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9.4. Proofs

Proof of Lemma 8. Condition (a) and Assumption GMM]1(d) are easily shown to
be equivalent given the assumption that G(0) =T'(0 — 6y) + o(||6 — 6o]])-

Condition (a) obviously implies condition (b). To obtain the converse, we assume
condition (b) holds and write: Uniformly over {6 € © : ||0 — 0p|| < v},

IG7(6) — G(8) = Gr (o)l = 0p(T™/2 + |G (9)]| + lIG(O)I])
(9.23) < 0p(T Y2 +||G1(8) — G(8) — Gr(60)| + |G (80)l| + 2/|G(B)])),

where the first equality uses condition (b) and the second uses Minkowski’s inequality.
Rearranging this equation and using the assumption that ||G7(6o)|| = Op(T1/?)
yields

(9.24) IG(6) — G(6) — Gr(6o)]] = 0p(T~* + ||G(B)]])

uniformly over {6 € © : ||§ —0o|| < yp}. Hence, condition (a) of the Lemma holds. O

Proof of Theorem 7. Parts (b) and (c) of the Theorem are obvious. To prove
part (a), we first consider the case where Az (6) = I,. We define the remainder term
Rr(6) and a close approximation to it, R}.(#), that is obtained by replacing I'(6 —6p)
by G(0):

Ry (6) i= —TG1(0)G(6)/2 + TGr(80) G(60) /2 + TG (60)' T(6 — 6o)
+ (6 — 8o TT'T(0 — 00) /2,
Ry (0) == =TGr(9)' Gr(0)/2 + T(Gr(0o) — G(0)) (Gr(6o) — G(9))/2, and

sup | R (0) = Re(9)]/(1+ T"?]10 — 6o |)?
0€0:||0—bo||<vr

= % sup T|2G1(00)' (G(0) —T(0 — 6y)) + G(0) G(6)
0€0:]|0—0bo||<vy
(0 00T~ B0) /(1 T2
925)  =oy(1),

where the second equality in the last equation holds because TV2(G(6) —T'(0 —6)) =
o(TY2)|6 — 6||) and TY2G(8p) = O,(1). Thus, it suffices to show that Assumption
1 holds with Ry () replaced by R.(0).

Define

TY2||Gr(0) — G(6) — G (6o
9-26 p— Sup A
(%20 " 0€0:||0—0o|| <7 1+ T1/2(10 — 6|

By Assumption GMM1(d), ny = op(1).
Let a, b, and ¢ be k-vectors for which a = b+c. By the Cauchy—Schwarz inequality

(9.27) ld'a —V'b] = |dc+20'c| < e+ 2||b|| - ||c]]-
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Take a = Gr(f) and b = G(0) + G (fy) in the equation above, multiply by
2T /(1 +T"2||6 — 6||)?, and take the supremum over € to obtain

sup 2| R (6)]
6c6:]|0—bo||<yy (1+ T[]0 — 6o])?
TI/QG 0 —I—T1/2G 0
< 77%+2 sup ! ( )1/2 0 QT( o)l T
0co:||0—0o||<yy (L +TV2]|0 —6l])
= 7 + Op(L)ny:
(9.28) = Op(l),

which establishes part (a) for the case where Ay (0) = I.

Next, we establish part (a) for the case where Ar(#) is as in Assumption GMM1(e).
The idea is to use the same proof as above but with Gr(0), G(), and I" replaced by
Ar(0)Gr(6), AG(9), and AT respectively. This method works provided Assumptions
GMM1(b), GMMI1(c), and GMM1(d), which are used in the proof above, hold with
the same changes. Assumptions GMM1(b) and GMM1(c) obviously do. By Lemma
3.5 of Pakes and Pollard (1989), Assumption GMM1(e) and condition (b) of Lemma
8 imply that condition (b) of Lemma 8 holds with G (6) and G(€) replaced by
Ar(0)Gr(6) and AG(0) respectively. In addition, Lemma 8 holds with these changes
made to its conditions (a) and (b) and to Assumption GMM1(d) by the proof given
for the Lemma. The last two results imply that Assumption GMM1(d) holds with
the changes listed above, as desired. O

Proof of Lemma 9. Assumption GMM1*(b) implies Assumption GMM1(b) by
Theorem 6. To establish Assumption GMM1*(d), we write:

Gr(6) ~ (o) — G0) = G (010 — o) — GO
— (G (0u) + 0,(1) (0~00) ~ T(6~60) + of 6~
(9.29 = op(lle —6ol)

uniformly over § € © : ||§ — 6o|| < v, where the first equality holds for some 67
between @ and 6y by Theorem 6 (T may differ across rows of %GT(HT)), the second
equality holds by Assumptions GMM1*(d) and GMM1(b), and the last equality holds
by Assumption GMM1*(e). Multiplying (9.29) by T/2/||TY2(6 — 6y)|| and taking
the supremum over 6 € © : |6 — 0g|| < yp establishes Assumption GMM1(d). O

10. GARCH(1,q*) Example

10.1. Specification of the Model

First we describe the GARCH(1, ¢*) model. For notational convenience, we order
the GARCH-MA parameters such that the first p (> 0) GARCH-MA parameters,
010 € RP, are those whose true values are zeros, rather than those that correspond
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to the first p lags of the conditional variance, and the last b (> 1) GARCH-MA
parameters, fa9 € R?, are those whose true values are non-zeroes.
The true process generating the data is

Y; == 059 + Xt/tgﬁo + &¢,

gy = hét/ta, {z: : t=..,0,1,...} are stationary and ergodic,
E(z|Fi—1) =0 as., E(zf]ft_l) =1as., Fr=0(2z,2-1,...),
hot := 0a0(1 — B30) + 3,010 + £3,020 + Oa0hor—1,

2, = (5f_j1,...,5t2_jp)’ for 2 <j1 <jo<--- <Jp, and
(10.1) €2, = (5f,k1, ...,5,52,,%)' for 1 =Fk) <kg <--- <k,
for t = ...,0,1, ..., where j; # ky, for any ¢ = 1,...,p and m = 1,...,b; 619, ¢}, € RP;
020, €3, € R’ ¢* = max{jp, kp}; O30, 010, 050 € R; and bgp, X; € R". The regressors
{X;:t=..,0,1,...} are stationary and ergodic and independent of the innovations
{2z :t =..,0,1,...}. The GARCH-MA coefficients on &2, are assumed to be zero.

That is, 610 = 0. The GARCH-MA parameters on €3, are assumed to be positive.
That is, 029 > 0 (element by element). The GARCH-AR parameter 03¢ is assumed
to lie in (0,1). The intercept of the conditional variance equation 4 is assumed to
be positive. The only parameters on a boundary are those in #1g.

