4. Appendix D: Proofs for Section 5.1 — Heterogeneous Panel
Cointegration Limit Theory

Before proceeding to the proof of Lemma 6 we give the following lemma on the
existence of fourth moments of 3;.

Lemma 16 Under Assumptions 4, 5, and 7, E||3;]|® < cc.

Proof From the definition of j3;,

E|IB,|* = B|2y0, %L,
— B|Cyy(1)Ci, (1) (Ca (1) Ciy ( 1;\
< E)Cy (V||| C, (1) (Cs <1> N by 1B < AIIB]
< (Blc, )" (Echiu)'(cxi(ncm<1>'>—1H”)/ < oo,

if
E (|G, (1) (Car ()G, (1)) = B (tr ©
because E||Cy,(1)]]*® < oo by (8.5) in Lemma 11(c).

Note that g
(trQ_l )8 — <tr(adj9$ﬂi)> _ p(szwz)

-731-731) 0

det Qg z; T (det Qe )

where p(Qy,z,) = (tr(adjQy,s,;))® is an 8(my — 1)™ degree polynomial in the elements
of Qg,z,. Now

E(tr, L))" = /Q W di (t%))g £(9) (dQ) < oo,

by virtue of Assumption 7. W
1. Proof of Lemma 6

(a) E(3.22, 8%||Gis||?) < oo holds because Y00 s*E||Gy 4|2 < Y00 82 (E\\Gi,s!\4)1/2
and Y 37 5% (E[|Gisl[*) V2 < 0 by (8.32). H

(b) E||F;4]|* < M for some constant M < oo. It is enough to prove that
E||Eil? < o0,
because E||U,, ¢||> < oo is proved in Lemma 1. By the definition of E; ,

B||Ei|]? = t1[E(Ei B,))

o7



e} o !
= tr E<_ai Z é’i,s%,ts) <_ai Z éi,s%,ts)
s=0

s=0

x
= tr =B [JaiCisl* & M < oo,

s=0

[e's)
}: A S 1AV
FE 047;07;7502',8041‘
s=0

which holds by Lemma 6(a). W

(c) E||G;(1)||* < oo is true if

4
E

< 00,

o0
g aiCi,t
t=0

because E[|| 3272, C; ¢||1] < 0o holds by Lemma 1. Note that

M o 4
FE Zaiéi,t
t=0
- - 4
< Elllail[*|>_Cit| | by [IAB|I < [lAlllB]]
t=0

g\ 1/2

< (Ellasl®)?(E

o
> Ci
t=0

by the Cauchy-Schwarz inequality. By Lemma 16, BEl|a;||® < 0o. Also, note that
> im0 Cit = 22720 2ot Cis = 22721 1 Ciy. Thus,

Z éi,t Z tCiy
t=0

t=0

8

8
E =B

< 00,

by (8.4) in Lemma 11. W

(d) E||E4||* < M for some constant M < co. In view of the proof of Lemma 1(c)
and by substituting G; s for C; 5, for E||F;4||* < oo, it is enough to prove that

. 2
E<Z ||Gz,s||2> < o0,
s=0
which holds if -~
3 (BlGisl) " < o, (8.32)
s=0

because E(3232, [|Gisl[*)? < (520 8 (BIGisl )22+ (32520 s Bl Gisl[*) (see (8.9)).
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1/2

For 322 s? (E||Gis|[*) " < oo, it is enough to show that

isz <E||Oéiéi,s||4> e < 00, (8.33)

s=0

because Y 20 52 (EHCZ-,SH‘l)l/2 < 0o by (8.9). Note by the Cauchy—Schwarz inequal-

ity,
- - / > . /
Y8 (Eua,»ci,su“)l “< (EHang)IMZSQ<EHCZ',SHS)1 '

s=0 s=0

Since E||a;||® < oo by Lemma 16, for (8.33) it is enough to show S SAH BN G sl BV <
oo, which holds by the definition of C; 4 and Lemma 9(a) if

1/4

% 0o 8
282 E( Z Ca,i,t) < o0
s=0

t=s+1

for all @ = 1,...,m?. By the generalized Minkowski inequality and the definition,

E(C§7i7t) = 08 4,1, We have
- - g\ 1/4
>efe( 3
s=0 t=s+1
2 1/8 1/8
SN DS ) (3o 2 )
s=0 t=s+1 s=0 t=s+1

D R

where the second inequality holds because the series comprise nonnegative term, the
third inequality holds because % Zi;ll (%) < [01 rdr = %7 and the last inequality holds
by Assumption 5(iii). Since (8.32) does not depend on index ¢, by choosing M large
enough, we obtain the required result. W

