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<171 Surriv

Surri ri Ohppd ;1 Frqglwlrq +d, dqg Dvvxpswlrq JPP4+g, duh hdvlo| vkrzq wr
eh htxlydohqw jlyhq wkh dvvxpswlrq wkdw J+�, @ �+� � �f, . r+mm� � �fmm,1

Frqglwlrq +d, reylrxvo| lpsolhv frqglwlrq +e,1 Wr rewdlq wkh frqyhuvh/ zh dvvxph
frqglwlrq +e, krogv dqg zulwh= Xqlirupo| ryhu i� 5 � = mm� � �fmm � �A j/

mmJA +�,�J+�,�JA +�f,mm @ rR+W
3�*2 . mmJA +�,mm. mmJ+�,mm,

� rR+W
3�*2 . mmJA +�,�J+�,�JA +�f,mm. mmJA +�f,mm. 5mmJ+�,mm,>+<156,

zkhuh wkh �uvw htxdolw| xvhv frqglwlrq +e, dqg wkh vhfrqg xvhv Plqnrzvnl*v lqhtxdolw|1
Uhduudqjlqj wklv htxdwlrq dqg xvlqj wkh dvvxpswlrq wkdw mmJA +�f,mm @ RR+W

3�*2,
|lhogv

mmJA +�,�J+�,�JA +�f,mm @ rR+W
3�*2 . mmJ+�,mm,+<157,

xqlirupo| ryhu i� 5 � = mm���fmm � �A j1 Khqfh/ frqglwlrq +d, ri wkh Ohppd krogv1 �

Surri ri Wkhruhp :1 Sduwv +e, dqg +f, ri wkh Wkhruhp duh reylrxv1 Wr suryh
sduw +d,/ zh �uvw frqvlghu wkh fdvh zkhuh DA +�, @ L&1 Zh gh�qh wkh uhpdlqghu whup
UA +�, dqg d forvh dssur{lpdwlrq wr lw/ UW

A +�,/ wkdw lv rewdlqhg e| uhsodflqj �+���f,
e| J+�,=

UA +�, =@ �WJA +�,
�JA +�,@5 . WJA +�f,

�JA +�f,@5 . WJA +�f,
��+� � �f,

. +� � �f,
�W���+� � �f,@5>

UW
A +�, =@ �WJA +�,

�JA +�,@5 . W +JA +�f,�J+�,,�+JA +�f,�J+�,,@5/ dqg

vxs
wMXG��w3wf��$�A

mUW
A +�,�UA +�,m@+4 . W �*2mm� � �fmm,2

@ �
2 vxs
wMXG��w3wf��$�A

W m5JA +�f,
�+J+�,� �+� � �f,, .J+�,�J+�,

� +� � �f,
����+� � �f,m@+4 . W �*2mm� � �fmm,2

@ rR+4,>+<158,

zkhuh wkh vhfrqg htxdolw| lq wkh odvw htxdwlrq krogv ehfdxvh W �*2+J+�,��+���f,, @
r+W �*2mm�� �fmm, dqg W �*2JA +�f, @ RR+4,1 Wkxv/ lw vx!fhv wr vkrz wkdw Dvvxpswlrq
4 krogv zlwk UA +�, uhsodfhg e| UW

A +�,1
Gh�qh

�A @ vxs
wMXG��w3wf��$�A

W �*2mmJA +�,�J+�,�JA +�f,mm
4 . W �*2mm� � �fmm

=+<159,

E| Dvvxpswlrq JPP4+g,/ �A @ rR+4,1
Ohw d/ e/ dqg f eh n0yhfwruv iru zklfk d @ e.f1 E| wkh Fdxfk|�Vfkzdu} lqhtxdolw|

md�d� e�em @ mf�f. 5e�fm � f�f. 5mmemm � mmfmm=+<15:,
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Wdnh d @ JA +�, dqg e @ J+�, . JA +�f, lq wkh htxdwlrq deryh/ pxowlso| e|
5W@+4 . W �*2mm� � �fmm,2/ dqg wdnh wkh vxsuhpxp ryhu � wr rewdlq

vxs
wMXG��w3wf��$�A

5mUW
A +�,m

+4 . W �*2mm� � �fmm,2

� �2A . 5 vxs
wMXG��w3wf��$�A

mmW �*2J+�, . W �*2JA +�f,mm
+4 . W �*2mm� � �fmm,

�A

@ �2A .RR+4,�A

@ rR+4,>+<15;,

zklfk hvwdeolvkhv sduw +d, iru wkh fdvh zkhuh DA +�, @ L&1
Qh{w/ zh hvwdeolvk sduw +d, iru wkh fdvh zkhuhDA +�, lv dv lq Dvvxpswlrq JPP4+h,1

Wkh lghd lv wr xvh wkh vdph surri dv deryh exw zlwk JA +�,/ J+�,/ dqg � uhsodfhg e|
DA +�,JA +�,/ DJ+�,/ dqg D� uhvshfwlyho|1 Wklv phwkrg zrunv surylghg Dvvxpswlrqv
JPP4+e,/ JPP4+f,/ dqg JPP4+g,/ zklfk duh xvhg lq wkh surri deryh/ krog zlwk
wkh vdph fkdqjhv1 Dvvxpswlrqv JPP4+e, dqg JPP4+f, reylrxvo| gr1 E| Ohppd
618 ri Sdnhv dqg Sroodug +4<;<,/ Dvvxpswlrq JPP4+h, dqg frqglwlrq +e, ri Ohppd
; lpso| wkdw frqglwlrq +e, ri Ohppd ; krogv zlwk JA +�, dqg J+�, uhsodfhg e|
DA +�,JA +�, dqg DJ+�, uhvshfwlyho|1 Lq dgglwlrq/ Ohppd ; krogv zlwk wkhvh fkdqjhv
pdgh wr lwv frqglwlrqv +d, dqg +e, dqg wr Dvvxpswlrq JPP4+g, e| wkh surri jlyhq
iru wkh Ohppd1 Wkh odvw wzr uhvxowv lpso| wkdw Dvvxpswlrq JPP4+g, krogv zlwk
wkh fkdqjhv olvwhg deryh/ dv ghvluhg1 �

Surri ri Ohppd <1 Dvvxpswlrq JPP4W+e, lpsolhv Dvvxpswlrq JPP4+e, e|
Wkhruhp 91 Wr hvwdeolvk Dvvxpswlrq JPP4W+g,/ zh zulwh=

JA +�,�JA +�f,�J+�, @
C

C��
JA +�

_,+� � �f,�J+�,

@

�
C

C��
JA +�f, . rR+4,

�
+���f,� �+���f, . r+mm���fmm,

@ rR+mm� � �fmm,+<15<,

xqlirupo| ryhu � 5 � = mm� � �fmm � �A / zkhuh wkh �uvw htxdolw| krogv iru vrph �_

ehwzhhq � dqg �f e| Wkhruhp 9 +�_ pd| gl�hu dfurvv urzv ri Y
Yw�

JA +�
_,,/ wkh vhfrqg

htxdolw| krogv e| Dvvxpswlrqv JPP4W+g, dqg JPP4+e,/ dqg wkh odvw htxdolw| krogv
e| Dvvxpswlrq JPP4W+h,1 Pxowlso|lqj +<15<, e| W �*2@mmW �*2+� � �f,mm dqg wdnlqj
wkh vxsuhpxp ryhu � 5 � = mm� � �fmm � �A hvwdeolvkhv Dvvxpswlrq JPP4+g,1 �

431 JDUFK+4/t-, H{dpsoh

43141 Vshfl�fdwlrq ri wkh Prgho

Iluvw zh ghvfuleh wkh JDUFK+4> tW, prgho1 Iru qrwdwlrqdo frqyhqlhqfh/ zh rughu
wkh JDUFK�PD sdudphwhuv vxfk wkdw wkh �uvw s +� 3, JDUFK�PD sdudphwhuv/
��f 5 UR/ duh wkrvh zkrvh wuxh ydoxhv duh }hurv/ udwkhu wkdq wkrvh wkdw fruuhvsrqg
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wr wkh �uvw s odjv ri wkh frqglwlrqdo yduldqfh/ dqg wkh odvw e +� 4, JDUFK�PD
sdudphwhuv/ �2f 5 UK/ duh wkrvh zkrvh wuxh ydoxhv duh qrq0}hurhv1

Wkh wuxh surfhvv jhqhudwlqj wkh gdwd lv

\| =@ �Df .[ �
|�Sf . %|>

%| =@ k
�*2
f| }|/ i}| = w @ ===> 3> 4> ===j duh vwdwlrqdu| dqg hujrglf/

H+}|mI|3�, @ 3 d1v1/ H+}2| mI|3�, @ 4 d1v1/ I| @ �+}|> }|3�> ===,>

kf| =@ �ef+4� ��f, . %2
�

�|��f . %2
�

2|�2f . ��fkf|3�>

%2�| =@ +%2|3�� > ===> %
2
|3�R,

� iru 5 � m� ? m2 ? � � � ? mR/ dqg

%22| =@ +%2|3&� > ===> %
2
|3&K

,� iru 4 @ n� ? n2 ? � � � ? nK>+4314,

iru w @ ===> 3> 4> ===> zkhuh m� 9@ n6 iru dq| c @ 4> ===> s dqg p @ 4> ===> e> ��f> %2�| 5 UR>
�2f> %

2
2| 5 UK> tW @ pd{imR> nKj> ��f> �ef> �Df 5 U> dqg �Sf> [| 5 Uo1 Wkh uhjuhvvruv

i[| = w @ ===> 3> 4> ===j duh vwdwlrqdu| dqg hujrglf dqg lqghshqghqw ri wkh lqqrydwlrqv
i}| = w @ ===> 3> 4> ===j1 Wkh JDUFK�PD frh!flhqwv rq %2�| duh dvvxphg wr eh }hur1
Wkdw lv/ ��f @ 31 Wkh JDUFK�PD sdudphwhuv rq %22| duh dvvxphg wr eh srvlwlyh1
Wkdw lv/ �2f A 3 +hohphqw e| hohphqw,1 Wkh JDUFK�DU sdudphwhu ��f lv dvvxphg
wr olh lq +3/4,1 Wkh lqwhufhsw ri wkh frqglwlrqdo yduldqfh htxdwlrq �ef lv dvvxphg wr
eh srvlwlyh1 Wkh rqo| sdudphwhuv rq d erxqgdu| duh wkrvh lq ��f1

Wkh udqgrp yduldeohv i+\|>[|, = 4 � w � Wj duh revhuyhg1 Wkh wuxh sdudphwhu
yhfwru lv �f =@ +���f> �

�
2f> ��f> �ef> �Df> �

�
Sf,

� @ +3�> ��2f> ��f> �ef> �Df> �
�
Sf,

� 5 Ur1
Dq htxlydohqw h{suhvvlrq iru wkh frqglwlrqdo yduldqfh kf| lv kf| @ �ef .

S"
&'f �

&
�f

�+%2
�

�|3&��f. %2
�

2|3&�2f, iru w @ ===> 3> 4> ==== Qrwh wkdw e| uhshdwhg vxevwlwxwlrq wkh wuxh
frqglwlrqdo yduldqfh kf| lv d zhljkwhg vxp ri wkh lq�qlwh vhtxhqfh ri sdvw vtxduhg
lqqrydwlrqv i}2� = x @ w � 4> w � 5> ===j> vhh Eroohuvohy +4<;9/ htxdwlrqv +D15, dqg
+D16,, iru ghwdlov1 Wkh zhljkwhg vxp lv zhoo0gh�qhg +wkrxjk srvvleo| lq�qlwh, iru dq|
sdudphwhu �f/ ehfdxvh wkh zhljkwv duh doo qrq0qhjdwlyh1

Wkh prgho xvhg wr jhqhudwh d txdvl0olnholkrrg ixqfwlrq lv

\| @ �D .[ �
|�S . h|+�, iru w @ 4> ===> W>

h|+�, @ kW| +�,
�*2}| iru w @ 4> ===> W / i}| = w @ 4> ===> Wj duh llg Q+3> 4,>

kW| +�, =@ �e+4� ��, . h2�|+�,
��� . h22|+�,

��2 . ��k
W
|3�+�, iru w @ tW . 4> ===> W>

h2�|+�, =@ +h2|3��+�,> ===> h
2
|3�R+�,,

�/ h22|+�, =@ +h2|3&�+�,> ===> h
2
|3&K

+�,,�/ dqg

� =@ +���> �
�
2> ��> �e> �D> �

�
S,
�=+4315,

Wkh lqlwldo frqglwlrqv kW�+�,> ===> k
W
^W+�, duh duelwudu| qrq0qhjdwlyh ixqfwlrqv ri � dqg2ru

i+\|>[|, = w @ 4> ===> tWj1
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43151 Txdgudwlf Dssur{lpdwlrq ri wkh Txdvl0orj Olnholkrrg
Ixqfwlrq

Zh frqvlghu wkh Jdxvvldq TPO hvwlpdwru ri �1 Wkh Jdxvvldq txdvl0orj olnholkrrg
ixqfwlrq lv

cA +�, =@ �A
2 oq+5�,� �

2

A[
|'�

oqkW| +�,� �
2

A[
|'�

h2| +�,@k
W
| +�,=+4316,

Wkh sdudphwhu vsdfh � lv d frpsdfw vxevhw ri Ur wkdw erxqgv wkh JDUFK�DU
sdudphwhu/ ��/ dzd| iurp }hur dqg rqh/ wkh JDUFK�PD sdudphwhu rq wkh �uvw odj/
�2�/ dzd| iurp }hur/ dqg wkh frqglwlrqdo yduldqfh lqwhufhsw sdudphwhu/ �e/ dzd| iurp
}hur=