The random variables {(Y;, X;) : 1 <t < T} are observed. The true parameter
vector is 60 = (9’10, 9’20, 930, 4940, 650, Hgo)l = (OI, 9’20, 4930, 640, 650, ng)l € R°.

An equivalent expression for the conditional variance hoy is ho = 040+ > 5oy «9’§0
X (5%;_k910 + 5%;—1#920) for t = ...,0,1,.... Note that by repeated substitution the true
conditional variance hg; is a weighted sum of the infinite sequence of past squared
innovations {22 : u = t — 1,t — 2,...}; see Bollerslev (1986, equations (A.2) and
(A.3)) for details. The weighted sum is well-defined (though possibly infinite) for any
parameter 0y, because the weights are all non-negative.

The model used to generate a quasi-likelihood function is

Y; =05+ X[06 +e(0) for t =1,...,T,

er(0) = RE ()22 for t =1,...,T, {z : t=1,...,T} are iid N(0,1),

R (0) := 04(1 — 03) + €2,(0)'01 + €3,(0) 02 + 03h; 1(0) for t = ¢* +1,..., T,

e1y(0) = (€] 4, (0), e} ;,(0)), €3,(6) := (€] ,(6), s e} 1, (F))', and
(10.2) 0 := (6},0},03,04,05,05)".

The initial conditions 21 (0), ..., hy. (0) are arbitrary non-negative functions of # and/or
{(Yi, Xy) i t=1,...,¢"}.

68



10.2. Quadratic Approximation of the Quasi-log Likelihood
Function

We consider the Gaussian QML estimator of . The Gaussian quasi-log likelihood
function is

(10.3) tr() == — — 1) ki (0) — 1) € (0)/h; (0

t=1 t=1

The parameter space O is a compact subset of R® that bounds the GARCH-AR
parameter, 03, away from zero and one, the GARCH-MA parameter on the first lag,
021, away from zero, and the conditional variance intercept parameter, 64, away from
Zero:

©:={0€ R°:0=1(01,05,05,04,05,05), 050 < 0; <05, ¥j=1,..,0,
where 0, and 60, are finite constants or constant vectors
that satisfy 61y = 0, 0oy := (021¢,0,...,0)', a1 > 0, O3, > 0,
(10.4) 03, < 1, and 040 > 0}.

(The vector inequalities above are element by element inequalities.) We assume that
Ay € © and that each subvector of 8y satisfies the above inequalities strictly except
010, which equals 0 and causes 6y to be on the boundary of ©. (To obtain results
when all of the GARCH-MA parameters are positive, we take p = 0 and the subvector
01 € RP disappears.)

Note that the parameter space need not restrict the GARCH parameters to be
values that generate a stationary process. Such restrictions could be added if desired.
They would have no effect on the asymptotic results given below provided the para-
meter space is compact and none of these restrictions is binding at the true parameter
vector fy. The true parameter vector 8y, however, will be such that the true process
is stationary under the assumptions given below.

Define
he(6) := 04 + i 0% (3, ()01 + €3, 1.(9)62) and
k=0
(10.5) Cu(0) := —11In(27) — L In((0)) — 2e3(0) /().

(The double subscript on £ (0) is used to distinguish ¢y (0) from ¢7(0) when ¢t =T.)
Note that h.(6) is the unobserved conditional variance given the parameter 6 with the
initial conditions h{(), ..., hj. (0) replaced by an infinite weighted sum of lagged values
of €2(). Also, £4(0) is the corresponding unobserved ¢-th contribution to the quasi-
log likelihood. The asymptotic behavior of the actual quasi-log likelihood formed
using Ay (0) is shown to be equivalent to that based on h;(6) using the argument of
(3.6)-(3.8).

We take the normalization matrix By to be of the form TV2M, where M is a
nonsingular non-diagonal matrix that is designed to yield block diagonality of the

69



Hessian quasi-information matrix Jr between the regression slope parameters and
the remaining parameters. This block diagonality is achieved without assuming sym-
metry of the true (perhaps non-Gaussian) distribution of z;.

By definition,

Ipipiz O 0O C [Iserz 0O
(106) M:=| O 1 EX)| andL:=M Y =| 0o 1o
0 0 I 0 —EX; I,

When L pre-multiplies a vector that has (1, X})" as its last r + 1 elements, it yields
a vector that is the same except that its last r elements are the mean zero random
variables X; — EXt This is the key feature that yields block diagonality of J7. Note
that M6 = (67,03,03,04,05 + EX{0s,05)". We determine the asymptotic distribution
of BT((‘) 0o) = Tl/ 2(M ¢ — M®y). This directly gives the asymptotic distribution of
T2 (9 — 9]0) for all j # 5. The asymptotic distribution of T1/2(¢95 —050) is given by
T2/ (M6 — M#6y), where v := (0',1, —EX])'.

The components of the quadratic approximation of ¢p(6) at 6y are defined as
follows:

T T
Der(6o) == Ztu(o) =S (%(zf 1) 2 hi(00)/hot — 225 e4(60) /h1/2> |
t=1

= t=1
D20p(6y) :== ~TJ, By :=TY?*M, By" =T V2L,
Zp = J T~ Y2LD0r (), and
J = Jr = —ELg555tu(60)L = %EL%ht(Qo)aef h(00)L' /i,

9000’
(10.7) + ELZe(60) 5 e1(60) L /hoy-
Some calculations yield
0
%et(%) (O/ O/ 0 0 1,—X£k,), and
5§t—k
52t—k9
hoi— — 040
L h (0o) 9 , where
+(60) Z L o
—2eh; 020

—2X5, y(e2t—k © b20)
(108) X;k = Xt - EXt, Eot — (5t—k17 €t_kb), and X;t = [ t**kl ce t**kb]'
Note that 896,5(90) and ht((‘)o) equal Laeet(Qo) and Laeht(e ), respectively, with
X; and X3, replaced by Xy and Xo;_ .
To verify Assumptions 1-4, we use the following additional assumptions:
(a) B(z}|F-1) K < oo as. and P(z2 =1) # 1,
/1y
(b) E is positive definite and E||X,||'® < oo, and
X ) \ Xy

(10.9) (c) Ehg; < oo for some 0 < p* <1 for some t.
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Assumptions (a) and (b) are not very restrictive. Assumption (c) holds with p* =
1 when the true process is not integrated, i.e., when 6sg + Z?’:l 250 < 1, where
020 := (0210, ..., 0280)". This follows by the proof of Theorem 1 in Bollerslev (1986)
extended to cover the case of square integrable stationary innovations {z; : t =
.,0,1,...}. Assumption (c) holds in an IGARCH(1,1) model under our assumptions
on the innovations by Lemma 2(3) of Lee and Hansen (1994), who extend results
of Nelson (1990). We conjecture that Assumption (c) holds for an IGARCH(1, ¢*)
process for ¢* > 1 (i.e., a process with 30 + 22:1 6250 = 1), but we do not yet have
a proof.