2. Proof of Lemma 7

As in the proof of Lemma 2, since {Fm}t is strictly stationary for the same reason
as that given in Remark (b) on page 5 and Fz-,t is square integrable from Lemma 6(d),
it follows that
0 as T — oo for all a, i, (8.34)

su i,
Ogrgl)\/_ @, [17]

th

where FG,L[TT] is the a'" element of FZ-,[TT]. Hence,

[Tr] [T'r]
Pm\/—ZFsz \/ITZV” L0as T — o,
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and the functional law follows directly from (5.4). W
3. Proof of Lemma 8
The proof follows the same lines as Phillips (1988). We need only allow for the

fact that {F;}, is strictly stationary and has an invariant sigma field F,. Then,

T

T
Y FuSli=7 ZE WSl + 7 ZFi,tEft,
t=

t=1

and by the pointwise ergodic theorem, we have

% Z FiiF/, "% E(FioFy | Fe,) = Y GisG, as T — oo for all i, (8.35)
s=0

where E(F;oF/o|F,;) exists because E||F;0||* < oo by Lemma 6. Then, using the
BN decomposition of F; 4, we find as in Phillips (1988) that

T
%thst L= Gi(1) [dWiWIG; +ZE ko | Fe,)
=

= Gi(1) [dW; WG (1) + Z (Z GistkGi ) . (8.36)
Combining (8.35) and (8.36), we have the desired result. W

Before we start the proof of Theorem 5, we give the following lemma.

Lemma 17 Under assumptions of Lemma 6, as (n,T — c0)

3 G0) zwtla 1y = 0,(1),

i=1 =
where P;; = Zizl Vis-
Proof of Lemma 17 Write Q;r = Gi(1)% Y/, VieP/,_1Gi(1)" and we show that
hmsup E H\/— Dy QZTH < 00. Since {Q;,r}, is iid across ¢ with E(Q;r) = 0, we

have
2

limsup £ = limsup [ E (vec(Qs,r)(vec(Qir))')]
T

n, T

= lim sup (%

23
Tl> tr{E(Gi(1)Gi(1) ® Gi(1)G4(1)")]

((Gi(1)Gi(1) ® Gi(1)G4(1))] <co. W

M

T

[O rdr) tr[

&
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Before proving Theorem 5, we derive the covariance matrix (5.10).
4. Derivation of the Covariance Matrix (5.10)

>From the definition of My, (1) = Cy, (1)W;(r), we have

E{vec((8; = B) [ Mz, (r) My, (r)) Hvec((8; — 8) [ Mz, ()M, ()} (8.37)
_ E[ {Co (1) © (8 — ) Ca (1) Hvee [Wi(r)W/(r)} ]
x{vec [Wi(s)W(s)} {Czl( ) @ (8; — B) Coy (1)}

x B{[[W(r)Wi(s) © i(T‘)V[G’(S)}{Cm(l)@(ﬁi—ﬁ) Co,(1)}']

where the last equality holds because W; is independent of F,. Using Lemma 14,
inserting (3, = Qme; =,» and rearranging terms, we have

(837) = %E {beszz (Qyszzﬂw T; Qyzmi - 69%% - Qyz‘fmﬁ/ + 69%%6/)}
1E{ TiYi 1‘11‘ /6 ) (Qymz /BQ$1$1 }szmy
+ 1E{vec( v mm }{vee( s = 0%, %)}
lE{ TiYi xzx /6 ) ( Yils /BQ$1$1 }szmy

+ lE {VeC( Yili /Bszwz } {VeC( Yili Bszxz)}
= 0,
where the second equality holds because Qy,y, = Q0 Qb Qyiz; by Assumption 6. W

5. Proof of Theorem 5

In view of (5.8) and Lemma 15(a), to prove Bn,T —p B as (n, T — 00), it is enough
to show that, as (n,T — 00),

126,TZZX”X 210,

and
n T

1 1 § : /P
ﬁ ﬁ E’i7tXi,t — 0

First, using the BN decomposition of U; ¢, write

n T n n

1 1 ) as. ] 1

> E Bigs E XipXiy = 5 E Qir+ 5 E (Riir+ Roir + R3 ),
=1 =1 i=1 i=1
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where

T

Qir = BiCoi() 7z Y Pit P Ca, (1),
t=1
T

Rl,i,T = 6 Ca:.b T1'2 ZB,t z;,0 — wl,t +X; 0)

(Uxi,o - ﬁwi,t + Xi,O)Pi:tOxi(l)lﬂ

[M]=

1
Roir = Bigs
=1

(U0 — Uit + Xi0) (U0 — Uyt + Xio)'-

[M]=

Rs;r = Bigz
t=1
We show that % S Qi —p %ny and % S Riir —p 0for k=1,2,3.
Note that
Qz’,T = Qz = 610%(1) fVViVVz'/Cmi(l)la

and 1
(Qz) = _E (6 C:p ( )C:pl (1)/) = §Qy$a
So, in sequential limits as (T',n — 00)geq. % v, Qi —p %Qyw. According to Corol-

lary 1, the uniform integrability of ||@; r|| is enough to establish joint convergence
(since the scale effect in the Corollary is simply unity here). By the triangle inequality,

