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where we again made extensive use of the Cauchy-Schwarz inequality. Putting (B.33),
(B.34), and (B.35) together and recalling that for 8, S € N(G°,67)

la—ar| = A=Azl <2y/r(m—r)T" 0,

Iy =32l = I = P | < 2T 02-2)

I14* = A < 24fr(m — r)T=0-),

IT* = 9| < 2¢/mrT~(1/2-2)
we see that

(8 = Br) D*||INIID* (8 - Br)ll (B.36)
1T (a = ar)||® + 1T (v = 47) 211N ||

< 4T*(2mr — r2)T~(1/2-9)0,(1)

= T-(/2-3)0 (1) B 0as T — cofor 0 < < 1/6.

¥

>From (B.31), (B.32), and (B.36) we conclude that
(8 = Br) (€x(8") — ex(6)(B - br) B 0. (B.37)

To show (B.29), we write

(8 — Br)' (€4(8°) + Vr)(B - Br) = (B — Br)' D*D* " (€2(8°) + V¢)D* "' D*(8 — Br) .

Note that

D-——](en(ﬁo)_*_VT)D*—l
( (T-royqQ- 1r®T 2(F'Y!,MwY-1F)) ((f—l“’)’ﬂ"®T‘3/”(F'Y’_;MWY—1)(Iri')’) )

( 1 F-T0)@ (1, A )T-3/2(F'Y!  MwY-1F )) (““‘®(0,(§—K°)')T-l(F'YL,MwY-x)(Ir,ﬁl)’)
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( ((F”'Q“(F—F°)®T'2(F'YL1MWY_1F)) ((FO’n—l®T—3/2(F'y;1Mwy_lF)(o,(ﬁ—Z")')')
( )

(Q'1F°®(0y(%—A°)')T‘3/2(YileY-lf')) ((n—1®(1,,z°'):r—1(y:ley_,F)(o,(A—

_ 0 K (m-r)(T™¥2(F'Y! My U°Q~1)®L)
(T“3/2(Q‘1U°'MwY.1F)®Ir)K(m_,),. 0

= Ly + M)+ N; (say),
So that
(8-br)' D* D"~ (p(8°)+Vr)D* " D*(6—Br) = (6—Br)' D*(L1+M:1+N1)D* (8—Pr) -
Further note that for 8,37 € N (8°,6r)
5 T(a - ar)
D*(3 - = N = 0p(T*%) .
Thus,
(8 - Br)'D"L,D*(8 - pr) (B.38)
= (a—ar)T (1%(0 - IYQ ' T @ T2 (F'Y! \MwY-1F)) (a — 4r)T"~°
+(7 _ %T)1T1/2——a (Q—lf\ ® Tl/2+2a(/i _ A")'T‘z(F’YLlMWY_lF)) (a _ aT)Tl—a
+(a —a7)T'"® ((1"“ -ToYQ 1@ T2
(FIY_I_IMWy_lF)(A _ AO)T1/2+2Q) (’Y _ ;?T)Tl/2-a
+(a —ar) TV " (T2°(f‘ -royQler3?
(FYL \MwY_1)(I, fiol)l) (v —Ar)T 2
+(y = Ar) T2 (7 @ T2+ (A — A%'T?
(FIY.I_lMWY—lF)(A _ AO)T1/2+C') (v - ;?T)Tlﬂ—a
+(y — A7) TV (9—1 ®Tl/2+2a(A — A0yT-3/2
(F'YL My Y-1)(Ir, A%)) (y = Ar)T/270
— 0 in probability as T' —

since for 0 < a < 1/6, we have from Lemma 2 in Appendix A.2 that T1/2+2°‘(j -
ADY = 0,(1), T?*(I' = T0) = 0p(1), T2 F'Y! \MwY_,1 F) = Op(1) and
T32(F'Y!, MwY-1(I,, A”)) = 0p(1).
By a similar argument, we see that
(8 - Br)'D*MD*(8 - Br) = 0. (B.39)
Moreover,