Under the assumptions above, {ho : t = ...,0,1,..}, {Y; : t = ...,0,1,...},
and {%Ett(é)o) t=..,0,1, } are strictly stationary and ergodic and Assumption 1
holds. This is proved in Section 13. In addition, %Ett(é)o) is shown to be square
integrable in Section 13. Assumption 2 holds by the central limit theorem for
square integrable, stationary and ergodic, martingale difference sequences applied to
{Z04(0p) : t = ...,0,1,...}; see Billingsley (1968, Thm. 23.1). (Note that E(Z¢y(6o)
|Gi—1) = O a.s., where G, = 0(X¢1, Xy, ooy 28, 2021, ...) for t = ...,0,1,.... Hence,
{%Ett (0p) :t=...,0,1, } is a martingale difference sequence.) Assumption 3 holds
because J is symmetric, positive definite, and independent of 7. Positive definiteness
of J is proved in Section 13.

Assumption 4 is shown to hold in Section 13 when 03¢ —I—Z?Zl 20 < 1. When the
true process is IGARCH(1, ¢*), we only show that a “local” QML estimator satisfies
Assumption 4, see Section 13. The difficulty in proving consistency of the QML
estimator is that F/;(0) may equal minus infinity when the GARCH-AR parameter
03 is small relative to f39. In this case, T~1/7(6) does not converge uniformly to a
function ¢(6), which complicates a proof of consistency. Note that it is the behavior of
T~Y7(0) at points that have small likelihood values (and, hence, points that are not
likely to equal the QML estimator) that complicate the standard method of proof.
In consequence, we conjecture that the QML estimator is in fact consistent in the
IGARCH(1, ¢*) case.

10.3. Parameter Space

Assumptions 5%* and 6 hold in this example with
(10.10) A= (R x R*P.

Assumption 5%* holds because part (a) holds with A* = A, part (b) holds with
Yy =T"Y2I, and M as in (10.6), and part (c) holds because YpMA* = A.

10.4. Asymptotic Distribution of the QML Estimator

In this example, Jpr does not depend on T and J (= Jr) is symmetric and
positive definite. (The latter is proved in Section 13.) Thus, Assumption 7 holds

provided T-1/2L Dty (8o) < @ for some random variable G. By the CLT for square
integrable, stationary and ergodic, martingale difference sequences (see Billingsley
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(1968, Thm. 23.1)), we have

B )
00 E“(HO)ae'

for %étt(ﬁo) defined in (10.7). Square integrability of %éﬁ(eo) is established in
Section 13.

By Theorem 3, Tl/QM(E— o) <, X, where A satisfies (5.1) with (G, J) defined in
(10.7) and (10.11) and A = (R*)? x R*?

(10.11) T-Y2LDep(0y) % G ~ N(0,T), where T := EL— Ces(0o) L

10.5. Asymptotic Distributions of Subvectors of
the QML Estimator

We partition 6 as in Section 6.1 with
(1012) 9* = ( /1, 12,63,94,65)17 w = 96, ﬁ = 91, and 6 := (9’2,93,94,95)/.

With this partitioning, we find that 7 is block diagonal between the regression slope
parameters and the other parameters because

2
0006’

where L;. denotes the rows of L corresponding to §; for j = 1, ..., 6. This holds because
Lﬁ.%et(ﬁo) and L6 ht(Ho) are linear in X} ; fori >0, L;. aeet(eo) and L;. %ht(ﬁo)
do not depend on {Xt 50,1, EXF =0Vt {X/f:t=..,0,1,..} and
{z: : t = ...,0,1,...} are independent, and the expectations are well-defined. (The
latter is established in Section 13.) Thus, Assumption 8 holds.

The set A is a product set Ag x As x Ay, with

(10.13) Lo E———ly(0o)L;. =0 Vj=1,..,5,

(10.14) Ag:= (R")P, As:= R"™3 and Ay := R".

Thus, Assumptions 9 and 10(a) also hold.
With this partitioning, from (10.7), (10.8), and (10.10), we have

T = %Ea%*ht(@O)ae/ he(80) /13, + E(1/hot) (0’ (1))
Ty = 3ELg. %ht(%)ae' ha(B0) L. /Wy + EX; X /o,

Le. 55l (60) = _22930X2t k(€at—k © Oa0)
G := (G, ﬁ/,)’ ~ I;VE)O,I), Gy« ~ N(0,Z,), Gy ~ N(0,7y),
I,:=E (%@3 — 1) 52 hy(6o) /hoy + 21 (9) /hl/Q)
X (%2 = 1) g5-hu(B0) /ot + 2 (] )/h1/2> ,
(22 = 1)Lo. 55he(00) how + 20X /1))

(10.15) x (4(22 = 1) Lo, 2 (00) fhor+ 20X} /h1/2> .
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Thus, in this example, Assumption 72* holds. If the innovation z has third mo-
ment equal to zero conditional on F;_1 a.s., then Z, and Z,, simplify somewhat. In
particular, Z, can be written as

(1016) T = $B(zf — 1)*g5-he(00) 597 he (60) /M, + E(1/har) (g ) -

In consequence, Z, = J, and Assumption 7%* holds with ¢ = 1 if z; has conditional
third moment equal to zero and conditional fourth moment equal to three given F;_4
a.s. The latter is true if {z : ¢t = ...,0,1,...} are iid N(0,1).

By Theorem 3, T1/2(§ — 6o) <, X, where A = (X%,X;,Xi/,)’. By Theorem 4(c),
Corollary 1(a), and the fact that Ay, = R", we have
B\\w = Zw = j{/)—le ~ N(O,jw_l) and
(10.17) TY%(85 — fe0) > Ay ~ N (0,7, 1).
In consequence, the regression slope parameter estimator 56 is asymptotically normal

with covariance matrix \71;1 whether or not some GARCH-MA parameters are zero.
By Theorem 4(a) and Corollary 1(a),

Tl/z(@\l —010) <, /Xg, where Xg minimizes
()\ﬁ — Zg)/ (Hj*ilHl)_l ()\ﬁ — Zg) over )\g c (R+)p and
(10.18) Zg:=HJ, 'G. ~N(O,HT, 'T.J, 'H).
For example, if p = 1 (i.e.,, the GARCH model is over parametrized by one

GARCH-MA parameter), then Assumption 10 holds and Xg is as in (6.23). If p > 1,

Xg is given in closed form by (6.8) or Theorem 5.
By Corollary 1(a),

~

Tl/Q((/éIQ,/Q\g,/éLL,/@\g) + EX[Q\G), — (9’20, 930, 940, 950 + EX£96),) i> /\5, and
TY2(05 — 00) % vi s — EX/ g, where v; = (0, 1Y,

As = jé_lGé - jé_ljéﬁ)‘ﬁa

Js = 5E & (00) g5 (00) /1y + E(1/har) (5 §) € ROFD*CH),

(10.19)  Jsg := $EZhu(00) 22 hu(00) /13y, and G, = (gg) ~ N(0,T,).