T
1Qiz !l < N1Billl|Ca, (V)] P7z D [1Picl*.
t=1

Now, T2 50 ([Pl = [ [IWill[2 and T-2 30, B[Pl = [ EIWill% so that
T2 ||Py|? is uniformly integrable in T' (e. g Billingsley, 1968, Theorem 5.4).
Further, E(||5;]|||Cs, (1)]]?) < \/EHB [24/E]|Cs,; (1) [|* < oo by Lemmas 16 and 6.
Uniform integrability of ||Q2T|| in T then follows.
Next, applying arguments similar to those in the proof of Lemma 15(a) combined

with the fact that EHC W] = 0(1), Bl|Fel* < My, EI|Co, (DI, E||Bi]* <

00, and E||X;o|| < Ma, we can show that

Bl Rysll, Bl| Rosrl| = O(J7) and Bl Ryl = O(F) | (8.39)

Thus, £ 37 | Ry ir = 0p(1) as (T,n — o) for all k = 1,2,3.

To show 157 LS E;1X;; —p 0, we use the BN decomposition and write

T n n
%Z%ZE“X{J = %ZQ@',T+%Z(R12T+R22T+R32T+R4ZT)
] ] i=1
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where

T
Qi = %ZGE (DVig Py Gay (1)

T

Riir = 72 Y Ge,()ViiViGu, (1),
T ~

Roir = 72 Y Ge,(WVit(Fuyo — Pyt + Xip)
T ~ ~

Ryir = 75 Y (Feri1— Fe ) PGay (1), and

T
Rygr = 72 > (Fero1— Fet)(Furo — Fopt + Xig)-

In view of Lemma 17,

%i = ( ) (8.39)
P |?

Now, E HGml(l)\/T = O(1), E||Fy,+||* < My, and E||X;||? < Ma, so by applying
arguments similar to those in the proof of Lemma 15(a), it is also possible show that

B[Ryl = O(F) , BllRosll, EllRasrll = O(F) , and B|Rusrll = O(4).
(8.40)
Hence, £ 3" | Ry ;1 = op(1) for k =1,...,4 and part (a) of the theorem follows.
We now prove part (b). In view of the representation for the estimation error
given in (5.9), it is enough to show that as (n,T — oo) with n/T — 0,

n T
ﬁz(ﬁz _6) %ZXW‘/XZ(J = N(O>@)a

i=1 t=1

n T

1 1 ;) P
T2 ) EuXi 50,
=1 t=1

n T
iZT%ZXnX 51,

The last convergence follows directly from Lemma 15(a).
Next, from (8.39) and (8.40), we verify easily that

and

n

LY B X = O /F) = )

i=1 t=1
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when n/T — 0.
Finally, using the BN decomposition of U;; in (2.4), we can write

n n

\/15 Z Bi = B) = ZXZ X, = - > Qir+ ﬁ > (Riir + Ry + Rsix),

i=1 i=1
where
T
Qir = (8; = B)Co, (V)72 Y PiuPC, (1),
t=1
T
Rl,’i,T = (6 6 7}2 Z-Pz,t x;,0 — a:.“t + Xz O)
T ~
Roir = (B; = B) 7z O (Us0 — Uyt + Xi0) P Cley (1)
=1
T ~ ~ ~ ~
Ryir = (B; — B) 7= Z(Umi,O = Uzt + Xi0) Uy 0 = Uyt + Xip)'-
=1

Note that E(Q;r) = (% ST %) E(Qyz, — B%,z,) =0, and

Elvec(Qir)(vec(Q;, 7))’]
= E[(Cr,(1) @ (8; = B)Co; (1)) (Er + O(7)) (Cor, (1) @ (8; — B) Cury (1))]
= @Ta say,

where Z7 is defined in (8.30). Obviously, Oy — © as T — oo. Then, employing
arguments similar to those in the proof of Lemma 15(b), we can establish that

ﬁ ZQi7T = N(O, @)

i=1

In view of (8.38), when n/T — 0 we have

ﬁ Z(Rl,z’,T + Roir + Rsir) = Op(\/%) = 0p(1),
i=1
as required. The desired limit distribution now follows. W