� =@ i� 5 Ur = � @ +���> �
�
2> ��> �e> �D> �

�
S,
�/ ��� � �� � ��� ;m @ 4> ===> e>

zkhuh ��� dqg ��� duh �qlwh frqvwdqwv ru frqvwdqw yhfwruv

wkdw vdwlvi| ��� @ 3/ �2� =@ +�2��> 3> ===> 3,
�/ �2�� A 3/ ��� A 3/

��� ? 4/ dqg �e� A 3j=+4317,

+Wkh yhfwru lqhtxdolwlhv deryh duh hohphqw e| hohphqw lqhtxdolwlhv1, Zh dvvxph wkdw
�f 5 � dqg wkdw hdfk vxeyhfwru ri �f vdwlv�hv wkh deryh lqhtxdolwlhv vwulfwo| h{fhsw
��f/ zklfk htxdov 3 dqg fdxvhv �f wr eh rq wkh erxqgdu| ri �1 +Wr rewdlq uhvxowv
zkhq doo ri wkh JDUFK�PD sdudphwhuv duh srvlwlyh/ zh wdnh s @ 3 dqg wkh vxeyhfwru
�� 5 UR glvdsshduv1,

Qrwh wkdw wkh sdudphwhu vsdfh qhhg qrw uhvwulfw wkh JDUFK sdudphwhuv wr eh
ydoxhv wkdw jhqhudwh d vwdwlrqdu| surfhvv1 Vxfk uhvwulfwlrqv frxog eh dgghg li ghvluhg1
Wkh| zrxog kdyh qr h�hfw rq wkh dv|pswrwlf uhvxowv jlyhq ehorz surylghg wkh sdud0
phwhu vsdfh lv frpsdfw dqg qrqh ri wkhvh uhvwulfwlrqv lv elqglqj dw wkh wuxh sdudphwhu
yhfwru �f1 Wkh wuxh sdudphwhu yhfwru �f/ krzhyhu/ zloo eh vxfk wkdw wkh wuxh surfhvv
lv vwdwlrqdu| xqghu wkh dvvxpswlrqv jlyhq ehorz1

Gh�qh

k|+�, =@ �e .
"[
&'f

�&�+h
2
�|3&+�,

��� . h22|3&+�,
��2, dqg

c||+�, =@ ��
2 oq+5�,� �

2 oq+k|+�,,� �
2h

2
| +�,@k|+�,=+4318,

+Wkh grxeoh vxevfulsw rq c||+�, lv xvhg wr glvwlqjxlvk c||+�, iurp cA +�, zkhq w @ W 1,
Qrwh wkdw k|+�, lv wkh xqrevhuyhg frqglwlrqdo yduldqfh jlyhq wkh sdudphwhu � zlwk wkh
lqlwldo frqglwlrqv kW�+�,> ===> k

W
^W+�, uhsodfhg e| dq lq�qlwh zhljkwhg vxp ri odjjhg ydoxhv

ri h2| +�,1 Dovr/ c||+�, lv wkh fruuhvsrqglqj xqrevhuyhg w0wk frqwulexwlrq wr wkh txdvl0
orj olnholkrrg1 Wkh dv|pswrwlf ehkdylru ri wkh dfwxdo txdvl0orj olnholkrrg iruphg
xvlqj kW| +�, lv vkrzq wr eh htxlydohqw wr wkdw edvhg rq k|+�, xvlqj wkh dujxphqw ri
+619,0+61;,1

Zh wdnh wkh qrupdol}dwlrq pdwul{ EA wr eh ri wkh irup W �*2P / zkhuh P lv d
qrqvlqjxodu qrq0gldjrqdo pdwul{ wkdw lv ghvljqhg wr |lhog eorfn gldjrqdolw| ri wkh

9<



Khvvldq txdvl0lqirupdwlrq pdwul{ MA ehwzhhq wkh uhjuhvvlrq vorsh sdudphwhuv dqg
wkh uhpdlqlqj sdudphwhuv1 Wklv eorfn gldjrqdolw| lv dfklhyhg zlwkrxw dvvxplqj v|p0
phwu| ri wkh wuxh +shukdsv qrq0Jdxvvldq, glvwulexwlrq ri }|1

E| gh�qlwlrq/

P =@

57LRnKn2 3 3�

3� 4 H[ �
|

3 3 Lo

68 dqg O =@ P3�� @

57LRnKn2 3 3�

3� 4 3�

3� �H[| Lo

68 =+4319,

Zkhq O suh0pxowlsolhv d yhfwru wkdw kdv +4>[ �
|,
� dv lwv odvw u . 4 hohphqwv/ lw |lhogv

d yhfwru wkdw lv wkh vdph h{fhsw wkdw lwv odvw u hohphqwv duh wkh phdq }hur udqgrp
yduldeohv [|�H[|1 Wklv lv wkh nh| ihdwxuh wkdw |lhogv eorfn gldjrqdolw| ri MA 1 Qrwh
wkdw P� @ +���> �

�
2> ��> �e> �D.H[ �

|�S> �
�
S,
�1 Zh ghwhuplqh wkh dv|pswrwlf glvwulexwlrq

ri EA +e�� �f, @ W �*2+Pe��P�f,1 Wklv gluhfwo| jlyhv wkh dv|pswrwlf glvwulexwlrq ri
W �*2+e�� � ��f, iru doo m 9@ 81 Wkh dv|pswrwlf glvwulexwlrq ri W �*2+e�D� �Df, lv jlyhq e|
W �*2y�+Pe� �P�f,/ zkhuh y =@ +3�> 4>�H[ �

|,
�1

Wkh frpsrqhqwv ri wkh txdgudwlf dssur{lpdwlrq ri cA +�, dw �f duh gh�qhg dv
iroorzv=

GcA +�f, =@
A[
|'�

Y
Yw c||+�f, @

A[
|'�

�
�
2+}

2
| � 4, Y

Ywk|+�f,@kf| � }|
Y
Ywh|+�f,@k

�*2
f|

�
>

G2cA +�f, =@ �WM / EA =@ W �*2P / E3��

A =@ W3�*2O/

]A =@ M3�W3�*2OGcA +�f,/ dqg

M =@ MA @ �HO Y2

YwYw�
c||+�f,O

� @ �
2HO Y

Ywk|+�f,
Y
Yw�

k|+�f,O
�@k2f|

. HO Y
Ywh|+�f,

Y
Yw�

h|+�f,O
�@kf|=+431:,

Vrph fdofxodwlrqv |lhog

O
C

C�
h|+�f, @ +3�>3�> 3> 3>�4>�[W�

| ,
� dqg

O
C

C�
k|+�f, @

"[
&'f

�&�f

3EEEEEEC

%2�|3&
%22|3&

kf|3& � �ef
4� ��f

�5%�2|3&�2f
�5[W

2|3&+%2|3& � �2f,

4FFFFFFD / zkhuh

[W
| @ [| �H[|/ %2| @ +%|3&� > ===> %|3&K,

� dqg [W
2| @ ^[W

|3&� � � �[W
|3&K

`=+431;,

Qrwh wkdw Y
Ywh|+�f, dqg Y

Ywk|+�f, htxdo O Y
Ywh|+�f, dqg O Y

Ywk|+�f,/ uhvshfwlyho|/ zlwk
[W
| dqg [W

2|3& uhsodfhg e| [| dqg [2|3&1
Wr yhuli| Dvvxpswlrqv 4�7/ zh xvh wkh iroorzlqj dgglwlrqdo dvvxpswlrqv=

+d, H+}e| mI|3�, � N ? 4 d1v1 dqg S +}2| @ 4, 9@ 4>

+e, H
�

4

[|

��
4

[|

��
lv srvlwlyh gh�qlwh dqg Hmm[|mm�f ? 4/ dqg

+f, HkR
W

f| ? 4 iru vrph 3 ? sW � 4 iru vrph w=+431<,
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Dvvxpswlrqv +d, dqg +e, duh qrw yhu| uhvwulfwlyh1 Dvvxpswlrq +f, krogv zlwk sW @
4 zkhq wkh wuxh surfhvv lv qrw lqwhjudwhg/ l1h1/ zkhq ��f .