11. Partially Linear Regression Example

11.1. Semiparametric Least Squares Objective Function

In this example, the estimator objective function is a semiparametric LS function:

T
(11.1) =—3Y VM- EW: | X0, Z) — (X — E(X; | 24))'0)%,
=1
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where E(Y; | X;,Z;) and E(X; | Z;) are nonparametric bias-reducing kernel estima-
tors of ny (X, Zy) == E(Y: | Xy, Z¢) and 19(Z;) := E(X; | Zi), respectively, as defined
in Robinson (1988).

The parameter space is the same as in (3.20) for Example 2.

The quadratic approximation of (3.1) and (3.3) holds with

T
D0y (6o) == —3 Z E(Yi| X, Zt) — (X¢ — E(X4|Z,)) 00)(Xe — E(X¢| Z4)),
=1
T o~
D?(r(6o) - Z E(Xi|Z))(X: — BE(Xi| 1)),

=1
(11.2) By := TY2I,, I := —2D*1(00), Zr = T *T Y2 Der(6y), and Rp(6) = 0.

Assumption 1 holds because Rr(60) = 0.
Assumptions 2 and 3 hold by the Propositions given in the Appendix of Robinson
(1988) under the following conditions:

(11.3) @ := E(X;—E(X{|Z))(X;— E(X{|Z;)) > 0, Ee? := 0% < 00, E | X;|*

Z; has a density f(-) with respect to Lebesgue measure, the functions u(-), n;(+), and
n5(+) satisfy the smoothness and boundedness conditions of Robinson (1988, Thm. 1),
the bandwidth and trimming parameters and the kernel used in the kernel estimators
EY: | Xt,Z;) and E(Xy | Z;) satisfy the conditions of Robinson (1988, Thm. 1).

Assumption 4 holds under the assumptions given above by the proof of consistency
for Example 2 in Section 8.2 with X replaced by Xy — E(X¢|Z;). Equation (8.7) holds
in the present case by Assumptions 2 and 3, which hold under the given conditions
by the Propositions in the Appendix of Robinson (1988).

11.2. Parameter Space

Assumptions 5** and 6 hold in this example under the same conditions on g (6)
and g2(#) and with the same A matrix as in the Regression with Restricted Parameters
Example 2

11.3. Asymptotic Distribution of the Semiparametric
Least Squares Estimator

The Propositions in the Appendix of Robinson (1988) show that Assumption 7
holds in this example under the assumptions given above with

(11.4) G~ N(0,I),T=0%®, and J = ®.
Thus, by Theorem 3, T1/2(5— o) 4, X, where \ satisfies (5.1) with (G, J) defined in
(11.4) and A defined in (4.16).
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11.4. Asymptotic Distributions of Subvectors of the
Semiparametric Least Squares Estimator

We partition 6 and X in this example in the same way as for Example 2, but with
X, replaced by X; — E(X¢|Z;). Then, the asymptotic distributions of TY2(3 — By),
TV2(6 — &), and TV?(2p — 1)) are the same as given in Example 2 except that X;
is replaced by Xy — E(X¢|Z;) throughout. In addition, the asymptotic distributions
simplify somewhat in the present example because £; is assumed to be independent
of the regressors. In particular, we find that 7 = 02® = 027, I, = 027, I = 02j5,
Is = 0%Js, and Iy = 02\71/). This implies that Assumption 7%* holds and that

TY2( = ) 5 N(0,027;1).

12. Regression with Restricted Parameters and
Integrated Regressors Example

12.1. Specification of the Integrated Regressors

In this example, the estimator, objective function, parameter space, and quadratic
approximation to the objective function are the same as in the Regression with Re-
stricted Parameters Example 2; see(3.19)-(3.21).

In contrast to Example 2, however, the regressors are assumed here to be inte-
grated of order one. We assume the errors and regressors satisfy the conditions of
Park and Phillips (1988, Section 2). In particular,

t T

& _

(121) Xi=)» Us, Wi o= (Ui) Sr:=Y Wi, and Sp(r) :=T 2Sp,,
t=1

s=1

where [T'r] denotes the integer part of Tr. We assume that
Sr(-) = B(),

T
(12.2) TN SW S [ B(r)dB(r) +11,
t=1

and the convergence holds jointly, where “=” denotes weak convergence and B(r)
is a (s 4+ 1)-vector Brownian motion with positive definite covariance matrix 2. By
definition,

T t
My I
T —1 / — 1§ -1 W .= 1 12
(123) Q:= lim T7'ESySy and II:= lim T tz;z;EW]Wt = [Hm HQJ,
= J:

where II1; € R, Ilp; € R®, and Ilse € R**®. Primitive conditions under which (12.2)
holds are referenced in Park and Phillips (1988, Section 2). For example, mean zero
asymptotically weakly dependent processes {W; : t > 1}, such as linear processes
and strong mixing processes, satisfy (12.2) under suitable moment and dependence
assumptions.
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The norming matrix By in this case equals T'I;.

Assumption 1 holds trivially in this example because Ry (0) = 0.

Assumption 2 holds by (12.2) because BEIIDET(HO) equals the first column of
T+ 5°T | S,W/ with the first element eliminated. Assumption 3 holds because (12.2)
implies (see Park and Phillips (1988, Lemma 2.1(c))) that

T
.— T2 14l r ) dr, wher r) = Bi(r)
(124) Jr:=T ;XtXt Jo Ba(r)Ba(r)'dr, where B(r) : <B2(r)>v

Bi(r) € R, Bs(r) € R*, and the limiting integral is positive definite with probability
one. (The convergence in (12.4) is joint with that of (12.2).)

Assumption 4 holds under the assumptions above. The proof is the same as

that given in (8.3)-(8.7) for Example 2. Equation (8.7) holds in the present case
“1/2
by (12.2) and (12.4) because T~' S22 ¢, X; = O,(1) and (T_2 ST XtX{> <,

1 ~1/2 - 1/2
<_]0 BQ(T)BQ(T)’dr) . In consequence, (thl XtX,Q (0—00) = Op(1). The lat-

ter and the fact that 7-2 YL X, X] <, [(1) Bs(r)Ba(r) dr, where [(1) By (r)Ba(r)dr >
0 with probability one, imply that [N 0y and Assumption 4 holds.