6. Proof of Theorem 6

We show that as (n,T — oo) with n/T — 0,

o_1 z{;4 3 XX EE} e

t=1 s=1
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and

-1

o) - [ z{Tz 3 XX, }] 2o
=1

Then, by Theorem 5 and the delta method, the proof is complete. >From Lemma 15,

we know that £ 3% | {T2 ST tii’,t} —p Qg as (n,T — 00). In consequence,
QL —, Q. as (n, T — o0) since Quy > 0.
By definition

é = 1 {T4 ZZX’Lt Ei,th{7s}
i=1

t=1 s=1

ZZV@C Ei X, Vec(EZ-,SXZ(7S))’}

t=1 s=1

1
n
=1

N~

3=
Mz *

T T
{% > > veel(Buy — 5¢)X¢,tX£,t)(VeC(Ez‘,sX{,s))'}

=1 t=1 s=1

_ {L
Z)
i—1

+ 1 Z[ﬁ SN veel (B — Bi)Xi o XL Hvee(Byr — m)xi,txz,t)}']
=1

-
I

T /
vee((Bp,r — @)Xz',tXé,t)(VeC(Ei,sXé,s))'}

s=1

-
M=

N~

@

o~
Il
—

3 |

t=1 s=1
=1—1II—1I'+1II, say.
We will show that 111 —, © and I,II —, 0 as (n,T — oo) with n/T — 0. First,
split I11 as follows:

III = %Z[%ZZV(%C{(B B) Xt Xi  Hvec((8; — B) Xis X[ )}

=1

.

Z veC{(ﬁ 6 i tX t}{vec(( — B)Xi,sX£7s)}/]

+
3=
N
(]

~
Il
—

T
o~

) i th t}{vec((ﬁ 6 )X’i,SXz(,s)}I]

_|_
3=
M=
E
(]
(]

3
%

@
I

_
o~

)Xiin{,t}{vec((Bn,T - ﬁ)Xi,SXz(,s)}/]

\gE
3
MH
Mﬂ
3
@)
Q

‘1

H
i
Il
3 0
I,

7=

=IILH+ 11+ 1112 + 1113, say.
Write Ut = U%o — Umi’t + X 0. By Lem~ma 6 and the initial condition on X; g in
(2.2), we know that for some M < oo E||Uf||* < M.
Using the BN decomposition, we write

LZ tiZ'taS Qi1+ Ris1+ Rosm + Rasr,
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where

T

Qir = 72 (8= B:)Ca, (1) P P, Cu, (1)
t;l

Riir = 72 Y (8= B)Cu, (1) PiUY,
t=1

Ryir = 72 » (8- 8:)U; P/,C, (1), and

To assert I1I; —, ©, it is enough to show that 1 ™" | vec(Q;r)(vec(Qir)) —p O,
and L 3% || Reix|[* —p 0, for k=1,2,3.
Note that as T' — oo,
Qir = Qi = (8= B;)Ca, (1) [ WiW[Cy, (1),

E\’VQC(Qi,T)(VeC(Qi,T)),H = EHQ@',THQ = tr Or,
and
E|lvec(Qs)(vec(Q))'ll = E||Qi* = tr ©,

where O is defined in (8.31). Since Oy — O, [|Q; 7|* is uniformly integrable, and
by Corollary 1, we conclude that

13" vee(Qir) (vee(Qir)) > ©
=1

Next, observe that

2

A

n n T
I NRLixll? < 2 8= BilPIC (I || > Pl
=1 =1 t=1

n n T
(Z 16 = Bil [ Ca (1) ||2> 22| Z
i=1 =1 =1

We know that 352, |18 — Bi[[?||Ca, (D)]* = O p(n) because the ||5 — b, 121|Ce, (D)2
are independent across i and E(||3;]%]|Cy; (D) < /E|IBi]|*V/El|Cy,; (1)]]% < 00 by
Lemmas 16 and 1(d). Also,

T 2
1 U
Tz § :P}tUt
t=1

E
_ E(Ti SN b (UF @ Py)(UF @ H,sY)

t=1 s=1

2

IN
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1
= T2

E[tr(U; U )t (P P/,)] by tr(A® B) = tr(A)tr(B)

[M]=
M=

N~

_.
w
I
—_

1
= 71

N

]~
]~

Eltr(U;Uz)]2 Eltr(P; P/)]* by the Cauchy-Schwarz inequality

o+
I

_.
w
I
—_

w2 55 EG y V BIGE I BB )

<=
t=1 s=1
T T
< 33" Jl(veck) B(PPL, @ PPl (vecl)
t=1 s=1
= O(%) ) (8.41)

where the first inequality holds by Lemma 9 and the Cauchy-Schwarz inequality and
the second inequality holds for some constant M > 0 by Lemma 6 and the last line
holds because

T T
1
73 2 2| (vecl E(P,s P, ® PyuPly) (vecl,)]'?

