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at the steady state. So the 7" = 0 locus slopes downward near the steady-state if and only if
the numerator in this expression is negative. Clearly a sufficient condition for this is
fll (O) VII (ﬁss)
. 31
fl(O) < Vl(ﬂss)2 ( )
Local Behavior and the Steady State. We would like to show that the steady state
of our dynamical system has the saddle-point property; that is, that in an open neighborhood

of the steady state there is a one-dimensional submanifold on which the system converges to
the steady state. In order to do so, it is convenient to rewrite the problem using 7 as our

state variable and defining a new costate variable .53

max owe‘”TOn-ﬂa*»d

st. T = f(T-T°

where §(T) is defined implicitly by T® = —V/(8). The current value Hamiltonian becomes
H = T(1-B(T°) + pf(T — T°) and the first order conditions are

1-B(T*)+uf(T-T%) = 0 (32a)
T¢ = f(T-T°) (32b)
fi—pp = TH(T°)+pf(T~T°) (32c)

If we use (32a) to eliminate 7', and also to substitute for the uf’ term in (32c), we can express
the dynamical system as equation (32b) together with

p=pp+TB ~1+p (33)
A sufficient condition for the saddle-point property is then that the Jacobian of (32b)

and (33), evaluated at the steady state, have negative determinant. This Jacobian is given
by

foyer/ers-1) f(0)(0T/oy)
J= (34)
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Implicit differentiation of (32a) gives

or —f
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or /
aTe 1 = _—}Lﬂf" <0 (35b)

%3 This is (equivalent to) no more than a change in the coordinates used to describe our manifold (u =
—v/V'(B)), which is clearly legitimate since the saddlepoint property is independent of the coordinate system
used.
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Since #' = =1/V' > 0, and 8" = —=V"/V" > 0, we can sign three of the entries in .J (J1;
<0, Ji2 > 0, Jo2 > 0), so a sufficient condition for the determinant to be negative is Jo; >
0. If we evaluate Jy; (using 7% = —V(B°*) and p** = —(1 - 8°*/f'(0)) we get

_V(ﬂss)vll (ﬂss) fl(o) (36)
Vl(ﬂss)Z f”(O)(l - ﬂss)Vl (ﬂss)

the first term on the right of (36) is positive since V" > 0 and V(8**) = —T** < 0. So a

sufficient condition for J;; to be positive is that

_Vl(ﬂss)le = + [2+

. £(0)
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Recall from (12) that 5% (and so the whole right side of (37)) is a function of f/(0) only.
Thus, for any given f'(0), we have the saddle-point property provided f”(0) is sufficiently

large.
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