12.2. Parameter Space

Assumption 5* holds in this example provided g,(#) and g,(#) are continuously

differentiable on some neighborhood of 6y and % 9(0p) is full row rank, where g(0) =

(9a(0)',g5(0)"). In consequence, by Lemma 2, Assumption 5 holds with

0 0
(12.5) A= {)\ ER: Wga((‘)o))\ =0, wgb((‘)o))\ < 0} .

For A as such, Assumption 6 holds.

12.3. Asymptotic Distribution of the Least Squares Estimator

In this example, Assumption 7 holds with

(12.6) G = [¢ Ba(r)dBi(r) + Ty and J = [ Ba(r)Ba(r)'dr.
This follows from (3.21) and (12.1)—(12.4).
By Theorem 3, T(@—(‘)o) 2 X, where ) satisfies (5.1) with (G, J) defined in (12.6)

and A defined in (4.16).

12.4. Asymptotic Distributions of Subvectors of
the Least Squares Estimator

Typically, the restrictions g,(#) = 0 and g,(f) < 0 in this example only in-

volve some of the elements of . In this case, the vector %g(@o), where ¢(6) =
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(9a(6),95(9)"), that determines A contains some non-zero columns, say p of them,
and some columns of zeros, say s — p of them. Without loss of generality, assume
that the first p columns of 89, g(0p) are non-zero vectors and the last s — p columns
are zero vectors for 1 < p < s.

We partition Xy such that

X
(X ot B.(r) an
A= (th> - ))éz = <Bw( )> ‘
o . . 0 [ ’d?" 0
(12.7) J = [ Ba(r)Ba(r)'dr := [0 jdj " o o By(r)By(r)dr|’

where X,y € RPT?, X, € R, Xg € RP, ..., Bi(r) € RP9, By(r) € R, .... Such a
partitioning is always possible, because one could have r = 0.
We partition 6, 6y, and 6 conformably with X;. That is,

~ ~ N~
(12.8) 0:=(B,0,¢), 0o := (By,0,¥p), and 0 = (8,8, 4"),
where 3, 8,3 € RP, 8,60,6 € R, and ¥, 1,1 € R".

Now, with the above partitioning, Assumptions 8 and 9 hold. The matrix J is
block diagonal by (12.7). The matrix By is diagonal. The set A is a product set
A[g X Ag X A¢ with
,ga(eo)/\ =0

A[g = {)\[3 € RP: (90))\[3 < O} , As = RY, and A,/, =R

o
86 ) aﬁ/gb

(12.9)  where 85'9](90) € R%*P for j = a,b.

With conformable partitioning to that above, we have

G

IL.
(12.10) G¢ = [O B,/, dBl( ) + Hw, and Iy := <H1/)7

where G, I, € RPT? and Gy, 11, € R". Conditional on B,(.), G4 has a normal dis-
tribution and, hence, Assumption 7* holds. If the regressors X,; are (asymptotically)
strictly exogenous, i.e., By(r) and Bi(r) are independent and II, = 0, then

(12.11) G4 ~ N(0,9117,) conditional on B,(.),

where Q7 is the (1,1) element of the covariance matrix €2 of the Brownian motion
B(+). In this case, Assumption 73* holds with ¢ = (3.

By Corollary 1(b) and the fact that Ay, = R", we obtain
(12.12) T@’ — ) o Xa/) =Zy = jw_le/),
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where Jy, and Gy, are defined in (12.7) and (12.10) respectively.
By Corollary 1(b),

(12.13) T(B - By) 5 As,

where Xg solves qg(/)\\g) = infy;en, gs(Ag) With Ag as in (12.10) and g(Ag) is defined
using (12.7) and (12.10).
By Corollary 1(b),

T - 60) % Xs = T Gs — T Tsp ), where

G
G*::< #), Gs = [L Bs(r)dBi(r) + Iy, By (r) :

_ (s _ | T8 Tss| _
(12.14) I, = (Hé), T = [jﬁﬁ ZJ _

<B/3( )>

Bs(r))’

.[(1)35(7' Bg(r)'dr f(l)Bﬁ (r)Bs (r)'dr]
_f(l)B5(r Bg(r) dr f035 r)Bs(r) dr ’

Gs, B(S(T), IIs € R4, and Js € RI*4.

13. Appendix of Proofs for the GARCH(1,q¢*) Model

13.1. Stationarity and Ergodicity

First, we establish strict stationarity and ergodicity (S&E) of {hg; : t = ...,0,1, ...}
From this and the assumed S&E of {X; : t = ...,0, 1, ...}, we obtain directly the S&E
of numerous random variables including ¢, Yt, h(0), e:(6), ( Y, — 05 — X/6g),
Ett( ), 69ht(0)’ 696t( ), aeﬁtt(e), 6969' ht(e), 6969' et(Q), and 6969'€tt(9)' We use S&E
to obtain laws of large numbers (LLNs) for various quantities.

To establish the S&E of hg, we write hos = ¢ Y peg M(t, k), where ¢ := 040(1 —
f30) and M (t, k) is a linear combination of products of the squared innovations 2?2 for
s=t—1,t—2,..., as in Bollerslev (1986, Proof of Theorem 1). Because Ehg; < oo for
some t by Assumption (c) of (10.9), co Y poq M(t, k) < oo a.s. By stationarity of z,
this implies that co Y oo M(t,k) < oo a.s. Vt = ...,0,1,.... That is, co Y oo o M(t, k)
is R-valued a.s. Vt. Furthermore, this sum is clearly a measurable R-valued function
of the S&E sequence {z : t = ...,0,1,...} and, hence, is S&E itself (e.g., by Theorem
3.5.8 of Stout (1974)).

13.2. Verification of Assumption 1

Our approach to verifying Assumptions 1 and 4 for this example is to extend
results in the literature (mainly moment bounds) for a GARCH(1,1) model with in-
tercept (including an IGARCH(1,1) model) to a GARCH(1, ¢*) model with regression
function. This approach dramatically reduces the length of the proof because mo-
ment bounds in GARCH models are complicated to derive, but very similar methods
can be used for GARCH(1, ¢*) models as for GARCH(1,1) models.

Specifically, we extend results of Lee and Hansen (1994), hereafter denoted LH.
To make the extension of LH’s results as simple as possible to understand, we adopt
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the same symbols as LH for the parameters that are common to both models. We
let 5 denote the GARCH-AR parameter 03 (thus, 3 differs here from in Section ), w
denotes the variance intercept parameter 64, and (aq, ..., g+ ) denote the GARCH-
MA parameters on the variables e? (), ...,e%fq*(Q), respectively, i.e., the elements
of #; and 0, arranged in the order specified. LH’s single GARCH-MA parameter is
denoted a. (Our model does not require that all of the lags €7_;(6), ...,e7 . (6) enter
the model. If e?_ j(9) does not enter the model, the corresponding «; is set equal
to zero.) The mean in LH’s model is . In our model, it is 05 + X}0g. For present
purposes, we let § denote (v, ..., g+, 3,w, 05, 65)’.