SK
�'� �2�f ? 4/ zkhuh

�2f =@ +�2�f> ===> �2Kf,
�1 Wklv iroorzv e| wkh surri ri Wkhruhp 4 lq Eroohuvohy +4<;9,

h{whqghg wr fryhu wkh fdvh ri vtxduh lqwhjudeoh vwdwlrqdu| lqqrydwlrqv i}| = w @
===> 3> 4> ===j1 Dvvxpswlrq +f, krogv lq dq LJDUFK+4/4, prgho xqghu rxu dvvxpswlrqv
rq wkh lqqrydwlrqv e| Ohppd 5+6, ri Ohh dqg Kdqvhq +4<<7,/ zkr h{whqg uhvxowv
ri Qhovrq +4<<3,1 Zh frqmhfwxuh wkdw Dvvxpswlrq +f, krogv iru dq LJDUFK+4> tW,
surfhvv iru tW A 4 +l1h1/ d surfhvv zlwk ��f .

SK
�'� �2�f @ 4,/ exw zh gr qrw |hw kdyh

d surri1
Xqghu wkh dvvxpswlrqv deryh/ ikf| = w @ ===> 3> 4> ===j/ i\| = w @ ===> 3> 4> ===j/

dqg
�
Y
Yw c||+�f, = w @ ===> 3> 4> ===

�
duh vwulfwo| vwdwlrqdu| dqg hujrglf dqg Dvvxpswlrq 4

krogv1 Wklv lv suryhg lq Vhfwlrq 461 Lq dgglwlrq/ Y
Yw c||+�f, lv vkrzq wr eh vtxduh

lqwhjudeoh lq Vhfwlrq 461 Dvvxpswlrq 5 krogv e| wkh fhqwudo olplw wkhruhp iru
vtxduh lqwhjudeoh/ vwdwlrqdu| dqg hujrglf/ pduwlqjdoh gl�huhqfh vhtxhqfhv dssolhg wr�
Y
Yw c||+�f, = w @ ===> 3> 4> ===

�
> vhh Eloolqjvoh| +4<9;/ Wkp1 5614,1 +Qrwh wkdw H+ Y

Ywc||+�f,
mJ|3�, @ 3 d1v1/ zkhuh J| @ �+[|n�>[|> ===> }|> }|3�> ===, iru w @ ===> 3> 4> ===1 Khqfh/�
Y
Yw c||+�f, = w @ ===> 3> 4> ===

�
lv d pduwlqjdoh gl�huhqfh vhtxhqfh1, Dvvxpswlrq 6 krogv

ehfdxvh M lv v|pphwulf/ srvlwlyh gh�qlwh/ dqg lqghshqghqw ri W 1 Srvlwlyh gh�qlwhqhvv
ri M lv suryhg lq Vhfwlrq 461

Dvvxpswlrq 7 lv vkrzq wr krog lq Vhfwlrq 46 zkhq ��f.
SK

�'� �2�f ? 41 Zkhq wkh
wuxh surfhvv lv LJDUFK+4> tW,/ zh rqo| vkrz wkdw d �orfdo� TPO hvwlpdwru vdwlv�hv
Dvvxpswlrq 7/ vhh Vhfwlrq 461 Wkh gl!fxow| lq surylqj frqvlvwhqf| ri wkh TPO
hvwlpdwru lv wkdw Hc||+�, pd| htxdo plqxv lq�qlw| zkhq wkh JDUFK�DU sdudphwhu
�� lv vpdoo uhodwlyh wr ��f1 Lq wklv fdvh/ W3�cA +�, grhv qrw frqyhujh xqlirupo| wr d
ixqfwlrq c+�,/ zklfk frpsolfdwhv d surri ri frqvlvwhqf|1 Qrwh wkdw lw lv wkh ehkdylru ri
W3�cA +�, dw srlqwv wkdw kdyh vpdoo olnholkrrg ydoxhv +dqg/ khqfh/ srlqwv wkdw duh qrw
olnho| wr htxdo wkh TPO hvwlpdwru, wkdw frpsolfdwh wkh vwdqgdug phwkrg ri surri1
Lq frqvhtxhqfh/ zh frqmhfwxuh wkdw wkh TPO hvwlpdwru lv lq idfw frqvlvwhqw lq wkh
LJDUFK+4> tW, fdvh1

43161 Sdudphwhu Vsdfh

Dvvxpswlrqv 82W dqg 9 krog lq wklv h{dpsoh zlwk

� =@ +Un,R �Ur3R=+43143,

Dvvxpswlrq 82W krogv ehfdxvh sduw +d, krogv zlwk �W @ �/ sduw +e, krogv zlwk

A @ W �*2Lr dqg P dv lq +4319,/ dqg sduw +f, krogv ehfdxvh 
AP�W @ �1

43171 Dv|pswrwlf Glvwulexwlrq ri wkh TPO Hvwlpdwru

Lq wklv h{dpsoh/ MA grhv qrw ghshqg rq W dqg M +@ MA , lv v|pphwulf dqg
srvlwlyh gh�qlwh1 +Wkh odwwhu lv suryhg lq Vhfwlrq 461, Wkxv/ Dvvxpswlrq : krogv

surylghg W3�*2OGcA +�f,
_$ J iru vrph udqgrp yduldeoh J1 E| wkh FOW iru vtxduh

lqwhjudeoh/ vwdwlrqdu| dqg hujrglf/ pduwlqjdoh gl�huhqfh vhtxhqfhv +vhh Eloolqjvoh|
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+4<9;/ Wkp1 5614,,/ zh kdyh

W3�*2OGcA +�f,
_$ J � Q+3>L,/ zkhuh L =@ HO

C

C�
c||+�f,

C

C��
c||+�f,O

�+43144,

iru Y
Yw c||+�f, gh�qhg lq +431:,1 Vtxduh lqwhjudelolw| ri Y

Ywc||+�f, lv hvwdeolvkhg lq
Vhfwlrq 461

E| Wkhruhp 6/ W �*2P+e�� �f,
_$ e�> zkhuh e� vdwlv�hv +814, zlwk +J>M , gh�qhg lq

+431:, dqg +43144, dqg � @ +Un,R �Ur3R

43181 Dv|pswrwlf Glvwulexwlrqv ri Vxeyhfwruv ri
wkh TPO Hvwlpdwru

Zh sduwlwlrq � dv lq Vhfwlrq 914 zlwk

�W =@ +���> �
�
2> ��> �e> �D,

�/ # =@ �S/ � @ ��/ dqg � =@ +��2> ��> �e> �D,
�=+43145,

Zlwk wklv sduwlwlrqlqj/ zh �qg wkdw M lv eorfn gldjrqdo ehwzhhq wkh uhjuhvvlrq vorsh
sdudphwhuv dqg wkh rwkhu sdudphwhuv ehfdxvh