(8 — Br)'D*N1D*(8 — Br) (B.40)
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= (y-4p)TO/2-2) (T"(3/2‘2°‘)(Q‘lUOIMWY_lF) ® Ir) Km-ry(a — a7)T1~®
+(a = a7) T K gm_r) (T~ /22U (FYL MwUPQY) @ 1) (y = 3r)T/27)
2o,
since Lemma 2 and the condition 0 < a < 1/6 together imply that
T-G12=2)(F'Y! My UQ™Y) = 0,(1) .
(B.38)~(B.40) establish that
(8 — Br)' (e4(6°) + Vr)(B - Br) B 0. (B.41)
Combining (B.26), (B.27), (B.37), and (B.41), we have that ‘
er(8) = er(Br) = 3((B - Br) H(Q™ @Y., MwY-1)H'(6 - Br) + e ()],
where e7(8) © 0 uniformly for 8 € N(3°, 67). Using this expansion, we can write
Iy = (27) 242 =) explor(Br)} (B.42)
X /N oy P {-3B=BryHQ @Y/ \ MwY-1)H'(8 — Br) +er(8)] } dB
= (2m) 2P e {er(Br) } exp{—05(1)}
<o e {38~ B HQ @Y M Y-0) /(8 - r))} a8

= [ e {-HE - Ay HQ © Y M Y0 H (5 - r)]}dB .
N(ﬁov&r)c
To show that the last integral vanishes, we define the hypersphere
S(8,br) = {B=(a,7) : lla= I/} + |1y —°I2/8% < 1}
where by = T° with s > 1.
Observe that

/ exp {-31(8— Br) B ® Y.\ MwY-1)H'(8 - Br)l} a8 (B.43)

N(B0,61)¢
J exp {~3[(8 - BrY H@ 1 @Y/ \MwY-1)H'(8 - fr)] } dB

S(B%,br)NN(BO,67)°

1 _ANEFO-1 ! T _ A
+/S(ﬂ°,b7')°nN(ﬁ°,6T)° exP{ (6= BV HQ @ Y2, MwY-1) H (5 ﬁT)]} db

sup  (exp{=3{(8 ~ Br) H(' ® Y., Mw Y1) H'(8 — Br)]})
BeN(80,61)°
X (Clb:(TZmr—r2) _ C25;§~m—r)612r¥)
[ exp{=3(B- bV HQ @Y. MwYa) H (5~ Br)l} df
S(B0,br)e

= 51 (say),

IA
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where Clb(z""' ™) and C26'(m ')6 T denote the generalized volume of the hyper-
sphere S(ﬁ0 br) and the ellipsoid N (ﬁo , 1), respectively.
Let D* = diag(T' I (m—y), VTI,,,) and note the following

(l) For all g€ N(ﬁo 57)°, (8= Br)D*|* = | T(a — a7)|2 + I T**(y — 47) |1
> T?(2mr — 12 + 0p(1 )) where a > 0

(i) D*'H(Q ' @ Y! ;MwY_,)H'D*?
(' 1PQT~*(F'Y! MwY_1F)) (I“Q“@T—W(F'y;l MwY-1(I j’y)
(Q—lr“@(lr,f)T—s/z(Yiley_lF)) (Q*‘@(IT,XI)T‘l(YLI MwY_x)(Ir,i')')
= 0p(1)
(i) and (ii) imply that
(B—Br)HQ ' @Y, MwY_1)H' (8~ Br)
(8- Br)D*D* T HQ ' @Y, MywY_1)HD* "' D*(8 - Br)

—p-)OO

and hence,
S1=o0p(1) . (B.44)

Putting (B.26), (B.42), and (B.44) together, we get the approximation

-1/2

Iy = (20 TRl TR @WW] VA @ Y My Yo
] }+0p

x exp { —36r[Q71(AY ~ Y1/, (Br)") Mw(AY - Y_1J.(Br)

Now, take

I = 3 (Tm=mip=2mrtr?) oy (07(6)}d8
N(B9,67)°

where
exp{r(f)} = (2n) TRl T2 @ WW| T/
x exp { —itr[Q 1 (AY — Y_ ([, TA")Y Mw(AY — Y_1(I',TA")")]
2
= (2n) 2 @m=m0)|Q-T20- @ W'W|~ 2 exp { - Ltr[Q ' AY My \AY
2 wy_.y)
x exp {~ Q7 (D, TA') — J,) Y M Yoo (T, TA) — Ju)']}

and where J, = AY' MwY_1(Y' ;MwY_1)"!. To show Ig 2,0 as T - o0, we again
introduce the hypersphere S(3°, br) as previously defined. Observe that