We need to extend LH’s results to allow for ¢* > 1 and the mean function 65 +
X0, rather than ¢* = 1 and the mean function ~. In other respects, our models are
the same. In particular, the assumptions on the innovations {z; : t = ...,0,1, ...} are
the same. The restrictions on the parameter space are the same if one views our oy
as their & — both are bounded away from zero. Our restrictions on as, ..., ag+ (that
a; € [0, ] for some 0 < ajy, < 00 Vj = 2, ...,¢*) are novel of course, because these
parameters do not appear in LH.

Define

T T
(13.1)  Lr(0) == Lu(6) :=—FIn(2m) — 1) "Inhe(6) — 5> _ef(6)/hu(6).
t=1

t=1 t=1

Note that L£5(6) is comprised of sums of strictly stationary and ergodic random
variables. In consequence, it is more amenable to analysis than is the quasi-likelihood
p(0).

We verify Assumption 1 for ¢7(6) by showing that it holds for £r(6) and that
07(0) is closely approximated by L£7(#) in the sense that (3.6) holds.

To establish (3.6), we write the left-hand side of (3.6) as

T

up (0
0€0:||0—00l|<vr |1—1

k@) M)\ (20 S0 & . &
(132) a(f) = 1“<h:<e>> - 1“(h:<93>> ~3 <h:f<9> TR R htwo)) |

, where

The functions hy(6), hj (0), and e?(#) are continuous in § a.s. Hence, SUPYe:|[9—0o || <y
lat(0)] — 0 a.s. as T — oo Vt > 1. The argument of the proof of Lemma LH3 applies
to our model with minor adjustments and yields Y .2, supycg |a:(f)| < oo a.s. (Note
that the proof uses Lemma LH2(3) which is extended below to cover our model.)
Hence, given ¢ > 0, 377 < oo such that Y . | supgeg |a:(0)] < €/2. And, given
e >0and T < oo, 313 < oo such that VI' > Ty we have suPpce.(j—g,||<y, 1a(0)] <
¢/(211) vt <T). Combining these results gives

T Th fe’s)
(13.3) sup ai(0)] < Z sup las(0)] + Z sup |a; ()] < e.
0€0:|10—00||1<vr | =1 1—1 9€0:(|0—00||<yr =T +1 S

Hence, (3.6) holds.

79



We verify Assumption 1 for £7(6) using Assumption 1* and Lemma 6(b). (Note

=201 (0p) H < oo and,

that the latter apphes because it is shown below that E H 5657

hence, —T1 8969,

We verify Assumption 1*(c) for L7(f) by showing that supyce,
Ny i

L7(00) 2 T by the ergodic theorem.
Lr(0)

H — 0, for some set Og C O that contains © N S(fp, ) for some ¢ > 0,

8989’

aeaa' €1t (0

and F 8989’6“(9) is continuous at 6y. Both of these results follow from the uniform
LLN given in Theorem 6 of Andrews (1992) using Assumption TSE-1D provided

32

(13.4) E sup 5060

0cOg

Ztt(e) H < 00,

because 8969, 0+(0) is stationary and ergodic and continuous in 6 a.s. (Note that
the above uniform LLN has simpler conditions to verify than the one used by LH. It
avoids the need to consider third derivatives of 4(6) as is done in LH. It is applicable

because {6969, ly(0) :t=1,2, } are identically distributed.)
We verify (13.4) by strengthening Lemma LH11(1) from “for all § € Oy,
EHagag,étt(e)H < 00,” where O4 is a neighborhood of 6y, to the result of (13.4)

(which takes the supremum before the expectation) and extending Lemma LH11(1)
to our more general model. Lemma LH11(1) relies on Lemmas LH1, LH2, LH4-LH7,
LH8(1), and LH10(1). Hence, we need to strengthen and extend each of these Lem-
mas in the same direction. The strengthening of these results in terms of taking the
supremum over 8 before the expectation turns out to be simple because the bounds
used by LH are always in terms of upper and lower bounds on the parameter space
and these bounds hold uniformly for all points in the parameter space.
To extend LH’s Lemmas to our model, we define the function hf(6) to be

00 q*
(13.5) hE(0) =w+ Y ") el
k=0  j=1

Most of LH’s moment bounds for functions of h(#) are derived using hj(6) (with
a; = 0 for j # 1) in place of hy(#), which is justified by their Lemma LH1, which
states that B71h$ () < hy(0) < Bh;(#) a.s. for a constant 0 < B < co. Lemma LH1
extends to our model with minor adjustments, such as the replacement of terms like
ae? | . (0) by terms like ] Laje? ;x(0), and with the adjustment that B is of the
form

(13.6) B = C(1+ ||X¢|| + ||X¢||*) for some constant 0 < C' < oo.

The latter adjustment occurs because LH’s upper and lower bounds on the intercept,
v, and 1y, must be replaced by upper and lower bounds on the regression function,
which depend on ||X¢||.
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We relate h§(0) for our model to hf(6) for a GARCH(1,1) model using the fol-
lowing simple, but key, bounds:

o) 00 q
w+ o Zﬁ%ikq <w+ Zﬁk Zo‘jsik—j := hi(0)
k=0 k=0 j=1

q o0 q"—2 q"
S DRI PO S SR R E
j=1 k=0 k=0  j=k+2
7" 1\ >
(137)  <w+ Y o> e, .
j=1 k=0

where both inequalities use the fact that ag, ..., ag« are non-negative and the equality
holds by summing the coefficients on all of the lags of €7 of the same lag order.

Note that the lower bound on hf(6) for the GARCH(1, ¢*) model is exactly the
same function of the parameters and lagged ?’s as for a GARCH(1,1) model with
a GARCH-MA parameter of a1 and the upper bound is exactly the same as for a
GARCH(1,1) model with a GARCH-MA parameter of Z?;l ;7. (Of course, the
random variables 5?7 w1 for k= 0,1, ... have different properties in the GARCH(1, ¢*)
case than in the GARCH (1,1) case, but this turns out not to cause any difficulties.)

Given our assumption that the first element of 65 is bounded away from zero, see
(10.4), and that this element is the GARCH-MA parameter on the first lag of 7, see
(10.1), we have that «; is bounded away from zero for € ©. Thus, the lower bound
in (13.7) is not “degenerate.” That is, it does not reduce to just w for any 6 € ©.

Let ajo, aje, and aj, denote the true value of o, the lower bound on «a; given
in ©, and the upper bound on «; given in ©, respectively, for j = 1,...,¢*. By
assumption, agy > 0, ajp = 0Vj = 2,...,¢%, and o, < 00 Vj = 1,...,¢". Define wy,
wy, and w, analogously. Define 7, and 7, as in LH. (They are values that satisfy
0<n<By<m,<Ll)

Now, the conclusions of Lemma LH2(1) and LH2(2) regarding stationarity hold
in our case by the argument given at the beginning of this section. Lemma LH2(3)
holds by the proof in LH using Assumption (c) of (10.9) in place of Theorem 4 of
Nelson (1990), with ag replaced by ayg, and using (13.7).