OSuH
C2

C�C��
c||+�f,O

�
�u @ 3 ;m @ 4> ===> 8>+43146,

zkhuh O�u ghqrwhv wkh urzv ri O fruuhvsrqglqj wr �� iru m @ 4> ===> 9= Wklv krogv ehfdxvh
OSu

Y
Ywh|+�f, dqg OSu

Y
Ywk|+�f, duh olqhdu lq [W

|3� iru l � 3/ O�u
Y
Ywh|+�f, dqg O�u

Y
Ywk|+�f,

gr qrw ghshqg rq i[W
| = w @ ===> 3> 4> ===j/ H[W

| @ 3 ;w/ i[W
| = w @ ===> 3> 4> ===j dqg

i}| = w @ ===> 3> 4> ===j duh lqghshqghqw/ dqg wkh h{shfwdwlrqv duh zhoo0gh�qhg1 +Wkh
odwwhu lv hvwdeolvkhg lq Vhfwlrq 461, Wkxv/ Dvvxpswlrq ; krogv1

Wkh vhw � lv d surgxfw vhw �q ��B ��� zlwk

�q =@ +Un,R/ �B =@ UKn�/ dqg �� =@ Uo=+43147,

Wkxv/ Dvvxpswlrqv < dqg 43+d, dovr krog1
Zlwk wklv sduwlwlrqlqj/ iurp +431:,/ +431;,/ dqg +43143,/ zh kdyh

MW @ �
2H

Y
YwW

k|+�f,
Y
Yw�

W

k|+�f,@k
2
f| .H+4@kf|,

�
f

f�
f

�

�
>

M� @ �
2HOSu

Y
Ywk|+�f,

Y
Yw�

k|+�f,O
�
Su@k

2
f| .H[W

|[
W�
| @kf|>

OSu
Y
Ywk|+�f, @ �5

"[
&'f

�&�f[
W
2|3&+%2|3& � �2f,

J =@ +J�
W> J

�
�,
� � Q+3>L,/ JW � Q+3>LW,/ J� � Q+3>L�,>

LW =@ H
�
�
2+}

2
| � 4, Y

YwW
k|+�f,@kf| . }|

�
f

�

�
@k

�*2
f|

�
�
�
�
2+}

2
| � 4, Y

YwW
k|+�f,@kf| . }|

�
f

�

�
@k

�*2
f|

��
/ dqg

L� =@ H
�
�
2+}

2
| � 4,OSu

Y
Ywk|+�f,@kf| . }|[

W
| @k

�*2
f|

�
�
�
�
2+}

2
| � 4,OSu

Y
Ywk|+�f,@kf|.}|[

W
| @k

�*2
f|

��
=+43148,
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Wkxv/ lq wklv h{dpsoh/ Dvvxpswlrq :2W krogv1 Li wkh lqqrydwlrq }| kdv wklug pr0
phqw htxdo wr }hur frqglwlrqdo rq I|3� d1v1/ wkhq LW dqg L� vlpsoli| vrphzkdw1 Lq
sduwlfxodu/ LW fdq eh zulwwhq dv

LW @ �
eH+}2| � 4,2 Y

YwW
k|+�f,

Y
Yw�

W

k|+�f,@k
2
f| .H+4@kf|,

�
f

f�
f

�

�
=+43149,

Lq frqvhtxhqfh/ LW @ MW dqg Dvvxpswlrq :�W krogv zlwk f @ 4 li }| kdv frqglwlrqdo
wklug prphqw htxdo wr }hur dqg frqglwlrqdo irxuwk prphqw htxdo wr wkuhh jlyhq I|3�

d1v1 Wkh odwwhu lv wuxh li i}| = w @ ===> 3> 4> ===j duh llg Q+3> 4,=

E| Wkhruhp 6/ W �*2+e� � �f,
_$ e�/ zkhuh e� @ +e��q> e��B>e���,�1 E| Wkhruhp 7+f,/

Fruroodu| 4+d,/ dqg wkh idfw wkdw �� @ Uo/ zh kdyh

e�� @ ]� =@ M3�
� J� � Q+3>M3�

� , dqg

W �*2+e�S � �Sf,
_$ e�� � Q+3>M 3�

� ,=+4314:,

Lq frqvhtxhqfh/ wkh uhjuhvvlrq vorsh sdudphwhu hvwlpdwru e�S lv dv|pswrwlfdoo| qrupdo
zlwk fryduldqfh pdwul{ M3�

� zkhwkhu ru qrw vrph JDUFK�PD sdudphwhuv duh }hur1
E| Wkhruhp 7+d, dqg Fruroodu| 4+d,/

W �*2+e�� � ��f,
_$ e�q/ zkhuh e�q plqlpl}hv

+�q � ]q,
�
�
KM3�

W K �
�3�

+�q � ]q, ryhu �q 5 +Un,R dqg

]q =@ KM 3�
W JW � Q+3>KM3�

W LWM3�
W K �,=+4314;,

Iru h{dpsoh/ li s @ 4 +l1h1/ wkh JDUFK prgho lv ryhu sdudphwul}hg e| rqh
JDUFK�PD sdudphwhu,/ wkhq Dvvxpswlrq 43 krogv dqg e�q lv dv lq +9156,1 Li s A 4/e�q lv jlyhq lq forvhg irup e| +91;, ru Wkhruhp 81

E| Fruroodu| 4+d,/

W �*2++e��2>e��>e�e>e�D .H[ �
|
e�S,� � +��2f> ��f> �ef> �Df .H[ �

|�S,
�,

_$ e�B/ dqg
W �*2+e�D � �Df,

_$ y��e�B �H[ �
|
e�q/ zkhuh y� @ +3�> 4,�>e�B @ M3�

B JB �M3�
B MBqe�q >

MB =@ �
2H

Y
YBk|+�f,

Y
YB�

k|+�f,@k
2
f| .H+4@kf|,

�
f

f�
f

�

� 5 UEKn��fEKn��>

MBq =@ �
2H

Y
YBk|+�f,

Y
Yq�k|+�f,@k

2
f|/ dqg JW =@

�
Cq

CB

�
� Q+3>LW,=+4314<,

441 Sduwldoo| Olqhdu Uhjuhvvlrq H{dpsoh

44141 Vhplsdudphwulf Ohdvw Vtxduhv Remhfwlyh Ixqfwlrq

Lq wklv h{dpsoh/ wkh hvwlpdwru remhfwlyh ixqfwlrq lv d vhplsdudphwulf OV ixqfwlrq=

cA +�, =@ ��
2

A[
|'�

+\| � eH+\| m [|> ]|,� +[| � eH+[| m ]|,,
��,2>+4414,
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zkhuh eH+\| m [|> ]|, dqg eH+[| m ]|, duh qrqsdudphwulf eldv0uhgxflqj nhuqho hvwlpd0
wruv ri ��+[|> ]|, =@ H+\| m [|> ]|, dqg �2+]|, =@ H+[| m ]|,> uhvshfwlyho|/ dv gh�qhg
lq Urelqvrq +4<;;,1

Wkh sdudphwhu vsdfh lv wkh vdph dv lq +6153, iru H{dpsoh 51
Wkh txdgudwlf dssur{lpdwlrq ri +614, dqg +616, krogv zlwk

