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Devwudfw

Wklv sdshu vwxglhv wkh h{whqw wr zklfk txdolwdwlyh ihdwxuhv ri Zdoudvldq
htxloleuld duh uhixwdeoh jlyhq d �qlwh gdwd vhw1 Lq sduwlfxodu/ zh frqvlghu wkh
k|srwkhvlv wkdw wkh revhuyhg gdwd duh Zdoudvldq htxloleuld lq zklfk hdfk sulfh
yhfwru lv orfdoo| vwdeoh xqghu wåwrqqhphqw1 Rxu pdlq uhvxow vkrzv wkdw d �qlwh
vhw ri revhuydwlrqv ri sulfhv/ lqglylgxdo lqfrphv dqg djjuhjdwh frqvxpswlrq
yhfwruv lv udwlrqdol}deoh lq dq hfrqrp| zlwk vprrwk fkdudfwhulvwlfv li dqg rqo|
li lw lv udwlrqdol}deoh lq dq hfrqrp| lq zklfk hdfk revhuyhg sulfh yhfwru lv orfdoo|
xqltxh dqg vwdeoh xqghu wåwrqqhphqw1 Pruhryhu/ wkh htxloleulxp fruuhvsrq0
ghqfh lv orfdoo| prqrwrqh lq d qhljkerukrrg ri hdfk revhuyhg htxloleulxp lq
wkhvh hfrqrplhv1 Wkxv wkh k|srwkhvhv wkdw htxloleuld duh orfdoo| vwdeoh xqghu
wåwrqqhphqw/ htxloleulxp sulfhv duh orfdoo| xqltxh dqg htxloleulxp frpsdudwlyh
vwdwlfv duh orfdoo| prqrwrqh duh qrw uhixwdeoh zlwk d �qlwh gdwd vhw1

�Zh duh sohdvhg wr dfnqrzohgjh wkh lqvljkwixo frpphqwv ri Mrkq Txdk dqg d uhihuhh rq wkh
suhylrxv yhuvlrq1 Vkdqqrq*v zrun zdv vxssruwhg lq sduw e| QVI judqw VEU0<6543551 Wklv zrun
zdv ehjxq zkloh Vkdqqrq zdv rq ohdyh dw \doh Xqlyhuvlw|> wkh zdup krvslwdolw| ri wkh hfrqrplfv
ghsduwphqw dqg wkh Frzohv Irxqgdwlrq lv juhdwo| dssuhfldwhg1



4 Lqwurgxfwlrq
Wkh pdmru wkhruhwlfdo txhvwlrqv frqfhuqlqj frpshwlwlyh htxloleuld lq wkh fodvvlfdo
Duurz�Gheuhx prgho � h{lvwhqfh/ xqltxhqhvv/ frpsdudwlyh vwdwlfv/ dqg vwdelolw| ri
sulfh dgmxvwphqw surfhvvhv � kdyh ehhq odujho| uhvroyhg ryhu wkh odvw iruw| |hduv1
Zlwk wkh h{fhswlrq ri h{lvwhqfh/ krzhyhu/ wklv uhvroxwlrq kdv ehhq ixqgdphqwdoo|
qhjdwlyh1 Wkh frqglwlrqv xqghu zklfk htxloleuld fdq eh vkrzq wr eh xqltxh/ frp0
sdudwlyh vwdwlfv joredoo| ghwhuplqdwh ru wåwrqqhphqw sulfh dgmxvwphqw joredoo| vwdeoh
duh txlwh uhvwulfwlyh1 Pruhryhu/ wkh Vrqqhqvfkhlq�Gheuhx�Pdqwho wkhruhp vkrzv lq
vwulnlqj idvklrq wkdw qr ehkdylru lpsolhg e| lqglylgxdo xwlolw| pd{lpl}dwlrq eh|rqg
krprjhqhlw| dqg Zdoudv* Odz lv qhfhvvdulo| suhvhuyhg e| djjuhjdwlrq lq pdunhw h{0
fhvv ghpdqg1 Wklv duelwudulqhvv ri h{fhvv ghpdqg lpsolhv wkdw prqrwrqh htxloleulxp
frpsdudwlyh vwdwlfv dqg joredo vwdelolw| ri htxloleuld xqghu wåwrqqhphqw zloo rqo| uh0
vxow iurp wkh lpsrvlwlrq ri d olplwhg vhw ri frqglwlrqv rq suhihuhqfhv dqg hqgrzphqwv1
Edvhg rq wkhvh uhvxowv/ pdq| hfrqrplvwv frqfoxgh wkdw wkh jhqhudo htxloleulxp prgho
kdv qr uhixwdeoh lpsolfdwlrqv ru hpslulfdo frqwhqw1

Ri frxuvh qr vwdwhphqw frqfhuqlqj uhixwdeoh lpsolfdwlrqv lv phdqlqjixo zlwkrxw
�uvw vshfli|lqj zkdw lqirupdwlrq lv revhuydeoh dqg zkdw lv xqrevhuydeoh1 Li rqo| pdu0
nhw sulfhv duh revhuydeoh/ dqg doo rwkhu lqirupdwlrq derxw wkh hfrqrp| vxfk dv lqgl0
ylgxdo lqfrphv/ lqglylgxdo ghpdqgv/ lqglylgxdo hqgrzphqwv/ lqglylgxdo suhihuhqfhv
dqg djjuhjdwh hqgrzphqw ru djjuhjdwh frqvxpswlrq lv xqrevhuydeoh/ wkhq lqghhg wkh
jhqhudo htxloleulxp prgho kdv qr whvwdeoh uhvwulfwlrqv1 Wklv lv hvvhqwldoo| wkh frqwhqw
ri Pdv0Frohoo*v yhuvlrq ri wkh Vrqqhqvfkhlq�Gheuhx�Pdqwho wkhruhp1 Pdv0Frohoo ^9`
vkrzv wkdw jlyhq dq duelwudu| qrqhpsw| frpsdfw vxevhw � ri vwulfwo| srvlwlyh sulfhv
lq wkh vlpsoh{/ wkhuh h{lvwv dq hfrqrp| H frpsrvhg ri frqvxphuv zlwk frqwlqxrxv/
prqrwrqh/ vwulfwo| frqyh{ suhihuhqfhv vxfk wkdw wkh htxloleulxp sulfh yhfwruv iru wkh
hfrqrp| H duh jlyhq h{dfwo| e| wkh vhw �1

Lq pdq| lqvwdqfhv/ krzhyhu/ lw lv xquhdvrqdeoh wr wklqn wkdw rqo| pdunhw sulfhv duh
revhuydeoh> rwkhu lqirupdwlrq vxfk dv lqglylgxdo lqfrphv dqg djjuhjdwh frqvxpswlrq
pd| eh revhuydeoh lq dgglwlrq wr pdunhw sulfhv1 Eurzq dqg Pdw}nlq ^5` vkrz wkdw li
vxfk dgglwlrqdo lqirupdwlrq lv dydlodeoh/ wkhq wkh Zdoudvldq prgho grhv kdyh uhixwdeoh
lpsolfdwlrqv1 Wkh| ghprqvwudwh e| h{dpsoh wkdw zlwk d �qlwh qxpehu ri revhuydwlrqv
� lq idfw wzr � rq pdunhw sulfhv/ lqglylgxdo lqfrphv dqg djjuhjdwh frqvxpswlrqv/
wkh k|srwkhvlv wkdw wkhvh gdwd fruuhvsrqg wr frpshwlwlyh htxloleulxp revhuydwlrqv
fdq eh uhmhfwhg1 Wkh| dovr jlyh frqglwlrqv xqghu zklfk wklv k|srwkhvlv lv dffhswhg
dqg wkhuh h{lvwv dq hfrqrp| udwlrqdol}lqj wkh revhuyhg gdwd1