Parts (1) and (2) of Lemma LH4 hold without change in our GARCH(1,¢*)
model because these parts only involve the innovations z;, which are the same here
as in LH. In the proof of part (3) of Lemma LH4, the first equation on p. 44 holds
for the GARCH(1,¢*) case with the equality replaced by the inequality “<” and
ag replaced by ajg, because 23;2 ajoho,g,jszj > 0. The rest of the proof holds
unchanged. Parts (4) and (5) hold by the argument of LH using equation (13.7).
The bounding constants in this case are Ky 1= w,/wy + Z?;l ajy /o and Hy, :=
wowe + 9 ajo/ae.

Lemma LH5(1) holds for our GARCH(1, ¢*) model by LH’s proof except that the
equality in the third last equation on p. 44 is an inequality (<), « is replaced by aqg,
oy by aqg, ete. Also, the proof of LH contains a small error that needs to be corrected.
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The first equality in the last equation on p. 44 is not correct. The expectation of
the product does not equal the product of the conditional expectations because the
terms in the product contain overlapping random variables. One needs to replace the
hi_;(8)/hi_;.1(0) terms by the bound given in the third last equation on p. 44 before
switching the order of the expectation and the product. Lemma LH5(2) holds with
H. = wq/we + Zg;l ajo/(c1n). The proof is analogous to that of LH using (13.7).

Lemma LH6(1) holds for our GARCH(1,¢*) model with K. := w,/wp
—l—Z?;l ajo/(a10m,). The proof is analogous to that of LH using (13.7). Lemma
LH6(2) holds with H,, and K, defined as above by the same argument as in LH. We
note that, in the last equation on p. 45 of LH, hgt—g+1 should be hg;—p and Fi_g
should be ﬂ,kfl.

Lemma LH7(1) holds by the proof in LH with B replaced by E'B in the definition
of Hy, with (v,,—7,)? replaced by E||X?||-||06u—06¢||? in the definition of Hy, and with
B and H, defined as above. Thus, H; equals a constant times (1+ E|| X¢||+ E|| X¢|]?).
Lemma LH7(2) holds as in LH.

Lemma LH8(1) holds with B2 replaced by ||B?||, in the definition of Hg, where
B is as in (13.6). Thus, we need E|[|X;||*" < co. By optimizing the split in the
application of Holder’s inequality in the proof of Lemma LH11(1), we find that we
need Lemma LH8(1) to hold for » = 5/2. Hence, we require E||X||!* < oo, as is
assumed in Assumption (b) of (10.9).

Lemma LH10(1) holds as in LH, but with Hg defined with B replaced by || B?||2,.
Thus, we need E||X¢|[®" < co. By optimizing the split in Holder’s inequality in the
proof of Lemma LH11(1), we find that we need Lemma LH10(1) to hold for » = 5/4.
Hence, we require E||X|[!* < oo, as is assumed in (10.9).

Lemma LH11(1) holds for our model by the proof in LH with g (= y—-,) replaced
by 05 — 050 + X{(06 — 660), with the first Hg in the fourth last line of p. 50 defined
as described above in the discussion of Lemma LH8(1) with r = 2, with the second
Hg in the same line defined as described above in the discussion of Lemma LH10(1)
with » = 1, and with the application of Holder’s inequality between the third-last and
second-last lines on p. 50 of LH altered to give a split of [[W1Wa|| < [[Wh]ls - [[Wal[5/4,
where W7 is the first term in parentheses on the third-last line and W5 is the term
in brackets on that line. This completes the proof for the second derivative of £ (6)
with respect to 3. For the second partial and cross-partial derivatives with respect
to the other parameters in 8, bounds can be obtained by similar methods using our
extensions of Lemmas LH5-LH7, LH8(1), and LH10(1). The moment conditions on
|| X¢|| required for these cases are weaker than those required for the second partial
derivative with respect to (.

This completes the proof of (13.4), the proof that Assumption 1 holds for L7(6),
and the proof that Assumption 1 holds for ¢7(6).

13.3. Verification of Assumptions 2 and 7

Next, we establish that E H%Ztt(QO)HQ < 0o. This condition is required to apply
the martingale difference CLT when verifying Assumptions 2 and 7 of Sections 3 and
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5 respectively. This result follows by an extension of Lemma LH9(1) to our model.
Note that we only require the result of Lemma LH9(1) for the case of 8 = 6y, which
simplifies the proofs somewhat. Lemma LH9(1) relies on Lemma LH8(2). We only
need the latter to hold for 8 = 6.

Lemma LH8(2) extends to our model with the proof unchanged for the derivatives
with respect to (wrt) w and . The proof for the derivative wrt 7 (i.e., wrt 85 and 6
in our case) differs from LH because an X; multiplicand appears when considering
0. This requires that Lemma LH7(1) is extended to include an || X;|| multiplicand.
It can be, given that {X;} is independent of {2} and E||X;||> < co. The proof for
the derivative wrt 3 is the same as in LH except that g = 0 because we only need to
consider the case where 8 = 6.

Lemma LH9(1) now holds for our model by the proof given by LH, but with some
simplifications due to the fact that we only require it to hold for 8 = 8y. In particular,
we only require Lemma LH8(1) to hold with » = 2 rather than r = 4. Thus, the
moment conditions on X; given in (10.9) are sufficient.

13.4. Verification of Consistency

Here we establish consistency of the QML estimator in the non-integrated
GARCH(1, ¢*) case (i.e., when (3, + Zg»:l ag; < 1) and “local consistency” of the

QML estimator in the integrated GARCH(1, ¢*) case (i.e., when (3, + Z?;l ag; = 1)
by verifying Assumptions 4*(a) and 4*(b*). By “local consistency” we mean that,
for some set ©; that is a subset of © that contains © N S(0y,e) for some € > 0, the
maximization of ¢7(6) over 6 € © leads to a consistent estimator of 6. The set ©
that we consider is ©1 := {0 € © : 31, < 8 < B4,}, where 3, and (3, are defined
on p. 36 of LH such that 8;, < By < B4,. The difficulty in treating 3 values that
are distant from (3 is that they may yield a value of the likelihood function whose
expectation is negative infinity in the integrated model.

To verify Assumption 4*(a) for T—147(0), it suffices to verify Assumption 4*(a)
for T=1L7(0), where Lp(0) is defined in (13.1), and to show that

(13.8) sup [T~ (0) — T~ L (0)] 5 0.