T T
= % Z Z { (vecly, %)2 (L2 + Ky + vecly, (vec I,)") (vecly,)’
t=1 s=1

+ (vecly)' (%((ths)_(st))fmz (vecl,)' Y+ O(2) = 1) .

77 Zt 1Cn, (1P U = Op(%) . Combining these result to-

n

This yields 2 > | ‘

gether, we have

(Znﬁ—wn% ||2>%Z
=1

i=1

T
1§
T2

t=1

Oul7)

so that 5% | |Ry;7|[> —p 0 as (n,T — o0) with n/T — 0. In a similar fashion
it can be shown that £ S | ||Ro,7||?, 257 | [|Rs7|[* —p 0 as (n,T — o0) with
n/T — 0, which completes the proof of

1L % e

as (n,T — oo) with n/T — 0. A

Next, I11, I1I3 — 0 as (n,T — oo) with n/T — 0, because 3, 7 — 8 = 0p(1)
and 5 37, [% Zthl ZZ=1 vec{(8 — B;) X tX’t}{VeC(Xi,sXZ{,s)}'} ,
N [% Zthl Zzzl Vec{XZtX’t}{vec(Xi7sX;7s)}} = Op(1) for the same reason
that IT1, = O,(1).
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The proof of I —, 0 is similar. First, from the triangle inequality and the BN
decomposition, we have

Il < 5 Z

!
2 § E; X,
=1 =

V3
a Z (1Qi. |1 + [|Ruizll* + [| Reirl* + || RairlP)  as.,

2

IN

where

Ge, (1) V07"

M=

Qi = 72 ZGei(l)%tﬂfthi(l)'7 Riir =72

H
-
I
—

*/
t

'1jz

T T
Ry;r = %ZFFP&C@( ), Rsir = %Z

Ut* = U.Z’»;,O - Ua:i,t + X’i,07 and -F;f* = Fei,tfl - Fei,t'

Using arguments similar to those used in (8.41) above, we can show that E||Q; r||* =
O(1/T2), El| Ryl = O(1/T%), El|Ryr|l? = O(L/T), and E||Ry ]2 = O(L/T?).
Thus, I —, 0 as (n,T — oo) with n/T" — 0.

Finally, I1 —, 0 as (n,T — oo) with n/T" — 0 because

n T
1 / 1 !
L E E XitXidll || 72 § Ei i Xiy
i—1 t—1

2

[11]]

IA

n
>
n

T
%Z 2tX

t=1

T 2
1 /
T2 E :Eiﬂin,t
t=1

SNED
i=1
= OP(1)7
where the last equality holds because I = o0,(1) and I = O,(1). B

7. Proof of Theorem 7

Under the null hypothesis, using the cross section independence and applying
theorem 5, we have

Vio(Ba = By) = vVia(mo/na) (B = Ba) = /e (By — By)
= N(0,kV, + V),
when (T, nq, 7y — 00) and ng /T, ny/T — 0, and where V,, = 4(Q, 1, ®Im, )0, (2, 1,®
Ip,,) for = a,b.
As in the proof of Theorem 6, we can show that as (T, ng,npy — o0) with n,/T,
ny/T — 0, we have

T T
6= L {— SV XX o EE} Lo,
icly,

t=1 s=1
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and
-1

L, = —z{pzxmx;t} oo

i€l

Consequently, YA/# —p Vy,, and V;l,b = (np/ na)?a + 17}7 —p kVy + V. It follows that

Wa b — nb{VGC(ﬁ Bb) bVGC(ﬁ Bb)} = memz
giving the required result.
8.5. Appendix E: Proofs for Section 5.2 — Homogeneous Panel
Cointegration Limit Theory

Before we start the proof of Theorem 9, we give the following useful lemma.

Lemma 18 Let F;; = (Ezt, U’ ) =50 GsVit—s be the panel process defined in

Model (5.13). Also, let S;; = thl i1 + Sio, where Sig are iid with E || Siol*
00, Up = GG, Ap = Y 0002 GeikGl, and G (1) = Y22 Gs. Then,
under the summability condition Assumption 9 and positive definiteness condition
Assumption 10, as (n,T — o) with n/T — 0,

n T
7 Z(% > FiuSii— AF) = N (0,10r ® Qp) .
=1 t=1

Proof of Lemma 18 Using the BN decomposition as in the proof of Lemma 8, we

have
T
( Z FZ tSZ t )
t

1

|—

S
NE

N~

.
Il
—

G)(VieP, — Im)G(l)’>

-1 0o
:lr ( th/tH ZG Gs+1>> + 4 ZGSGs/Jrl

-
Il
—

I
S
Mz

="
[M]=

il
ﬂ)—‘

+
B
M-

@
Il
_
-
I
_

|
S
Sl
[M]=

~
I
—
o~
I

(G()ViuFy — G(l)@6)>

1

+
S
-
[M]=

o~
Il
—

GV (Eyo+ S@O)/) _ ﬁ S AErSl + ﬁ D FFioS) as.
i=1 i=1

1

1

1

N

n
1=

(Quir+Riir+ Roir+ R3ir+ Rasr+ Rsimr) + 0(%) a.s., say.
1
We show that ﬁZ?zl inT = N(O,%QF ® QF), and ﬁZ?zl Rk,i,T —p 0, k =
1,...,5, as (n,T — o0) with n/T — 0.
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Note that