Wklv sdshu frqvlghuv wkh h{whqw wr zklfk txdolwdwlyh ihdwxuhv ri Zdoudvldq htxl0
oleuld duh uhixwdeoh jlyhq d �qlwh gdwd vhw1 Lq sduwlfxodu/ zh frqvlghu wkh k|srwkhvlv
wkdw wkh revhuyhg gdwd duh Zdoudvldq htxloleuld lq zklfk hdfk sulfh yhfwru lv orfdoo|
vwdeoh xqghu wåwrqqhphqw1 Edvhg rq wkh Vrqqhqvfkhlq�Gheuhx�Pdqwho uhvxowv dqg
wkh zhoo0nqrzq h{dpsohv ri joredo lqvwdelolw| ri wåwrqqhphqw vxfk dv Vfdui*v ^;`/ lw
pd| vhhp dw �uvw jodqfh wkdw wklv k|srwkhvlv zloo eh hdvlo| uhixwhg lq d Zdoudvldq
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vhwwlqj1 Vxusulvlqjo|/ krzhyhu/ zh vkrz wkdw lw lv qrw1 Rxu pdlq uhvxow vkrzv wkdw
d �qlwh vhw ri revhuydwlrqv ri sulfhv/ lqglylgxdo lqfrphv dqg djjuhjdwh frqvxpswlrq
yhfwruv lv udwlrqdol}deoh lq dq hfrqrp| zlwk vprrwk fkdudfwhulvwlfv li dqg rqo| li lw lv
udwlrqdol}deoh lq d glvwulexwlrq hfrqrp| lq zklfk hdfk revhuyhg sulfh lv orfdoo| vwdeoh
xqghu wåwrqqhphqw1 Pruhryhu/ wkh htxloleulxp fruuhvsrqghqfh lv orfdoo| prqrwrqh lq
d qhljkerukrrg ri hdfk revhuyhg htxloleulxp lq wkhvh hfrqrplhv/ dqg wkh htxloleulxp
sulfh yhfwru lv orfdoo| xqltxh1

Wkh frqfoxvlrq wkdw li wkh gdwd lv udwlrqdol}deoh wkhq lw lv udwlrqdol}deoh lq d glv0
wulexwlrq hfrqrp|/ l1h1/ dq hfrqrp| lq zklfk lqglylgxdo hqgrzphqwv duh froolqhdu/ lv
qrw vxewoh1 Li zh gr qrw revhuyh wkh lqglylgxdo hqgrzphqwv dqg rqo| revhuyh sulfhv
dqg lqfrph ohyhov/ wkhq rqh vhw ri lqglylgxdo hqgrzphqwv frqvlvwhqw zlwk wklv gdwd lv
froolqhdu/ zlwk vkduhv jlyhq e| wkh revhuyhg lqfrph glvwulexwlrq1 Vlqfh glvwulexwlrq
hfrqrplhv e| gh�qlwlrq kdyh d sulfh0lqghshqghqw lqfrph glvwulexwlrq/ wklv revhu0
ydwlrq pd| vxjjhvw wkdw rxu uhvxowv derxw vwdelolw| dqg frpsdudwlyh vwdwlfv ghulyh
vlpso| iurp wklv idfw1 Nlupdq dqg Nrfk ^7` vkrz wkdw wklv lqwxlwlrq lv idovh/ krzhyhu1
Wkh| vkrz wkdw wkh dgglwlrqdo dvvxpswlrq ri d �{hg lqfrph glvwulexwlrq sodfhv qr
uhvwulfwlrqv rq h{fhvv ghpdqg= jlyhq dq| frpsdfw vhw g � U

�
nn dqg dq| vprrwk

ixqfwlrq } G U�
nn $ U zklfk lv krprjhqhrxv ri ghjuhh 3 dqg vdwlv�hv Zdoudv* Odz/

dqg jlyhq dq| �{hg lqfrph glvwulexwlrq k 5 U
?
nn/

S?

�'� k� ' �/ wkhuh h{lvwv dq hfrq0
rp| H zlwk vprrwk/ prqrwrqh/ vwulfwo| frqyh{ suhihuhqfhv dqg lqlwldo hqgrzphqwv
/| ' k|/ vxfk wkdw h{fhvv ghpdqg iru H frlqflghv zlwk } rq g1 Khqfh dq| g|qdplf
rq wkh sulfh vlpsoh{ fdq eh uhsolfdwhg e| vrph glvwulexwlrq hfrqrp|1

Wklv sdshu vkrzv wkdw udwlrqdol}deoh gdwd lv dozd|v udwlrqdol}deoh lq dq hfrqrp|
lq zklfk pdunhw h{fhvv ghpdqg kdv d yhu| sduwlfxodu vwuxfwxuh1 Xvlqj uhfhqw uhvxowv
ri Txdk ^:`/ zh vkrz wkdw li wkh gdwd lv udwlrqdol}deoh wkhq lw lv udwlrqdol}deoh lq
dq hfrqrp| lq zklfk hdfk lqglylgxdo ghpdqg ixqfwlrq lv orfdoo| prqrwrqh dw hdfk
revhuydwlrq1 Wkh vwurqj surshuwlhv ri orfdo prqrwrqlflw|/ lq sduwlfxodu wkh idfw wkdw
orfdo prqrwrqlflw| ri lqglylgxdo ghpdqg lv suhvhuyhg e| djjuhjdwlrq lq pdunhw h{fhvv
ghpdqg dqg wkh idfw wkdw orfdo prqrwrqlflw| lpsolhv orfdo vwdelolw| lq glvwulexwlrq
hfrqrplhv/ doorz xv wr frqfoxgh wkdw li wkh gdwd lv udwlrqdol}deoh lq d Zdoudvldq vhw0
wlqj/ wkhq lw lv udwlrqdol}deoh lq dq hfrqrp| lq zklfk hdfk revhuydwlrq lv orfdoo| vwdeoh
xqghu wåwrqqhphqw1 Wkxv joredo lqvwdelolw|/ zkloh fohduo| d wkhruhwlfdo srvvlelolw| lq
Zdoudvldq pdunhwv/ fdqqrw eh ghwhfwhg lq d �qlwh gdwd vhw frqvlvwlqj ri revhuydwlrqv
rq sulfhv/ lqfrphv/ dqg djjuhjdwh frqvxpswlrq1