0O
Equation (13.8) holds by the extension of Lemma LH3 to our model, which requires
only minor adjustments to the proof given in LH.

Now, to verify Assumption 4*(a) for £7(0), we use the same uniform LLN as
in Section 13.2 just above equation (13.4). Because ¢ () is stationary and ergodic
and continuous in 6, it suffices to show that (i) Esupgeg |¢i(f)| < oo in the non-
integrated GARCH case and (ii) Esupycg, [¢«(f)| < oo in the integrated GARCH
case. Result (i) holds by the first part of the proof (that does not involve derivatives)
of Theorem LH2, using (13.7), and adjusted (easily) to take the supremum over 6
before the expectation. Result (ii) holds by the proof of Lemma LH7(2), which has
been extended to our model in Section 13.2.

Next, we verify Assumption 4*(b*). The uniform LLN used above delivers conti-
nuity of the limit function

83



on O in the integrated case and on © in the non-integrated case. Both ©; and ©
are compact. Hence, it remains to show that ¢(#) is uniquely minimized at 6y over
O; in the integrated case and over O in the non-integrated case. These two cases
can be treated simultaneously by considering an arbitrary element 6 for which ¢(0) is

well-defined, i.e., 8 € O in the integrated case and 6 € © in the non-integrated case.
We have

0(0) == Ely(0) = —In(27) — LEIn(hy(0)) — LEe2(0)/hy(0) and

Ee2(0)/hy(0) = E<2/hy(0) + (ZZ B ZZE) E();) ()2)(22 - zzg)

(13.10) Ee /hu(0) = Ehoy/hy(0)

v

/
with strict inequality unless 85 = 059 and 85 = Ogp because FE < é) < )}t) is positive
definite (pd). The function In(x)+y/x is uniquely minimized over = at « = y. Hence,
(13.11) 0(0) < —3In(2m) — L EIn(hy) — 5 = £(60)

Wlth equality lﬁ‘ 94 = 940, 95 = 950, and P(ht(é)) = hOt) =1.
It suffices to show that for any 6 with 05 = 059 and g = 69, P(h(0) = hoy) =1
iff & = 6y. For 6 with 05 = 059 and 05 = f¢0, some algebraic manipulations yield

(13.12)  hy(60) = hoe = O3(he—1(0) — hor—1) + (31,251, hor—1,1) (9 — o),
where 0 = (64,05, 03,04(1—603)) and 0y = (0}, 05, 030, 020(1—030))’. By stationarity

of {ht((‘)) — hOt 1t = ...,0,1...}, ht(e) — h()t = 0 a.s. iff ht,l(e) — hotfl = 0 a.s.
Combining this with (13.12), we find that h¢(0) — ho; = 0 a.s. iff
(13.13) W/(6 — ) = 0 a.s., where W; := (3;,2;, hor—1,1).

We now show that WA = 0 a.s. iff A = 0. This implies that § = 6y, which
completes the proof that 6y uniquely minimizes ¢(#). By repeated substitution into
the formula in (10.1) for hq:, we can write

¢
(13.14) WiA=co+ > ¢z j+ XaKho ¢

j=1
for some constants cy, ..., g+, and K, where A = (X}, A5, A3, A1)/, A3 is the coefficient
on hot—1 in W[A, and 0 < 53*—1 < K < o0.

Suppose W)\ = 0 a.s. By Assumption (a) of (10.9), P(2? = 1) # 1. This implies
that P(z2 | = 1|F_2) # 1 with positive probability. Thus, conditional on F;_o, all
the terms on the right-hand side (rhs) of (13.14) are constants except z2 ;. Because
the rhs equals zero by assumption, we must have ¢; = 0. Repeating this argument for
szj with j = 2,...,¢% yields 0 = ¢o = - - - = ¢4=. Next, hg;—g+ is not a constant because
P22 =1) #1Vt, s0 A3 = 0. Given that A\3 = 0, cp must equal \s. Hence, \y = 0.
Given A3 = A\ = 0, ¢; equals the first element of Ay multiplied by wo(1 — 5;) > 0
and, hence, the first element of A2 equals zero. Continuing for cs, ..., c4x, we obtain
A1 = 0 and A\g = 0, as desired. This completes the verification of Assumption 4*(b*).
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13.5. Verification of Assumption 3

We now show that 7, defined in (10.7), is pd, as required by Assumption 3. By
(10.13), J is block diagonal between g and the other parameters. So, it suffices
to show positive definiteness of each block. The block corresponding to 6g equals
EX; X} /hot, which is pd because EX; X" is pd and 0 < wo(1 — By) < hot < 00 a.s.
Note that EX;X; is pd iff E ()}J (;t)/ is pd and the latter is assumed in (10.9).

Next, consider the block that corresponds to the other parameters. For notational
convenience, let 6 denote 6 with 0¢ deleted. Write the upper blocks of the two
summands of 7 in (10.7) as M7 + Ms. Suppose Mj + M is not pd. (We will derive a
contradiction.) Then, there exists a A, # 0 such that X, (M; + Ms)\. = 0. Because
M is positive semi-definite, this implies that X, Mo\, = 0. The matrix My equals
E(0" 1)(0" 1)'/hgt. Hence, the last element of \,, which corresponds to 65 must be
Z€ero.

Let A denote A, with its last element deleted. Let Mj; equal M7; with its last
row and column deleted. By the results above, X, (M + Ma)\, = N M1 ). Note that
My = %E%ht(é)o)%ht(eo)/h%n where  denotes @ with 05 and g deleted. Thus,

XMy = 0 implies that Zhy(69)'A = 0 a.s. We have

0 0
( ) 50 ¢(0o) t+5069 +—1(00)

for W; as in (13.13). Hence, by stationarity of %ht(%), %ht(é)o)')\ = 0 a.s. implies
that W/A = 0 a.s. The latter implies that A = 0 by the argument given in the
paragraphs containing and following (13.14), which is a contradiction. We conclude
that My + Ms and J are pd.
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14. Footnotes

IThe author thanks Arthur Lewbel, David Pollard, and Chris Sims for helpful
comments, Glena Ames for typing the manuscript, and Rosemarie Lewis for proof-
reading the manuscript. The author gratefully acknowledges the research support of
the National Science Foundation via grant number SBR-9410675.

2The sufficiency of Assumption 4* for Assumption 4 holds by the following ar-
gument: Given ¢ > 0, there exists a § > 0 such that 8 ¢ S(fp,c) implies that
0(0p) — £(0) > 6 > 0. Thus,
P(0 ¢ S(Bo,¢)) < P((80) — T 20 (8) + T 01(0) — £(8) > 6)
< P(U(B0) — T *0r(00) + 0p(1) + T () — £(0) > 0)
P
P,

< P(2Sug I T~10r(0) — £(0)] + 0p(1) > &) 5 0.
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