= (2m)"3(Tmt2mr=—r)|~T/2|-1 @ W'W|~1/2 exp {—ltr[ﬂ‘IAY’M(Wy_l)AY]}(BAS)

x /N . exp {~4trf (0, T &) = J)Y! M Y_1(T,TA) - 7)1} dB

C
St

= (2m) 2TM+2mr—r) O -T/210-1 @ W'W|~1/2 exp {—%tr[ﬂ'lAY’M(W,y_I)AY]}
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X =@ (0, TA) = JNY, My Y_((T,TA) = J.)V d
(/Iv(ﬁ(’&T)cﬂS(ﬁo,bT)exp{ 2 ) = T Mw s (0. DH) - 7)1} d

+ [ oy, @@ {3 N(OLA) = 2OV My Y- (T, DA) - )’]}dﬁ)

(2m) 3OO @ WV exp { ~ixi0 T AY My, AY ]}

IN

x (ﬁeNsig&T)c (exp {—%tr[a-l((r,m’) J)Y! My Y_1((T, F]l’)—f.)’]})

X(Clbg?mr—r) C r(sr(m r))
X @ ((r,TA Y\ MwY_((T,TA) - J,)]} d
[ o 0 {107 (O DA LY MY (0, 7A) - 1)) ﬁ)
= Sy (say).
Next, observe that

tr[Q (T, TA") = J)Y!, MwY_,((T',TA") = J, )
[vec((T, TA") — J)I (Y, MwY_y ® Q Y)vec((T,TA") - J!)
> 0

by the positive definiteness of (Y, MwY_; ® Q~1). Moreover

(0, A) = L)Yy Mw Y- (T, TA) = J.Y
= ((T,TA')—J,)PDD™'AY! \MwY_1AD™'DP((T,TA") - J,))

and
((0,TA") - J,)PD = ((T,TA") — (T°, T°A%))PD + ((I°,1°A”) — J,)PD .
By the arguments of Lemma 5
((0,TA) — (I, T°A%))PD = [TT°(A— A% Py + T(T" — T°)(A — A% Py, TY2(D — 1)
+T'2T% A — A% Py + TV/3(D = T°)(A — A°)' Pyy] .
Since for 8 € N(8°,67)°, |IT~I°|| > \/mrT~20-®) and || A= A°|| > \/r(m — )T~ (1-@),
we see that
((T,TA") — (I°, 1% A%)) PD diverges.
Also by Lemmas 2 and 4, we know
((r°,T°A”) — J,)PD = Op(1) and DAY/ \MwY_1A'D 1 = 0,(1) .
Hence, by the continuous mapping theorem, we deduce that

tr[Q~ (T, TA) = J)Y  ; MwY_1((C,TA) = J,)] & oo (B.46)
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and therefore
I5CT < S2 = Op(l) .

Thus far, we have shown that for e > 0

P (|07 (Mp, |, Y) ~ Br(Mp,|Q V)| < €|GT) — 1 85 T — 00 .

Finally, note that by the consistency of 37 and the definition of &1
]P(,BT € N(ﬁoa(sT)) —1 )

or equivalently,
P(G%) — 0.

Hence,
P |07 (My, |0, Y) = Tir(Mp,|Q, Y)| < ¢
= [1=P(G)P (|Ir(Mp,IQ,Y) — (M|, Y)| < €lGT)
+B(GO)P (|Ir(Mp,-|Q,Y) — Dr(My, |2, Y)| < €|GY)