Wkh sdshu surfhhgv dv iroorzv1 Lq Vhfwlrq 5 zh glvfxvv frqglwlrqv iru udwlrqdol}lqj
lqglylgxdo ghpdqg lq hfrqrplhv zlwk vprrwk fkdudfwhulvwlfv1 E| ghyhorslqj d vhw ri
�gxdo� Diuldw lqhtxdolwlhv/ zh vkrz wkdw li wkh revhuyhg gdwd fdq eh udwlrqdol}hg e|
dq lqglylgxdo frqvxphu zlwk vprrwk fkdudfwhulvwlfv wkhq lw fdq eh udwlrqdol}hg e|
d vprrwk xwlolw| ixqfwlrq zklfk jhqhudwhv d orfdoo| prqrwrqh ghpdqg ixqfwlrq1 Lq
Vhfwlrq 6 zh glvfxvv wkh lpsolfdwlrqv ri orfdoo| prqrwrqh ghpdqg dqg xvh wkhvh uhvxowv
wrjhwkhu zlwk wkh uhvxowv iurp Vhfwlrq 5 wr vkrz wkdw orfdo xqltxhqhvv/ orfdo vwdelolw|/
dqg orfdo prqrwrqh frpsdudwlyh vwdwlfv duh qrw uhixwdeoh lq Zdoudvldq pdunhwv1
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5 Udwlrqdol}lqj Lqglylgxdo Ghpdqg
Jlyhq d �qlwh qxpehu ri revhuydwlrqv ERoc %o�c o ' �c � � � c � / rq sulfhv dqg txdqwlwlhv/
zkhq lv wklv gdwd frqvlvwhqw zlwk xwlolw| pd{lpl}dwlrq e| vrph frqvxphu zlwk d qrq0
vdwldwhg xwlolw| ixqfwlrqB Zh vd| wkdw d xwlolw| ixqfwlrq L G U�

n $ U udwlrqdol}hv
wkh gdwd ERoc %o�c o ' �c � � � c � / li ;o

Ro � %o � Ro � % , LE%o� � LE%�/ ;% 5 U
�
n�

Xvlqj wklv whuplqrorj|/ zh fdq uhvwdwh wkh txhvwlrq deryh= jlyhq d �qlwh gdwd vhw/
zkhq grhv wkhuh h{lvw d qrq0vdwldwhg xwlolw| ixqfwlrq zklfk udwlrqdol}hv wkhvh revhu0
ydwlrqvB Wkh fodvvlf dqvzhu wr wklv txhvwlrq zdv jlyhq e| Diuldw ^4`1

Wkhruhp +Diuldw,1 Wkh iroorzlqj duh htxlydohqw=

+d, wkhuh h{lvwv d qrq0vdwldwhg xwlolw| ixqfwlrq zklfk udwlrqdol}hv wkh gdwd

+e, wkh gdwd vdwlv�hv F|folfdo Frqvlvwhqf|

+f, wkhuh h{lvw qxpehuv L �/ b� : f/ � ' �c ���c � zklfk vdwlvi| wkh �Diuldw lqhtxdol0
wlhv�=

L � � L � � b�R� � E%� � %��/ �c � ' �c ���c �

+g, wkhuh h{lvwv d frqfdyh/ prqrwrqh/ frqwlqxrxv/ qrq0vdwldwhg xwlolw| ixqfwlrq zklfk
udwlrqdol}hv wkh gdwd1

Lq sduwlfxodu/ wkh htxlydohqfh ri +d, dqg +g, vkrzv wkdw wkh k|srwkhvlv wkdw suhi0
huhqfhv duh uhsuhvhqwhg e| d frqfdyh xwlolw| ixqfwlrq fdq qhyhu eh uhixwhg edvhg rq
d �qlwh gdwd vhw/ vlqfh li wkh gdwd lv udwlrqdol}deoh e| dq| qrq0vdwldwhg xwlolw| ixqf0
wlrq wkhq lw lv udwlrqdol}deoh e| d frqfdyh/ prqrwrqh/ dqg frqwlqxrxv rqh1 Pruhryhu/
Diuldw vkrzhg h{solflwo| krz wr frqvwuxfw vxfk d xwlolw| ixqfwlrq zklfk udwlrqdol}hv d
jlyhq gdwd vhw1 Iru hdfk % 5 U

�
n/ gh�qh

LE%� ' 4�?
o
iL o n boRo � E%� %o�j�

Wklv xwlolw| ixqfwlrq lv lqghhg frqwlqxrxv/ prqrwrqh dqg frqfdyh/ dqg udwlrqdol}hv
wkh gdwd e| frqvwuxfwlrq1

Dv Fkldssrul dqg Urfkhw ^6` qrwh/ krzhyhu/ wklv xwlolw| ixqfwlrq lv slhfhzlvh olqhdu
dqg wkxv qhlwkhu gl�huhqwldeoh qru vwulfwo| frqfdyh1 Vxfk d xwlolw| ixqfwlrq grhv qrw
jhqhudwh d vprrwk ghpdqg ixqfwlrq/ dqg iru d qxpehu ri sulfhv grhv qrw hyhq jhqhudwh
vlqjoh0ydoxhg ghpdqg1 Wklv xwlolw| ixqfwlrq lv wkxv lqfrpsdwleoh zlwk pdq| vwdqgdug
ghpdqg0edvhg dssurdfkhv wr wkh txhvwlrq ri udwlrqdol}delolw| ru hvwlpdwlrq/ dv zhoo
dv zlwk rxu txhvwlrqv derxw frpsdudwlyh vwdwlfv dqg dv|pswrwlf vwdelolw|1
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Zkhwkhu ru qrw d jlyhq vhw ri revhuydwlrqv fdq eh udwlrqdol}hg e| d vprrwk xwlolw|
ixqfwlrq zklfk jhqhudwhv d vprrwk ghpdqg ixqfwlrq zloo reylrxvo| ghshqg rq wkh qd0
wxuh ri wkh revhuyhg gdwd1 Wzr vlwxdwlrqv lq zklfk vxfk d udwlrqdol}dwlrq lv lpsrvvleoh
duh ghslfwhg lq Iljxuhv 4 dqg 51 Wkh revhuydwlrqv lq Iljxuh 4 fdqqrw eh udwlrqdol}hg
e| dq| vprrwk xwlolw| ixqfwlrq/ dqg wkrvh lq Iljxuh 5 fdqqrw eh udwlrqdol}hg e| dq|
ghpdqg ixqfwlrq1 Li wkh gdwd vdwlv�hv VDUS/ wkhq vlwxdwlrqv olnh wkdw lq Iljxuh 5
duh holplqdwhg> Fkldssrul dqg Urfkhw ^6` vkrz wkdw li lq dgglwlrq vlwxdwlrqv olnh wkdw
lq Iljxuh 4 duh uxohg rxw wkhq wkh gdwd fdq eh udwlrqdol}hg e| d vprrwk/ vwurqjo|
frqfdyh xwlolw| ixqfwlrq1

---Lqvhuw Iljxuhv 4 dqg 5 khuh---

Pruh irupdoo|/ wkh gdwd vdwlv�hv wkh vwurqj vwurqj d{lrp ri uhyhdohg suhi0
huhqfh +VVDUS, li lw vdwlv�hv VDUS dqg li iru doo �c � ' �c � � � c � /