3

Qir

1

S

.
Il

|
S
-

TN -
Nl

T
%ZG(l)%,tﬂft_lG(l)'>

1

>

=1

o
I

_|_
S

2
> G)(VieVih - Im)G(l)’> (8.42)

t=

—_

1

=

M=

(Qu,i7 + Q24,1), say.

=1

Since E( ST G (VigVy, - Im)G(l)’) = 0, we have

2

E ﬁ z_: QQ,Z‘,T

T 2
=F %ZG ,ﬂ/;’t I,)G(1)
t=1
T T
< IG(1) !4tr[%ZZE{ ViaVils ® Vii Vi) — vee(Im) (vec(Im))'} | = O(7) -
t=1 s=1

Thus, the second term in (8.42) converges in probability to zero. Next, observe that

Elvec(Q1,i1) (VeC(Ql,i,T))/]
N T
T2

(G(1) @ G E(Pit-1 Py © ViVl )(G(1) @ G(1))

s=2

() (GHGQ) ® G)G(1)) = EF (say)

L=

|
3l
[M]=

=2
- 3(GMGA) ® GL)G()) = 5 (U ®Qp) =E7, say.
Also, note that 3 (Qp ® Q) > 0. These verify conditions (i), (ii), and (iv) of Theorem

3. Condition (iii) of Theorem 3 holds because
1Qirl* = [1Q:l* = |G (1) [ dW;W;G(1)'|”

and

i = t(S)) — tr(E) = Bl|Qil]”

so that the ||Q;r||* are uniformly integrable in 7. By Theorem 3, ﬁ S iQuir =
N(0, %QF ®Qp).
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2
Next, we show that ﬁ Y iy Rii1m —p 0 by proving E Hﬁ >y Rl,i,TH — 0 as
(n,T — o00). Note that

n
1 .
7 E Ri;r
i=1

= tr[E(vec(Ry;i1)(vec(Ry;1))")] since E(Ry ;1) =0

] /
T-17-1 |vec| Y éjv;,tfj‘/i,/prlfkc]g vec| > Zépwvsfpv;,/sﬂqué
= tr|-y FE J=0k=0 p=0a=0
T2 o x L '
t=1 s=1 — VeC<Z GSG;J,-l) (VeC(Z GSGIS+1>>
L s=0 s=0
XY Y (Gred))
T_9 — J=0k=0p=0q=0 ~
=tr|F > %) X E(Vitr1-kViipny1-q © Vii—iVitin—p) (G @ Gp)'
h=—T+2 = A = A
* - vec(z G,G! +1> <vec(2 GSG;+1>)
L s=0 s=0
If we show

)IDIDID N (E/L=Teh)
00 7=0 k=0 p=0¢=0 5
trz X E(Vi,t+1—kvz‘,/t+h+1fq ® Vivt*jvi,lwhfp)(Gq ® Gp), < 09,

_ oo oo /
h=0 — vec< > GSG;_H) <V6C< > GSGSI,+1>>
s=0 5=0

2
then, by Cesaro summability, it follows that F Hﬁ e Rl’i’TH = O(%) . Observe
that
DI IS (EN=Yeh)
00 j=0k=0p=0¢=0 R
tr Z X E(V;,tJrlka;,lt-s—h-s—l—q ® ‘/;:7t—j‘/;,/t+h—p)(Gq ® Gp)’

_ o S /
=0 - Vec< > GSG;H> <Vec( 3 GSGS’H) )
5=0 s=0

> (Z > tr(GiGyp © G4G) +h)> +) (Z Y w(GeGhyp ® GGy +1)Km)
—0\j h

h

0\ j=0 k=0 —0 \ j=0 k=(0v(1—h))
+ (' =3)) Y tr <(Gj+1 ® éj)(Z ere @ 66,6) (Giih ® éyl'm))
h=0 j=0 =1

= I+II+III, say.
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Since tr(A ® B) = tr(A)tr(B) and tr(A) < (rows((A))Y/?||A|| from (8.2) in Lemma
9, we have