GcA +�f, =@ ��
2

A[
|'�

+\| � eH+\|m[|> ]|,� +[| � eH+[|m]|,,
��f,+[| � eH+[|m]|,,>

G2cA +�f, =@ �
A[
|'�

+[| � eH+[|m]|,,+[| � eH+[|m]|,,
�>

EA =@ W �*2Lr>MA =@ � �
AG

2cA +�f,> ]A @ M3�
A W3�*2GcA +�f,/ dqg UA +�, @ 3=+4415,

Dvvxpswlrq 4 krogv ehfdxvh UA +�, @ 31
Dvvxpswlrqv 5 dqg 6 krog e| wkh Sursrvlwlrqv jlyhq lq wkh Dsshqgl{ ri Urelqvrq

+4<;;, xqghu wkh iroorzlqj frqglwlrqv=

� =@ H+[|�H+[|m]|,,+[|�H+[|m]|,,
� A 3> H%2| =@ �2 ? 4>H m[|me ? 4>+4416,

]| kdv d ghqvlw| i+�, zlwk uhvshfw wr Ohehvjxh phdvxuh/ wkh ixqfwlrqv �+�,/ ��+�,> dqg
�2+�, vdwlvi| wkh vprrwkqhvv dqg erxqghgqhvv frqglwlrqv ri Urelqvrq +4<;;/ Wkp1 4,/
wkh edqgzlgwk dqg wulpplqj sdudphwhuv dqg wkh nhuqho xvhg lq wkh nhuqho hvwlpdwruveH+\| m [|> ]|, dqg eH+[| m ]|, vdwlvi| wkh frqglwlrqv ri Urelqvrq +4<;;/ Wkp1 4,1

Dvvxpswlrq 7 krogv xqghu wkh dvvxpswlrqv jlyhq deryh e| wkh surri ri frqvlvwhqf|
iru H{dpsoh 5 lq Vhfwlrq ;15 zlwk [| uhsodfhg e| [|� eH+[|m]|,= Htxdwlrq +;1:, krogv
lq wkh suhvhqw fdvh e| Dvvxpswlrqv 5 dqg 6/ zklfk krog xqghu wkh jlyhq frqglwlrqv
e| wkh Sursrvlwlrqv lq wkh Dsshqgl{ ri Urelqvrq +4<;;,1

44151 Sdudphwhu Vsdfh

Dvvxpswlrqv 8eW dqg 9 krog lq wklv h{dpsoh xqghu wkh vdph frqglwlrqv rq j�+�,
dqg j2+�, dqg zlwk wkh vdph �pdwul{ dv lq wkh Uhjuhvvlrq zlwk Uhvwulfwhg Sdudphwhuv
H{dpsoh 51

44161 Dv|pswrwlf Glvwulexwlrq ri wkh Vhplsdudphwulf
Ohdvw Vtxduhv Hvwlpdwru

Wkh Sursrvlwlrqv lq wkh Dsshqgl{ ri Urelqvrq +4<;;, vkrz wkdw Dvvxpswlrq :
krogv lq wklv h{dpsoh xqghu wkh dvvxpswlrqv jlyhq deryh zlwk

J � Q+3>L,/ L @ �2�> dqg M @ �=+4417,

Wkxv/ e| Wkhruhp 6/ W �*2+e�� �f,
_$ e�/ zkhuh e� vdwlv�hv +814, zlwk +J>M , gh�qhg lq

+4417, dqg � gh�qhg lq +7149,1
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44171 Dv|pswrwlf Glvwulexwlrqv ri Vxeyhfwruv ri wkh
Vhplsdudphwulf Ohdvw Vtxduhv Hvwlpdwru

Zh sduwlwlrq � dqg[| lq wklv h{dpsoh lq wkh vdph zd| dv iru H{dpsoh 5/ exw zlwk
[| uhsodfhg e| [| �H+[|m]|,1 Wkhq/ wkh dv|pswrwlf glvwulexwlrqv ri W �*2+e� � �f,/
W �*2+e� � �f,> dqg W �*2+e# � #f, duh wkh vdph dv jlyhq lq H{dpsoh 5 h{fhsw wkdw [|

lv uhsodfhg e| [| �H+[|m]|, wkurxjkrxw1 Lq dgglwlrq/ wkh dv|pswrwlf glvwulexwlrqv
vlpsoli| vrphzkdw lq wkh suhvhqw h{dpsoh ehfdxvh %| lv dvvxphg wr eh lqghshqghqw
ri wkh uhjuhvvruv1 Lq sduwlfxodu/ zh �qg wkdw L @ �2� @ �2M / LW @ �2MW/ Lq @ �2Mq /
LB @ �2MB/ dqg L� @ �2M�1 Wklv lpsolhv wkdw Dvvxpswlrq :�W krogv dqg wkdw

W �*2+e# � #f,
_$ Q+3> �2M3�

� ,=

451 Uhjuhvvlrq zlwk Uhvwulfwhg Sdudphwhuv dqg
Lqwhjudwhg Uhjuhvvruv H{dpsoh

45141 Vshfl�fdwlrq ri wkh Lqwhjudwhg Uhjuhvvruv

Lq wklv h{dpsoh/ wkh hvwlpdwru/ remhfwlyh ixqfwlrq/ sdudphwhu vsdfh/ dqg txdgudwlf
dssur{lpdwlrq wr wkh remhfwlyh ixqfwlrq duh wkh vdph dv lq wkh Uhjuhvvlrq zlwk Uh0
vwulfwhg Sdudphwhuv H{dpsoh 5> vhh+614<,0+6154,1

Lq frqwudvw wr H{dpsoh 5/ krzhyhu/ wkh uhjuhvvruv duh dvvxphg khuh wr eh lqwh0
judwhg ri rughu rqh1 Zh dvvxph wkh huuruv dqg uhjuhvvruv vdwlvi| wkh frqglwlrqv ri
Sdun dqg Skloolsv +4<;;/ Vhfwlrq 5,1 Lq sduwlfxodu/

[| =@
|[

r'�

Xr/ Z| =@

�
%|
X|

�
/ VA =@

A[
|'�

Z|/ dqg VA +u, =@ W3�*2VdAoo>+4514,

zkhuh ^Wu` ghqrwhv wkh lqwhjhu sduw ri Wu1 Zh dvvxph wkdw

VA +�, , E+�,>

W3�
A[
|'�

V|Z
�
|

_$ U �
fE+u,gE+u,� .�>+4515,

dqg wkh frqyhujhqfh krogv mrlqwo|/ zkhuh �,� ghqrwhv zhdn frqyhujhqfh dqg E+u,
lv d +v . 4,0yhfwru Eurzqldq prwlrq zlwk srvlwlyh gh�qlwh fryduldqfh pdwul{ 
1 E|
gh�qlwlrq/


 =@ olp
A<"