R� 9' R� , %� 9' %��

Fkldssrul dqg Urfkhw ^6` vkrz wkdw jlyhq d �qlwh vhw ri gdwd vdwlvi|lqj VVDUS/
wkhuh h{lvwv d vwulfwo| lqfuhdvlqj/ �"/ vwurqjo| frqfdyh xwlolw| ixqfwlrq gh�qhg rq d
frpsdfw vxevhw ri U�

n zklfk udwlrqdol}hv wklv gdwd1 Dowkrxjk VVDUS lv d frqglwlrq rq
wkh revhuydeoh gdwd dorqh/ lw fdq eh htxlydohqwo| fkdudfwhul}hg e| wkh �vwulfw Diuldw
lqhtxdolwlhv�1 Wkdw lv/ wkh gdwd vdwlvi| VVDUS li dqg rqo| li wkhuh h{lvw qxpehuv
L �c b� : f/ � ' �c � � � c � vxfk wkdw

L � � L � 	 b�R� � E%� � %��/ �c � ' �c � � � c �c � 9' ��

Rxu zrun pdnhv xvh ri d prgl�fdwlrq ri wkh uhvxowv ri Fkldssrul dqg Urfkhw ^6`1
Vlqfh rxu gdwd frqvlvwv ri sulfhv dqg lqfrph ohyhov/ zh �qg lw pruh qdwxudo wr �uvw
uhfdvw wkh txhvwlrq ri udwlrqdol}delolw| lq whupv ri lqgluhfw xwlolw|/ dqg ghyhors d vhw ri
gxdo Diuldw lqhtxdolwlhv fkdudfwhul}lqj gdwd zklfk fdq eh udwlrqdol}hg e| d frqvxphu
zlwk vprrwk fkdudfwhulvwlfv1 Dq lpsruwdqw ehqh�w ri wklv gxdo fkdudfwhul}dwlrq lv wkdw
lw doorzv xv wr frqfoxgh qrw rqo| wkdw wkh gdwd fdq eh udwlrqdol}hg e| d vprrwk ghpdqg
ixqfwlrq exw e| d ghpdqg ixqfwlrq zklfk lv orfdoo| prqrwrqh lq d qhljkerukrrg ri
hdfk revhuydwlrq ERoc Uo�1

Gh�qlwlrq1 Ohw / 5 U
�
nn eh jlyhq1 Dq lqglylgxdo ghpdqg ixqfwlrq sERc U� lv orfdoo|

prqrwrqh dw E7Rc 7U� li wkhuh h{lvwv d qhljkerukrrg Z ri E7Rc 7U� vxfk wkdw

ER� ^� � EsERc U�� sE^c U�� 	 f

iru doo ERc U�c E^c U� 5 Z vxfk wkdw R 9' ^1

Rxu �uvw uhvxow fdq wkhq eh vwdwhg dv iroorzv1
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Wkhruhp 41 Ohw ERoc %o�c o ' �c � � � c � eh jlyhq1 Wkhuh h{lvwv d vprrwk/ vwulfwo|
txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrq udwlrqdol}lqj wklv gdwd vxfk wkdw wkh lpsolhg
ghpdqg ixqfwlrq lv orfdoo| prqrwrqh dw ERoc Uo� iru hdfk o ' �c � � � c � zkhuh Uo '
Ro � %o li dqg rqo| li wkhuh h{lvw qxpehuv T �/ b�/ dqg yhfwruv ^� 5 U

�/ � ' �c � � � c �
vxfk wkdw=

+d, iru � 9' �/

T � � T � : ^� � ER� � R�� n b�EU � � U��/ �c � ' �c � � � c �

+e, b� : f/ ^� � f/ � ' �c � � � c �

+f, ^� ' �b�%�/ � ' �c � � � c ��

Frqglwlrqv +d, dqg +e, frqvwlwxwh rxu �gxdo vwulfw Diuldw lqhtxdolwlhv�1 Frqglwlrq
+f, khuh lv mxvw dq h{suhvvlrq ri Ur|*v lghqwlw| lq wklv frqwh{w1 Wr vhh wklv/ qrwh wkdw
wkh yhfwru E^�c b�� fruuhvsrqgv wr wkh judglhqw ri wkh udwlrqdol}lqj lqgluhfw xwlolw|
ixqfwlrq T hydoxdwhg dw ER�c U��> wklv lv hvvhqwldoo| wkh frqwhqw ri +d,1 Li ^� ' �b�%�/
wkhq %� lv lqghhg ghpdqg dw wkh sulfh0lqfrph sdlu ER�c U�� e| Ur|*v lghqwlw|1

Wkh surri ri Wkhruhp 4 uholhv rq wzr lqwhuphgldwh uhvxowv1 Wkh �uvw lv d yhu0
vlrq ri Ohppd 5 lq Fkldssrul dqg Urfkhw ^6` prgl�hg wr dsso| wr rxu gxdo Diuldw
lqhtxdolwlhv1

Ohppd 41 Li wkhuh h{lvw qxpehuv T �/ b� dqg yhfwruv ^�/ � ' �c � � � c � vdwlvi|lqj wkh
gxdo vwulfw Diuldw lqhtxdolwlhv/ wkhq wkhuh h{lvwv d frqyh{ �" ixqfwlrq ` G U�n�

n $ U

zklfk lv vwulfwo| lqfuhdvlqj lq U dqg vwulfwo| ghfuhdvlqj lq R vxfk wkdw ` ER�c U �� ' T �/
(` ER�c U�� ' E^�c b��/ dqg Y2`

Y2U
ER�c U �� ' f iru hyhu| � ' �c � � � c � 1

Surri= Iru hdfk ERc U� 5 U
�n�
nn gh�qh

t ERc U� ' 4@ 
|

iT | n E^|c b|� � dERc U�� ER|c U |�oj�

Wkhq t lv frqyh{/ frqwlqxrxv/ vwulfwo| lqfuhdvlqj lq U dqg vwulfwo| ghfuhdvlqj lq R1
Pruhryhu/ t ERoc Uo� ' T o iru hdfk o1 Wr vhh wklv/ qrwh wkdw e| gh�qlwlrq ;o < r vxfk
wkdw

t ERoc Uo� ' T r n E^rc br� � dERoc Uo�� ERrc Ur�o�

E| wkh gxdo vwulfw Diuldw lqhtxdolwlhv/ li o 9' r

T o � T r : ^r � ERo � Rr� n brEUo � Ur� ' E^rc br� � dERoc Uo�� ERrc Ur�o�

Vr ;r 9' o
T o : T r n E^rc br� � dERoc Uo�� ERrc Ur�o�

Wkxv t ERoc Uo� ' T o iru hdfk o ' �c � � � c � 1

8



Wklv dujxphqw vkrzv wkdw iru hyhu| r 9' o/

t ERoc Uo� : T r n E^rc br� � dERoc Uo�� ERrc Ur�o�

Vlqfh t lv frqwlqxrxv/ ;o wkhuh h{lvwv #o : f vxfk wkdw

t ERc U� ' T o n E^oc bo� � dERc U�� ERoc Uo�o

iru doo ERc U� 5 �EERoc Uo�c #o�/ l1h1/ t lv slhfhzlvh olqhdu1
Iroorzlqj Fkldssrul dqg Urfkhw ^6`/ zh zloo vprrwk t e| frqyroxwlrq1 Ohw # '