IN
=
gk

IN
3
N
gk

> HGkH> (Z HGkH < 00 by Assumption 9.
=0

By Lemma 10,
1T < ZZIIGkIIHGk IG; ||||Gg+1||+z Z|IGkIII\ék+h—1||||@j|||\Gj+h+1||
k=1 5=0 k=0 =0
o0 4 o0 oo o0 oo
< | D_liGll +<ZZHGkHHék+hH> > GGG
§=0 h=0 k=0 =0 5=0
< | DG +{ Do dlGll ZG) < 0o
j=0 j=0

Similarly, we can show that for some M > 0
4

o0
11 < MY |G|l < oo.
§=0

Also, we can show by modifying the arguments used above that

n 2 2
ﬁ Z Ra ;7 Z R3; T O(7),
i=1

3w =0 (V). 263 ] <o)

so all the desired results are proved and the lemma follows. |

Y

and

1. Proof of Theorem 9

To establish joint limit normality of the PFM estimator 3 prars 1t 18 enough to
show that, as (n,T — oo) with n/T — 0,

i(% > (Bfx, - )) = N (0,2 (o ® Q)

i=1 t=1

Sl
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and

-1
[% Z{ L ZXZ txgyt}] 200z

=1

The latter result follows directly from the proof of Theorem 6, so we concentrate on
the former.

Let A, = — Ay and E — Qe AXG . Then,

T A~
( S(EEX, - AL))

t=1

<;

T

t
T

(Q Q:p:p Qermm \/_Z< Z AX’i,th{7t_Aww)>
=1 t=1

- \/E(Ae:p - Aem) + Qer;g;l n(A:prp - A:mv)
First, (Qemflajﬂ}—ﬂemﬂw_wl)ﬁ oy (% Z?:1(AXi,tX£¢ — Am)) = 0p(1) because Qee2 1 —
Q) = 0p(1) and L= 30 (% ST (AX X, —Am)> = 0,(1) by Lemma 18
and E||X;p|[* < M for some constant M. Next, according to Theorems 9 and 10

in Hannan (1970, pp. 280-283) (or Proposition 1 in Andrews, 1991), we know that
EHQFﬂ — EQRZHQ = % ( ) and HEQF’L — QFH2 KQqO( ) Thus,

S

MH

%IH

-, -,
||M: ||M:
— —

(B XG0 — AL))
1

2

E|Vn(Qp —Qp)|* = E ﬁ Z(QF,i — EQu; + EQpy — Qp)

i=1
= E'||QF72 — EQF,Z'HQ + 7”L||EQF72 — QFH2
= (5 + &7)00).

Since the bandwidth parameter K — oo with K/T — 0 and K24/T — ¢ > 0 for some
q > 3 by Assumption 11, it follows that E||\/n(Qp —Qp)|[* — 0 as (n, T — oo) with
n/T — 0. The same argument can be applied to Ap.In consequence, we have

\/’r_l(]\e:p - Aem)a QemQ;gpl n([\:prp - A:B:E) = Op(l)'

The remainder of the proof involves showing that

n T
% Z(% Z (E;rtX':,t - A:?n)) =N <0> %(Qwaz ® Qe.w)) ;
i=1 t=1

and this is entirely analogous to the proof of Lemma 18. The main contribution of
ﬁ Z:.L:l< S (BR XL, Ajm)) from the BN decomposition is

T

IZ< 37 (Ge(1) = et Ca(1)) Vit Py Ca(1 ) ZQm

t=1

73



and it is easy to see that

Elvec(Qi 1) (vec(Qir) + Z %) 2z @ Qez)

t=1

- %( vz @ Qex) = Elvec(Q;)(vec(Qs)'],

where Q; = (Ge(1) — Qe C(1)) [ dW;W/Cy(1)". Thus, by Theorem 3, we have

the

desired result. All the remainder terms in the BN decomposition of

ﬁ Z?ﬂ(% ST (E;Xz’t - A;’;)) converge in probability to zero by Lemma 18 and
the moment bound E||X;|[* < M, for some constant M. W

References

[1] Andrews, D. W. K. (1991): Heteroskedasticity and Autocorrelation Consistent
Covariance Matrix Estimation, Econometrica, 59, 817-858.

[2] Apostol, T. (1974): Mathematical Analysis, Reading: Addison-Wesley.

[3] Baltagi, B. (1995): Econometric Analysis of Panel Data, New York: Wiley.

[4] Billingsley, P. (1968): Convergence of Probability Measures, New York: Wiley.

[5] Billingsley, P. (1986): Probability and Measure, New York: Wiley.

[6] Canjels, E. and M. Watson (1997): Estimating Deterministic Trends in the
Presence of Serially Correlated Errors, Review of Economics and Statistics, 79,
184-200.