W3�HVAV
�
A dqg � =@ olp

A<"
W3�

A[
|'2

|[
�'�

HZ�Z
�
| =@

�
��� ��2

�2� �22

�
>+4516,

zkhuh ��� 5 U/ �2� 5 Ur/ dqg �22 5 Urfr1 Sulplwlyh frqglwlrqv xqghu zklfk +4515,
krogv duh uhihuhqfhg lq Sdun dqg Skloolsv +4<;;/ Vhfwlrq 5,1 Iru h{dpsoh/ phdq }hur
dv|pswrwlfdoo| zhdno| ghshqghqw surfhvvhv iZ| = w � 4j/ vxfk dv olqhdu surfhvvhv
dqg vwurqj pl{lqj surfhvvhv/ vdwlvi| +4515, xqghu vxlwdeoh prphqw dqg ghshqghqfh
dvvxpswlrqv1
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Wkh qruplqj pdwul{ EA lq wklv fdvh htxdov WLr1
Dvvxpswlrq 4 krogv wulyldoo| lq wklv h{dpsoh ehfdxvh UA +�, @ 31
Dvvxpswlrq 5 krogv e| +4515, ehfdxvh E3��

A GcA +�f, htxdov wkh �uvw froxpq ri
W3�

SA
|'� V|Z

�
| zlwk wkh �uvw hohphqw holplqdwhg1 Dvvxpswlrq 6 krogv ehfdxvh +4515,

lpsolhv +vhh Sdun dqg Skloolsv +4<;;/ Ohppd 514+f,,, wkdw

MA =@ W32
A[
|'�

[|[
�
|

_$ U �
fE2+u,E2+u,

�gu/ zkhuh E+u, =@

�
E�+u,

E2+u,

�
>+4517,

E�+u, 5 U/ E2+u, 5 Ur/ dqg wkh olplwlqj lqwhjudo lv srvlwlyh gh�qlwh zlwk suredelolw|
rqh1 +Wkh frqyhujhqfh lq +4517, lv mrlqw zlwk wkdw ri +4515,1,

Dvvxpswlrq 7 krogv xqghu wkh dvvxpswlrqv deryh1 Wkh surri lv wkh vdph dv
wkdw jlyhq lq +;16,0+;1:, iru H{dpsoh 51 Htxdwlrq +;1:, krogv lq wkh suhvhqw fdvh

e| +4515, dqg +4517, ehfdxvh W3�
SA

|'� %|[| @ RR+4, dqg
�
W32

SA
|'�[|[

�
|

�3�*2 _$�U �
fE2+u,E2+u,

�gu
�3�*2

1 Lq frqvhtxhqfh/
�SA

|'�[|[
�
|

��*2
+e���f, @ RR+4,= Wkh odw0

whu dqg wkh idfw wkdw W32
SA

|'�[|[ �
|

_$ U �
fE2+u,E2+u,�gu/ zkhuh

U �
fE2+u,E2+u,�gu A

3 zlwk suredelolw| rqh/ lpso| wkdw e� R$ �f dqg Dvvxpswlrq 7 krogv1

45151 Sdudphwhu Vsdfh

Dvvxpswlrq 8eW krogv lq wklv h{dpsoh surylghg j@+�, dqg jK+�, duh frqwlqxrxvo|
gl�huhqwldeoh rq vrph qhljkerukrrg ri �f dqg Y

Yw�
j+�f, lv ixoo urz udqn/ zkhuh j+�, @

+j@+�,�> jK+�,
�,�1 Lq frqvhtxhqfh/ e| Ohppd 5/ Dvvxpswlrq 8 krogv zlwk

� =@

�
� 5 Ur =

C

C��
j@+�f,� @ 3>

C

C��
jK+�f,� � 3

�
=+4518,

Iru � dv vxfk/ Dvvxpswlrq 9 krogv1

45161 Dv|pswrwlf Glvwulexwlrq ri wkh Ohdvw Vtxduhv Hvwlpdwru

Lq wklv h{dpsoh/ Dvvxpswlrq : krogv zlwk

J @
U �
fE2+u,gE�+u, .�2� dqg M @

U �
fE2+u,E2+u,

�gu=+4519,

Wklv iroorzv iurp +6154, dqg +4514,�+4517,1

E| Wkhruhp 6/ W +e���f,
_$ e�> zkhuh e� vdwlv�hv +814, zlwk +J>M , gh�qhg lq +4519,

dqg � gh�qhg lq +7149,1

45171 Dv|pswrwlf Glvwulexwlrqv ri Vxeyhfwruv ri
wkh Ohdvw Vtxduhv Hvwlpdwru

W|slfdoo|/ wkh uhvwulfwlrqv j@+�, @ 3 dqg jK+�, � 3 lq wklv h{dpsoh rqo| lq0
yroyh vrph ri wkh hohphqwv ri �1 Lq wklv fdvh/ wkh yhfwru Y

Yw�
j+�f,/ zkhuh j+�, =@

:9



+j@+�,�> jK+�,
�,�/ wkdw ghwhuplqhv � frqwdlqv vrph qrq0}hur froxpqv/ vd| s ri wkhp/

dqg vrph froxpqv ri }hurv/ vd| v � s ri wkhp1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph
wkdw wkh �uvw s froxpqv ri Y

Yw�
j+�f, duh qrq0}hur yhfwruv dqg wkh odvw v � s froxpqv

duh }hur yhfwruv iru 4 � s � v1
Zh sduwlwlrq [| vxfk wkdw

[| =@

�
[W|

[�|

�
=@

3C[q|

[B|

[�|

4D / E2+u, =@

�
EW+u,
E�+u,

�
/ dqg

M @
U �
fE2+u,E2+u,

�gu =@

�MW 3
3 M�

�
=@

%U �
fEW+u,EW+u,

�gu 3

3
U �
fE�+u,E�+u,

�gu

&
>+451:,

zkhuh [W| 5 URn^/ [�| 5 Uo/ [q| 5 UR/ 111/ EW+u, 5 URn^/ E�+u, 5 Uo/ 1111 Vxfk d
sduwlwlrqlqj lv dozd|v srvvleoh/ ehfdxvh rqh frxog kdyh u @ 31

Zh sduwlwlrq e�/ �f/ dqg � frqirupdeo| zlwk [|1 Wkdw lv/

e� =@ +e��>e��> e#�,�/ �f =@ +��f> �
�
f> #

�
f,
�/ dqg � @ +��> ��> #�,�>+451;,

zkhuh e�> �f> � 5 UR/ e�> �f> � 5 U^/ dqg e#>#f> # 5 Uo1
Qrz/ zlwk wkh deryh sduwlwlrqlqj/ Dvvxpswlrqv ; dqg < krog1 Wkh pdwul{ M lv

eorfn gldjrqdo e| +451:,1 Wkh pdwul{ EA lv gldjrqdo1 Wkh vhw � lv d surgxfw vhw
�q ��B ��� zlwk

�q @

�
�q 5 UR =

C

C��
j@+�f,�q @ 3/

C

C��
jK+�f,�q � 3

�
/ �B @ U^/ dqg �� @ Uo

zkhuh
C

C��
j�+�f, 5 US�fR iru m @ d> e=+451<,

Zlwk frqirupdeoh sduwlwlrqlqj wr wkdw deryh/ zh kdyh

J =@

�
JW

J�

�
/ JW =@

U �
fEW+u,gE�+u, . �W>

J� =@
U �
fE�+u,gE�+u, . ��/ dqg �2� =@

�
�W

��

�
>+45143,

zkhuh JW/ �W 5 URn^ dqg J�/ �� 5 Uo1 Frqglwlrqdo rq EW+=,> JW kdv d qrupdo glv0
wulexwlrq dqg/ khqfh/ Dvvxpswlrq :W krogv1 Li wkh uhjuhvvruv [W| duh +dv|pswrwlfdoo|,
vwulfwo| h{rjhqrxv/ l1h1/ EW+u, dqg E�+u, duh lqghshqghqw dqg �W @ 3/ wkhq