4�?
o

#o/ dqg + ' ERc U�1 Gh�qh

4E+� '

+
i T

k
� �

�3��+��2

l kU
i T

k
� �

�3��5��2

l
_5
l3�

c li mm+mm � �

fc rwkhuzlvh

dqg

4#E+� '
�

#
4

�
+

#

�
�

Wkhq 4# lv qrqqhjdwlyh/ v|pphwulf/ dqg �"/ dqg 4#E+� ' f li + *5 �Efc #�1
Qrz gh�qh

` E+� � t � 4#E+� '
]

t E+ � 1�4#E1�_1�

Wkhq ` lv �" dqg frqyh{/ dv

` E�+ n E�� ��+ �� '

]
t E�+ n E�� ��+ � � 1�4#E1�_1

�
]
d�t E+ � 1� n E�� ��t E+ � � 1�o4#E1�_1

' �

]
t E+ � 1�4#E1�_1 n E�� ��

]
t E+ � � 1�4#E1�_1

' �` E+� n E�� ��` E+ ��

iru � 5 dfc �o1 Pruhryhu/ ` lv vwulfwo| ghfuhdvlqj lq R dqg vwulfwo| lqfuhdvlqj lq U1 Wr
vhh wklv/ vxssrvh R 	 R �1 Wkhq

` ERc U��` ER �c U� '

]
dt EERc U�� 1�� t EER �c U�� 1�o4#E1�_1 : f�

Vlploduo|/ ` ERc U ���` ERc U� : f iru U � : U1
Ixuwkhupruh/ iru hdfk o ' �c � � � c � /

` ERoc Uo� '

]
t EERoc Uo�� 1�4#E1�_1

'

]
�Efc#�

ET o � E^oc bo� � 1�4#E1�_1

' T o � E^oc bo� �
]
�Efc#�

14#E1�_1

' T o

9



vlqfh 4#E1� ' 4#E�1� iru doo 11
Vlploduo|/

(` ERoc Uo� '

]
�Efc#�

(t EERoc Uo�� 1�4#E1�_1

'

]
�Efc#�

E^oc bo�4#E1�_1

' E^oc bo�

dqg

(2` ERoc Uo� '

]
�Efc#�

(2t EERoc Uo�� 1�4#E1�_1

'

]
�Efc#�

f 4#E1�_1 ' f�

Lq sduwlfxodu/ Y2`
YU2

ERoc Uo� ' f iru hdfk o1 �

Wkh lqwxlwlrq ehklqg wklv uhvxow lv vwudljkwiruzdug1 Wkh gxdo Diuldw ixqfwlrq
t ERc U� jlyhv d frqyh{ lqgluhfw xwlolw| ixqfwlrq udwlrqdol}lqj wkh gdwd zklfk kdv nlqnv
zkhqhyhu wzr ru pruh ri wkh gxdo Diuldw htxdwlrqv duh htxdo1 Vlqfh wkh gdwd vdwlvi|
wkh vwulfw gxdo Diuldw lqhtxdolwlhv/ qrqh ri wkhvh nlqnv rffxuv dw dq revhuydwlrq/ vr
vprrwklqj wkh ixqfwlrq t lq d vx!flhqwo| vpdoo qhljkerukrrg ri hdfk nlqn jlyhv d
vprrwk ixqfwlrq zklfk lv htxdo wr wkh ruljlqdo gxdo Diuldw ixqfwlrq lq d qhljkerukrrg
ri hdfk revhuydwlrq/ dqg wkxv lq sduwlfxodu lv orfdoo| olqhdu lq hdfk vxfk qhljkerukrrg1

Wkh vhfrqg lpsruwdqw uhvxow zh xvh/ gxh wr Txdk ^:`/ jlyhv frqglwlrqv rq lqgl0
uhfw xwlolw| dqdorjrxv wr wkh Plmxwvfklq0Srowhurylfk frqglwlrqv rq gluhfw xwlolw| xqghu
zklfk lqglylgxdo ghpdqg lv orfdoo| prqrwrqh1

Wkhruhp +Txdk,1 Ohw � G U
�n�
n $ U eh d vprrwk/ frqyh{/ vwulfwo| txdvlfrqyh{

lqgluhfw xwlolw| ixqfwlrq vdwlvi|lqj wkh surshuw|4

0E7Rc 7U� �
7U�UUE7Rc 7U�

�UE7Rc 7U�
	 2�

Wkhq � jhqhudwhv d ghpdqg ixqfwlrq zklfk lv orfdoo| prqrwrqh lq d qhljkerukrrg ri
E7Rc 7U�1

Lq sduwlfxodu/ li wkh lqgluhfw xwlolw| ixqfwlrq � lv olqhdu lq lqfrph lq d qhljkerukrrg
ri E7Rc 7U�/ wkhq 0E7Rc 7U� ' f dqg Txdk*v wkhruhp vkrzv wkdw � jhqhudwhv d ghpdqg
ixqfwlrq zklfk lv orfdoo| prqrwrqh lq d qhljkerukrrg ri E7Rc 7U�1

4Khuh vxevfulswv ghqrwh sduwldo ghulydwlyhv1

:



Wkh surri ri Wkhruhp 4 wkhq frpelqhv wkhvh wzr lghdv dqg h{sorlwv wkh gxdolw|
ehwzhhq gluhfw dqg lqgluhfw xwlolw|1

Surri ri Wkhruhp 4= Ohw � ' 4@ 
rc|

nRr � R|n21 E| dvvxpswlrq wkhuh h{lvw wzr

glvwlqfw revhuydwlrqv/ vr � : f1 Vlqfh wkhuh h{lvwv d vroxwlrq wr wkh vwulfw gxdo Diuldw
lqhtxdolwlhv/ wkhuh h{lvwv 0 : f vx!flhqwo| vpdoo vr wkdw ; � 9' �/

T � � T � : ^� � ER� � R�� n b�EU� � U�� n 0�� E��
Gh�qh

�̂� ' ^� � 0R�/ � ' �c � � � c �

dqg
�T � ' T � � �

2
0nR�n2/ � ' �c � � � c ��

Wkhq ; � 9' �/ zh fodlp wkdw

�T � � �T � : �̂� � ER� � R�� n b�EU � � U��� E���
Wr yhuli| E���/ ohw � 9' �1 Wkhq

�T � � �T � � �̂� � ER� � R��� b�EU � � U��

'
�
T � � �

2
0nR�n2�� �

T � � �
2
0nR�n2�� E^� � 0R�� � ER� � R��� b�EU � � U��

' ET � � T ��� ^� � ER� � R��� b�EU� � U��� �
2
0nR�n2 n �

2
0nR�n2 n 0R� � ER� � R��

' ET � � T ��� ^� � ER� � R��� b�EU� � U�� n �
2
0EnR�n2 � nR�n2�� �

2
02R� � ER� � R��

' ET � � T ��� ^� � ER� � R��� b�EU� � U�� n �
2
0ER� � R�� � ER� n R� � 2R��

' ET � � T ��� ^� � ER� � R��� b�EU� � U��� �
2
0ER� � R�� � ER� � R��

' ET � � T ��� ^� � ER� � R��� b�EU� � U��� �
2
0nR� � R�n2

: f

e| E��1
Qrz e| Ohppd 4/ wkhuh h{lvwv d frqyh{/ �" ixqfwlrq ` G U�n�

n $ U zklfk lv
vwulfwo| lqfuhdvlqj lq U/ vwulfwo| ghfuhdvlqj lq R dqg vdwlv�hv=

` ER�c U �� ' �T �/ � ' �c � � � c �

(` ER�c U �� ' E�̂�c b��/ � ' �c � � � c �

Y2`

YU2
ER�c U �� ' f/ � ' �c � � � c ��

Gh�qh T ERc U� ' ` ERc U�n �
2
0nRn21 Wkhq T lv �"/ frqyh{ lq ERc U�/ vwulfwo| frqyh{ lq