[7] Chamberlain, G. (1984): Panel Data, in Z. Griliches and M. Intriligator (eds.),
Handbook of Econometrics, Vol. 2, Amsterdam: North—Holland.

[8] Dudley, R. (1989): Real Analysis and Probability, Wadsworth & Brooks/Cole
Mathematics Series.

[9] Eicker, F. (1963): Central Limit Theorems for Families of Sequences of Random
Variables, Annals of Mathematical Statistics, 34, 439-446.

[10] Granger, C. W. J. and P. Newbold (1974): Spurious Regressions in Econometrics,
Journal of Econometrics, 2, 111-120.

[11] Hsiao, C. (1986): Analysis of Panel Data, Cambridge: Cambridge University
Press.

[12] Hall, P. and C Heyde (1980): Martingale Limit Theory and its Applications,
New York: Academic Press.

[13] Hannan, E. (1970): Multiple Time Series, New York: Wiley.

74



[14] Im, K., H. Pesaran, and Y. Shin (1996): Testing for Unit Roots in Heterogeneous
Panels, mimeo.

[15] Levin, A. and C. Lin (1993): Unit Root Tests in Panel Data: New Results, UC
San Diego Working Paper.

[16] Magnus J. and H. Neudecker (1988). Matriz Differential Calculus. New York:
Wiley.

[17] Matyas, L. and P. Sevestre (eds.) (1992): The Econometrics of Panel Data,
Boston, MA: Kluwer Academic Publishers.

(18] Muirhead, R. (1982): Aspects of Multivariate Statistical Theory, New York: Wi-
ley.

[19] Park, J. and P. C. B. Phillips (1988): Statistical Inference in Regressions with
Integrated Processes: Part I, Econometric Theory, 4, 468—-497.

[20] Park, J. and P. C. B. Phillips (1989): Statistical Inference in Regressions with
Integrated Processes: Part II, Fconometric Theory, 5, 95-131.

[21] Pedroni, P. (1995): Panel Cointegration; Asymptotic and Finite Sample Prop-
erties of Pooled Time Series Tests with an Application to the PPP Hypothesis,
Indiana University Working Papers in Economics No. 95-013.

[22] Pesaran, H. and R. Smith (1995): Estimating Long-Run Relationships from
Dynamic Heterogeneous Panels, Journal of Econometrics, 68, 79-113.

(23] Phillips, P. C. B. (1986): Understanding Spurious Regressions in Econometrics,
Journal of Econometrics, 33, 311-340.

[24] Phillips, P. C. B. (1988): Weak Convergence of Sample Covariance Matrices
to Stochastic Integrals via Martingale Approximations, Econometric Theory, 4,
528-533.

[25] Phillips, P. C. B. (1989): Partially Identified Econometric Models, Econometric
Theory, 5, 181-240.

[26] Phillips, P. C. B. (1995): Fully Modified Least Squares and Vector Autoregres-
sion, Fconometrica, 63, 1023—-1078.

[27] Phillips, P. C. B. and S. Durlauf (1986): Multiple Time Series Regression with
Integrated Processes, Review of Economic Studies, 53, 473—495.

(28] Phillips, P. C. B. and B. Hansen (1990): Statistical Inference in Instrumental
Variables Regression with I(1) Processes, Review of Economic Studies, 57, 99—
125.

75



[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

Phillips, P. C. B. and C. Lee (1996): Efficiency Gains from Quasi-Differencing
under Nonstationarity, in P. M. Robinson and M. Rosenblatt (eds.), Athens Con-
ference on Applied Probability and Time Series: volume II Time Series Analysis
in memory of E. J. Hannan. New York: Springer—Verlag.

Phillips, P. C. B. and H. Moon (1997): Linear Regression Limit Theory for Non-
stationary Panel Data. University of Auckland Discussion Paper in Economics.

Phillips, P. C. B. and J. Park (1989): On Formulation of Wald Tests of Nonlinear
Restrictions, Econometrica, 56, 1065—-1083.

Phillips, P. C. B. and V. Solo (1992): Asymptotics for Linear Processes, Annals
of Statistics, 20, 971-1001.

Pollard, D. (1984): Convergence of Stochastic Processes, New York: Springer
Verlag.

Quah, D. (1994): Exploiting Cross-Section Variations for Unit Root Inference
in Dynamic Data, Fconomic Letters, 44, 9-19.

Robertson, D. and J. Symons (1992): Some Strange Properties of Panel Data
Estimators, Journal of Applied Econometrics, 7, 175-189.

Shorack, G. and J. Wellner (1986): Empirical Processes with Applications to
Statistics, New York: Wiley.

Uhlig, H. (1994): On Jeffreys’ Prior When Using the Exact Likelihood Function,
Econometric Theory, 10, 633-644.

76