— lasT —oo. O

PROOF OF COROLLARY 3.4
Since by Theorem 3.3

Or(Mpr|Q,Y) [Or(M;7Q,Y)
HT(MP,TIQv Y) ﬁT(Mp,rlgy Y)

it is sufficient that we show here that
I (M;;Q,Y) / r(M;;Q,Y)
Or(Mp-|Q,Y) / r(Mp.|Q,Y)
To proceed, write
1 (Mp7|Q, Y) /ﬁT(M,—,,;@, Y)
HT(Mp,lﬂ,Y) HT(Mp,,lﬂ,Y)
= 10 @WE)WE): /I @W(p)W(p)? x
0 @ WE'WE) " /107 @ W) W(E)|F
-~ _ f -~ 1
[H(p,r)(2} ® V.1 Mugny Y-1) H(p, 7|7 /
|B(p, )@ @ Y.y My Y1) H(p,r)|7 x
97 @Y. My Ya| ™ /107 @ Y. My Ya| 2

exp {Jie @71 = 070 vr) — L)Y M Yoa o)~ 200}

P
—lasT — o0,

BlasT > 0.

exp {-;—tr [(Q_l _ ﬁ—1)(j*(p*)W(pt)lM(y_Lw(p))W(pt)j}(pa)/] }
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Note first

0 @ W)W ()7 /|0 @ W(p)W(p)|: (B.47)
|Q|_%mp/|ﬁ|_%m” BlasT — o0
by the consistency of ) and the Slutsky Theorem. Similarly, we deduce that as

T — o0

o oW EWE) T /07 e W' WE) T S (B.48)

and
07 @Y. My Y1| 7% /107 @ Y My Yoa| 2 B (B.49)

Next, we write

H(p, ) @Y.\ MymY-1) H(p, 7|

= [Bp,n)'Q ' T(p,r) ® F(r)Y. 1 My Y-1 F(r)|
Q71 ® (I, A(p, 7)Y 1Mw<p)Y (I, Ap,r)')) —
(@7 F(p,7) ® (I, Alp, 7)) Y. 1 My Y1 F(r)) (B(p, 7/ p,m) ©
F(r)'Y. ; My Y-1 F(r) " (D(p, r)'Q @F(r)'y 1My Yo1(Ir, Alp, 7))

= [F(p, "' T(p,r) ® F(r)'Y 1 My Y-1 F(r)|
1071 ® (I, Alp, 7))L 1 Mugy Y=1 (I, Ap,7) )| (1 + 0p(1)

X
)

Since |H(p, r)(1 @ Y_Ile(p)Y_l)ﬁ(p,r)l can be written similarly, we see that

B (p, )@ ® Y. My Y-1) H(p,)'|7 /
| Hp,r)( @ @ Y., My Y1) Hp,r) |}
= |(p,ryQ ' T(p, )@F(r)Y \ My Y1 F(r)]
IT(p, 127 0, 7) @ F(r)' Y. Mgy Yo F ()|~ 3
071 ® (I, A(p, ))Y. lewY (I, Alp, 7YY |(1+ op(1)) /
97 ® (I, Alp, 7)) Y. 1 MupyYo1(Ir, Alp, 7)Y |(1 + op(1))
= 0@,y ' T(p,n)IE™ /1B, r) Q' T(p, )2
1737 /10737 (14 op(1))

[

It follows from the consistency of Q) and the Slutsky Theorem that as T' — oo

B, ) @Y.\ My Y-1) H(p 7|2 / (B.50)
H(p,n) (@' @Y1 Mug)Y. 1)H< )'|% 1
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Finally, note that under the null hypothesis that the cointegrating rank and the ECM
lag order equal r and p respectively, we have by Lemma 5 that

(Ja(p7) — Ju(p))Y. 1 My Yo1(Ju(p,7) — Ju(p))' = Op(1)

and
J* (P*)W(P*),M(y_l,w(p))W(P*)J* (p*)l = Op(l)

It then follows from the consistency of Q and the continuous mapping theorem that
as T — o0

exp {%tr (@7 =) 7) = HP)Y 1 Mgy Yo (Falp,T) - f*@”']} =1
(B.51)
and

! - Q-1 J*(p* * *\ TH(, ¥
eXp{?r (@7 = Q)T W (") My, won W (07) T (0 )’]} %1 (B52)
Putting (847)7 (B'48)) (B49)7 (B50), (le), and (852) together, we dedu(;e the

result . N N
I (Mpr|Q,Y) / Hr(Mp72,Y)
HT(MW |Q, Y) HT(Mp,r|Qa Y)

via the continuous mapping theorem.

P lasT >0
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