R/ vwulfwo| lqfuhdvlqj lq U dqg vwulfwo| ghfuhdvlqj lq R iru 0 vx!flhqwo| vpdoo1 Pruhryhu/

T ER�c U �� ' T �/ � ' �c � � � c �

(T ER�c U�� ' E^�c b��/ � ' �c � � � c �

Y2T

YU2
ER�c U �� ' f/ � ' �c � � � c ��

;



E| Txdk*v wkhruhp/ wkh ghpdqg ixqfwlrq

%ERc U� � � �

(UT ERc U�
(RT ERc U�

jhqhudwhg e| wklv lqgluhfw xwlolw| ixqfwlrq lv orfdoo| prqrwrqh dw ER�c U �� iru hdfk
� ' �c � � � c � 1

Wr frqyhuw wklv lqgluhfw xwlolw| ixqfwlrq lqwr d gluhfw xwlolw| ixqfwlrq/ iru hdfk
% 5 U

�
n gh�qh

LE%� � 4�?
ERcU�M{fUn

T ERc U�

t�|� R � % � U�

Wkhq L lv vprrwk/ vwulfwo| txdvlfrqfdyh/ prqrwrqh/ dqg udwlrqdol}hv wkh gdwd1 Pruh0
ryhu/ %ERc U� lv wkh ghpdqg ixqfwlrq jhqhudwhg e| L 1 Wr hvwdeolvk wklv fodlp/ zh pxvw
vkrz wkdw iru hdfk ERc U� 5 {� Un/

T ERc U� ' 4@ 
%Df

LE%� E|�
t�|� R � % � U�

Ohw 7% vroyh E|�1 Wkhq 7% vroyhv wkh �uvw rughu frqglwlrqv

(LE7%� ' bR

R � 7% ' Uc

zkhuh b : f1 E| gh�qlwlrq/

LE7%� � 4�?
ER�cU��M{fUn

T ER�c U �� E}�
t�|� R� � 7% � U ��

vr e| wkh hqyhorsh wkhruhp/ (LE7%� ' �RE7%�/ zkhuh � : f lv wkh Odjudqjh pxowlsolhu
iru E}� dqg ERE7%�c UE7%�� lv wkh vroxwlrq wr E}�1 Wkxv �RE7%� ' bR/ zklfk lpsolhv wkdw
RE7%� ' R vlqfh Rc RE7%� 5 {1 Wkhq UE7%� ' RE7%��7% ' R�7% ' U/ vr LE7%� � T ERE7%�c UE7%�� '
T ERc U�1 Ilqdoo|/ e| Ur|*v lghqwlw| %ERc U� lv wkh ghpdqg ixqfwlrq jhqhudwhg e| L /
zklfk dovr lpsolhv wkdw L udwlrqdol}hv wkh gdwd1 �

Wkh frqglwlrqv zklfk duh qhfhvvdu| dqg vx!flhqw iru wkh h{lvwhqfh ri d vprrwk/
prqrwrqh xwlolw| ixqfwlrq udwlrqdol}lqj d jlyhq �qlwh gdwd vhw � wkh gxdo vwulfw Diuldw
lqhtxdolwlhv � duh h{dfwo| wkh vdph frqglwlrqv zklfk duh qhfhvvdu| dqg vx!flhqw iru
wkh h{lvwhqfh ri vprrwk suhihuhqfhv udwlrqdol}lqj wkh gdwd iru zklfk ghpdqg lv orfdoo|
prqrwrqh dw hdfk revhuydwlrq1 Wkxv lw iroorzv lpphgldwho| iurp Wkhruhp 4 wkdw dq|
�qlwh gdwd vhw wkdw fdq eh udwlrqdol}hg e| vprrwk suhihuhqfhv fdq eh udwlrqdol}hg e|
vprrwk suhihuhqfhv jlylqj ulvh wr orfdoo| prqrwrqh ghpdqg1

<



Fruroodu|1 Ohw ERoc %o�c o ' �c � � � c � eh jlyhq1 Wkhuh h{lvwv d vprrwk/ vwulfwo|

txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrq udwlrqdol}lqj wklv gdwd li dqg rqo| li wkhuh
h{lvwv d vprrwk/ vwulfwo| txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrq udwlrqdol}lqj wklv
gdwd vxfk wkdw wkh lpsolhg ghpdqg ixqfwlrq lv orfdoo| prqrwrqh dw ERoc Uo� iru hdfk
o ' �c � � � c � / zkhuh Uo ' Ro � %o1

Wklv uhvxow zloo surylgh wkh irxqgdwlrq iru wkh vwxg| ri udwlrqdol}lqj htxloleuld
zklfk lv frqwdlqhg lq wkh qh{w vhfwlrq1

6 Udwlrqdol}lqj Zdoudvldq Htxloleuld
Lq wklv vhfwlrq/ zh wxuq wr wkh txhvwlrq ri udwlrqdol}lqj revhuydwlrqv dv htxloleuld1
Khuh zh frqvlghu d �qlwh qxpehu ri revhuydwlrqv kRoc /oc iUo| jA|'�l/ o ' �c � � � c � ri
sulfhv/ lqfrph ohyhov iru hdfk ri A frqvxphuv/ dqg djjuhjdwh frqvxpswlrq1 Rxu pdlq
uhvxow vkrzv wkdw vxfk d �qlwh gdwd vhw fdq qhyhu eh xvhg wr uhixwh wkh k|srwkhvhv wkdw
htxloleuld duh orfdoo| xqltxh ru orfdoo| vwdeoh xqghu wåwrqqhphqw/ ru wkdw htxloleulxp
frpsdudwlyh vwdwlfv duh orfdoo| prqrwrqh1

Wkhruhp 51 Ohw kRoc /oc iUo| jA|'�l/ o ' �c � � � c � / eh jlyhq1 Wklv gdwd fdq eh udwlr0
qdol}hg e| dq hfrqrp| lq zklfk hdfk frqvxphu kdv d vprrwk/ vwulfwo| txdvlfrqfdyh/
prqrwrqh xwlolw| ixqfwlrq li dqg rqo| li lw fdq eh udwlrqdol}hg e| dq hfrqrp| lq zklfk
hdfk frqvxphu kdv d vwulfwo| txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrq dqg lq zklfk
hdfk revhuyhg htxloleulxp Ro lv orfdoo| xqltxh dqg orfdoo| vwdeoh xqghu wåwrqqhphqw
dqg lq zklfk wkh htxloleulxp fruuhvsrqghqfh lv orfdoo| prqrwrqh dw ERoc /o� iru hdfk
o1

Wr hvwdeolvk wklv uhvxow/ frqvlghu d jlyhq �qlwh gdwd vhw kRoc /oc iUo| jA|'�l/ o '
�c � � � c � 1 Zkhq fdq wkhvh revhuydwlrqv eh udwlrqdol}hg dv Zdoudvldq htxloleuldB Vlqfh
zh gr qrw revhuyh lqglylgxdo frqvxpswlrq exqgohv ru xwlolwlhv/ wkhvh revhuydwlrqv duh
udwlrqdol}deoh dv Zdoudvldq htxloleuld li iru hdfk revhuydwlrq o ' �c � � � c � wkhuh
h{lvw frqvxpswlrq exqgohv %o| iru hdfk frqvxphu | ' �c � � � c A vxfk wkdw wkh lqglylgxdo
revhuydwlrqv ERoc %o| �/ o ' �c � � � c � / duh udwlrqdol}deoh iru hdfk frqvxphu/ Ro � %o| ' Uo|

iru hdfk o dqg |/ dqg vxfk wkdw pdunhwv fohdu lq hdfk revhuydwlrq/ wkdw lv/
AS
|'�

%o| ' /o

iru hdfk o1 Sxwwlqj wklv gh�qlwlrq wrjhwkhu zlwk wkh gxdo vwulfw Diuldw lqhtxdolwlhv
fkdudfwhul}lqj lqglylgxdo udwlrqdol}delolw| |lhogv wkh iroorzlqj uhvxow1

Ohppd 51 Ohw kRoc /oc iUo| jA|'�l/ o ' �c � � � c � eh d �qlwh vhw ri revhuydwlrqv1 Wkhuh
h{lvw vprrwk/ vwulfwo| txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrqv udwlrqdol}lqj wklv gdwd
dqg lqlwldo hqgrzphqwv i/o

|jA|'� vxfk wkdw Ro lv dq htxloleulxp sulfh yhfwru iru wkh
hfrqrp| Ho li dqg rqo| li wkhuh h{lvw qxpehuv T o

| c b
o
| dqg yhfwruv ^o| iru | ' �c � � � c A

43



dqg o ' �c � � � c � vxfk wkdw=

+d, wkh gxdo vwulfw Diuldw lqhtxdolwlhv krog iru hdfk frqvxphu | ' �c � � � c A

+e, Ro � ^o| ' �bo|U
o
| iru | ' �c � � � c A dqg o ' �c � � � c �

+f, �pdunhwv fohdu�=
A[
|'�

%o| ' /o ;o

zkhuh %o| ' � �
bo
|

^o| iru hdfk o dqg |1

Surri= Iroorzv lpphgldwho| iurpWkhruhp 4 dqg wkh gh�qlwlrq ri udwlrqdol}delolw|1 �

Pruhryhu/ qrwh wkdw jlyhq d �qlwh vhw ri revhuydwlrqv kRoc /oc iUo| jA|'�l/ o ' �c � � � c � /
zlwkrxw revhuydwlrqv ri lqlwldo hqgrzphqwv zh fdq zlwkrxw orvv ri jhqhudolw| dvvxph
wkdw hdfk revhuydwlrq ri wkh lqfrph glvwulexwlrq iUo| jA|'� lv ghulyhg iurp froolqhdu
lqglylgxdo hqgrzphqwv1 Pruh suhflvho|/ iru hdfk o dqg | gh�qh

ko
| '

Uo|
Ro � /o

dqg ko ' Eko
�c � � � c k

o
A �1 Jlyhq xwlolw| ixqfwlrqv iL|jA|'�/ wkh glvwulexwlrq hfrqrp|

Hko lv wkh hfrqrp| lq zklfk frqvxphu | kdv suhihuhqfhv uhsuhvhqwhg e| wkh xwlolw|
ixqfwlrq L| dqg hqgrzphqw ko

|/
o1 Xvlqj wklv revhuydwlrq zh fdq qrz uhvwdwh Ohppd

5 dv iroorzv1

Ohppd 5 �1 Ohw kRoc /oc iUo| jA|'�l/ o ' �c � � � c � / eh d �qlwh vhw ri revhuydwlrqv1 Wkhuh
h{lvw vprrwk/ vwulfwo| txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrqv udwlrqdol}lqj wklv gdwd
vxfk wkdw Ro lv dq htxloleulxp sulfh yhfwru iru wkh glvwulexwlrq hfrqrp| Hko li dqg
rqo| li wkhuh h{lvw qxpehuv T o

| c b
o
| dqg yhfwruv ^o| iru | ' �c � � � c A dqg o ' �c � � � c �

vxfk wkdw=

+d, wkh gxdo vwulfw Diuldw lqhtxdolwlhv krog iru hdfk frqvxphu | ' �c � � � c A

+e, Ro � ^o| ' �bo|U
o
| iru | ' �c � � � c A dqg o ' �c � � � c �

+f, �pdunhwv fohdu�=
A[
|'�

%o| ' /o ;o

zkhuh %o| ' � �
bo
|

^o| iru hdfk o dqg |1
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Wkh gxdo vwulfw Diuldw lqhtxdolwlhv lq +d, duh h{dfwo| wkh frqglwlrqv fkdudfwhul}lqj
revhuydwlrqv zklfk fdq eh udwlrqdol}hg e| frqvxphuv zlwk vprrwk fkdudfwhulvwlfv/ dqg
zh vkrzhg lq Wkhruhp 4 wkdw vxfk revhuydwlrqv fdq dozd|v eh udwlrqdol}hg e| xwlo0
lw| ixqfwlrqv jhqhudwlqj orfdoo| prqrwrqh ghpdqg1 Wkh uhvxowv zh ghulyh uhjduglqj
wkh uhixwdelolw| ri orfdo vwdelolw| dqg orfdo frpsdudwlyh vwdwlfv wkhq iroorz iurp wkh
vwulnlqj surshuwlhv ri orfdoo| prqrwrqh lqglylgxdo ghpdqg ixqfwlrqv1

Iluvw/ xqolnh doprvw hyhu| rwkhu surshuw| ri lqglylgxdo ghpdqg vxfk dv wkh zhdn
d{lrp ru wkh Voxwvn| htxdwlrq/ orfdo prqrwrqlflw| djjuhjdwhv1 Li s| lv dq lqglylgxdo
ghpdqg ixqfwlrq zklfk lv orfdoo| prqrwrqh dw E7Rc 7U|� iru hdfk | ' �c � � � c A / wkhq
pdunhw h{fhvv ghpdqg

8 ER� �
A[
|'�

s|ERc 7U|�� /

lv orfdoo| prqrwrqh dw 7R1
Ixuwkhupruh/ orfdo prqrwrqlflw| dw htxloleulxp lpsolhv orfdo vwdelolw| ri wåwrq0

qhphqw/ dw ohdvw lq glvwulexwlrq hfrqrplhv/ dv wkh iroorzlqj uhvxow vkrzv1

Wkhruhp +Pdolqydxg,1 Ohw 7R eh dq htxloleulxp sulfh yhfwru iru d glvwulexwlrq hfrq0
rp| Hk zlwk lqfrph glvwulexwlrq ik|jA|'�1 Li hdfk frqvxphu*v ghpdqg ixqfwlrq lv
orfdoo| prqrwrqh dw E7Rc 7U|�/ zkhuh 7U| ' k|E7R � /�/ wkhq wkh wåwrqqhphqw sulfh dgmxvw0
phqw surfhvv lv orfdoo| vwdeoh dw 7R1

Lq dgglwlrq/ orfdo prqrwrqlflw| dw htxloleulxp lpsolhv erwk orfdo xqltxhqhvv5 dqg
prqrwrqh orfdo frpsdudwlyh vwdwlfv lq glvwulexwlrq hfrqrplhv1

Wkhruhp +Pdolqydxg,1 Ohw 7R eh dq htxloleulxp sulfh yhfwru iru d glvwulexwlrq hfrq0
rp| Hk zlwk lqfrph glvwulexwlrq ik|jA|'�1 Li hdfk frqvxphu*v ghpdqg ixqfwlrq lv
orfdoo| prqrwrqh dw E7Rc 7U|�/ zkhuh 7U| ' k|E7R � /�/ wkhq wkh htxloleulxp fruuhvsrqghqfh
F iru wkh glvwulexwlrq hfrqrp| Hk6 lv orfdoo| prqrwrqh lq d qhljkerukrrg S � X ri
E7Rc /�/ l1h1/ li ER �c / �� 5 ES � X� _ F wkhq

ER � � R� � E/ � � /� 	 f�

Wklv frqfoxvlrq ri orfdoo| prqrwrqh frpsdudwlyh vwdwlfv lpsolhv lq sduwlfxodu wkdw
li wkh djjuhjdwh vxsso| ri d jrrg lqfuhdvhv/ doo hovh khog frqvwdqw/ wkhq lwv htxloleulxp
sulfh zloo idoo/ dw ohdvw orfdoo|1

Wkh pdlq frqfoxvlrq ri wkh sdshu lv qrz dq lpphgldwh frqvhtxhqfh ri wkh uhvxowv
ri vhfwlrq 5 dqg wkh surshuwlhv ri orfdoo| prqrwrqh ghpdqg ixqfwlrqv lq glvwulexwlrq

5Wr vhh wklv/ qrwh wkdw li I +�s, @ 3 dqg I lv orfdoo| prqrwrqh dw �s/ wkhq +s� �s, � I +s, ? 3 iru s
vx!flhqwo| forvh wr �s1 Lq sduwlfxodu/ I +s, 9@ 3 iru vxfk s1

6Khuh wkh lqfrph glvwulexwlrq lv dvvxphg wr eh frqvwdqw dv djjuhjdwh hqgrzphqw fkdqjhv/ vr wkh
htxloleulxp fruuhvsrqghqfh F iru d glvwulexwlrq hfrqrp| H� lv wkh vhw ri sdluv +s> $, vxfk wkdw s lv
dq htxloleulxp sulfh iru wkh hfrqrp| lq zklfk frqvxphu w kdv xwlolw| Xw dqg hqgrzphqw �w$1
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hfrqrplhv= orfdo xqltxhqhvv/ orfdo vwdelolw|/ dqg orfdo prqrwrqh frpsdudwlyh vwdw0
lfv duh qrw uhixwdeoh jlyhq d �qlwh vhw ri revhuydwlrqv ri sulfhv/ lqfrph ohyhov/ dqg
djjuhjdwh frqvxpswlrq17

Surri ri Wkhruhp 5= Ohw kRoc /oc iUo| jA|'�l/ o ' �c � � � c � / eh d �qlwh vhw ri revhuyd0
wlrqv zklfk fdq eh udwlrqdol}hg lq dq hfrqrp| lq zklfk hdfk frqvxphu kdv d vprrwk/
vwulfwo| txdvlfrqfdyh/ prqrwrqh xwlolw| ixqfwlrq1 Wkhq frqglwlrqv +d,/ +e,/ dqg +f,
ri Ohppd 5 pxvw krog1 E| Wkhruhp 4/ wkhuh h{lvw vprrwk/ vwulfwo| txdvlfrqfdyh/
prqrwrqh xwlolw| ixqfwlrqv udwlrqdol}lqj wkh gdwd vxfk wkdw Ro lv dq htxloleulxp sulfh
yhfwru iru wkh glvwulexwlrq hfrqrp| Hko dqg vxfk wkdw wkh pdunhw h{fhvv ghpdqg
ixqfwlrq iru Hko lv orfdoo| prqrwrqh dw Ro iru hdfk o ' �c � � � c � 1 Wkxv Ro lv d orfdoo|
xqltxh htxloleulxp lq wkh hfrqrp| Hko 1 E| Pdolqydxg*v uhvxowv/ Ro lv orfdoo| vwdeoh
xqghu wåwrqqhphqw/ dqg wkh htxloleulxp fruuhvsrqghqfh lq wkh glvwulexwlrq hfrqrp|
Hko lv orfdoo| prqrwrqh dw ERoc /o� iru hdfk o ' �c � � � c � 1 �

Uhihuhqfhv
^4` Diuldw/ V1 +4<9:,/ �Wkh Frqvwuxfwlrq ri d Xwlolw| Ixqfwlrq iurp Ghpdqg Gdwd/�

Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ ;/ 9:�::1

^5` Eurzq/ G1 dqg U1 Pdw}nlq +4<<9,/ �Whvwdeoh Uhvwulfwlrqv rq wkh Htxloleulxp
Pdqlirog/� Hfrqrphwulfd/ 97/ 457<�45951

^6` Fkldssrul/ S1�D1 dqg M1�F1 Urfkhw +4<;:,/ �Uhyhdohg Suhihuhqfhv dqg Gl�huhq0
wldeoh Ghpdqg/� Hfrqrphwulfd/ 88/ 9;:�9<41

^7` Nlupdq/ D1 dqg N1�M1 Nrfk +4<;9,/ �Pdunhw H{fhvv Ghpdqg lq H{fkdqjh
Hfrqrplhv zlwk Froolqhdu Hqgrzphqwv/� Uhylhz ri Hfrqrplf Vwxglhv/ 4:7/ 78:�
7961

^8` Pdolqydxg/ H1 +4<:5,/ Ohfwxuhv rq Plfurhfrqrplf Wkhru|1 Orqgrq= Qruwk�
Kroodqg1

^9` Pdv0Frohoo/ D1 +4<::,/ �Rq wkh Htxloleulxp Sulfh Vhw ri dq H{fkdqjh Hfrqrp|/�
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 7/ 44:�4591

^:` Txdk/ M1 +4<<8,/ �Wkh Prqrwrqlflw| ri Lqglylgxdo dqg Pdunhw Ghpdqg/� zrunlqj
sdshu/ Rfwrehu 4<<81

^;` Vfdui/ K1 +4<93,/ �Vrph H{dpsohv ri Joredo Lqvwdelolw| ri wkh Frpshwlwlyh Htxl0
oleulxp/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 4/ 48:�4:51

7Qrwh wkdw wklv uhvxow lv vwloo ydolg li lq dgglwlrq lqglylgxdo ghpdqgv ru qhw wudghv duh revhuyhg1
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