JW � Q+3>
��MW, frqglwlrqdo rq EW+=,/+45144,

zkhuh 
�� lv wkh +4/4, hohphqw ri wkh fryduldqfh pdwul{ 
 ri wkh Eurzqldq prwlrq
E+�,1 Lq wklv fdvh/ Dvvxpswlrq :�W krogv zlwk f @ 
��1

E| Fruroodu| 4+e, dqg wkh idfw wkdw �� @ Uo/ zh rewdlq

W +e# � #f,
_$ e�� @ ]� =@ M3�

� J�>+45145,

::



zkhuh M� dqg J� duh gh�qhg lq +451:, dqg +45143, uhvshfwlyho|1
E| Fruroodu| 4+e,/

W +e� � �f,
_$ e�q>+45146,

zkhuh e�q vroyhv tq+e�q, @ lqibqM\q tq+�q, zlwk �q dv lq +45143, dqg tq+�q, lv gh�qhg
xvlqj +451:, dqg +45143,1

E| Fruroodu| 4+e,/

W +e� � �f,
_$ e�B @ M 3�

B JB �M 3�
B MBq�/ zkhuh

JW =@

�
Jq

JB

�
/ JB =@

U �
fEB+u,gE�+u, . �B/ EW+u, =@

�
Eq+u,

EB+u,

�
>

�W =@

�
�q

�B

�
/ MW =@

�Mq MqB
MBq MB

�
@

%U �
fEq+u,Eq+u,

�gu
U �
fEq+u,EB+u,

�guU �
fEB+u,Eq+u,

�gu
U �
fEB+u,EB+u,

�gu

&
>+45147,

JB/ EB+u,/ �B 5 U^/ dqg MB 5 U^f^1

461 Dsshqgl{ ri Surriv iru wkh JDUFK+4/t-, Prgho

46141 Vwdwlrqdulw| dqg Hujrglflw|

Iluvw/ zh hvwdeolvk vwulfw vwdwlrqdulw| dqg hujrglflw| +V)H, ri ikf| = w @ ===> 3> 4> ===j1
Iurp wklv dqg wkh dvvxphg V)H ri i[| = w @ ===> 3> 4> ===j/ zh rewdlq gluhfwo| wkh V)H
ri qxphurxv udqgrp yduldeohv lqfoxglqj %|/ \|/ k|+�,/ h|+�,/ +=@ \| � �D � [ �

|�S,/
c||+�,/ Y

Ywk|+�,/
Y
Ywh|+�,/

Y
Yw c||+�,/

Y2

YwYw�
k|+�,/ Y2

YwYw�
h|+�,/ dqg Y2

YwYw�
c||+�,1 Zh xvh V)H

wr rewdlq odzv ri odujh qxpehuv +OOQv, iru ydulrxv txdqwlwlhv1
Wr hvwdeolvk wkh V)H ri kf|/ zh zulwh kf| @ ff

S"
&'fP+w> n,/ zkhuh ff =@ �ef+4�

��f, dqg P+w> n, lv d olqhdu frpelqdwlrq ri surgxfwv ri wkh vtxduhg lqqrydwlrqv }2r iru
v @ w�4> w�5> ===> dv lq Eroohuvohy +4<;9/ Surri ri Wkhruhp 4,1 Ehfdxvh HkR

W

f| ? 4 iru
vrph w e| Dvvxpswlrq +f, ri +431<,/ ff

S"
&'fP+w> n, ? 4 d1v1 E| vwdwlrqdulw| ri }|/

wklv lpsolhv wkdw ff
S"

&'fP+w> n, ? 4 d1v1 ;w @ ===> 3> 4> ===1 Wkdw lv/ ff
S"

&'fP+w> n,
lv U0ydoxhg d1v1 ;w1 Ixuwkhupruh/ wklv vxp lv fohduo| d phdvxudeoh U0ydoxhg ixqfwlrq
ri wkh V)H vhtxhqfh i}| = w @ ===> 3> 4> ===j dqg/ khqfh/ lv V)H lwvhoi +h1j1/ e| Wkhruhp
6181; ri Vwrxw +4<:7,,1

46151 Yhul�fdwlrq ri Dvvxpswlrq 4

Rxu dssurdfk wr yhuli|lqj Dvvxpswlrqv 4 dqg 7 iru wklv h{dpsoh lv wr h{whqg
uhvxowv lq wkh olwhudwxuh +pdlqo| prphqw erxqgv, iru d JDUFK+4/4, prgho zlwk lq0
whufhsw +lqfoxglqj dq LJDUFK+4/4, prgho, wr d JDUFK+4> tW,prgho zlwk uhjuhvvlrq
ixqfwlrq1 Wklv dssurdfk gudpdwlfdoo| uhgxfhv wkh ohqjwk ri wkh surri ehfdxvh pr0
phqw erxqgv lq JDUFK prghov duh frpsolfdwhg wr ghulyh/ exw yhu| vlplodu phwkrgv
fdq eh xvhg iru JDUFK+4> tW, prghov dv iru JDUFK+4/4, prghov1

Vshfl�fdoo|/ zh h{whqg uhvxowv ri Ohh dqg Kdqvhq +4<<7,/ khuhdiwhu ghqrwhg OK1
Wr pdnh wkh h{whqvlrq ri OK*v uhvxowv dv vlpsoh dv srvvleoh wr xqghuvwdqg/ zh dgrsw

:;



wkh vdph v|perov dv OK iru wkh sdudphwhuv wkdw duh frpprq wr erwk prghov1 Zh
ohw � ghqrwh wkh JDUFK�DU sdudphwhu �� +wkxv/ � gl�huv khuh iurp lq Vhfwlrq ,/ $
ghqrwhv wkh yduldqfh lqwhufhsw sdudphwhu �e/ dqg +��> ===> �^W, ghqrwh wkh JDUFK�
PD sdudphwhuv rq wkh yduldeohv h2|3�+�,> ===> h

2
|3^W+�,/ uhvshfwlyho|/ l1h1/ wkh hohphqwv

ri �� dqg �2 duudqjhg lq wkh rughu vshfl�hg1 OK*v vlqjoh JDUFK�PD sdudphwhu lv
ghqrwhg �1 +Rxu prgho grhv qrw uhtxluh wkdw doo ri wkh odjv h2|3�+�,> ===> h

2
|3^W+�, hqwhu

wkh prgho1 Li h2|3�+�, grhv qrw hqwhu wkh prgho/ wkh fruuhvsrqglqj �� lv vhw htxdo
wr }hur1, Wkh phdq lq OK*v prgho lv �1 Lq rxu prgho/ lw lv �D .[ �

|�S1 Iru suhvhqw
sxusrvhv/ zh ohw � ghqrwh +��> ===> �^W > �> $> �D> �

�
S,
�1

Zh qhhg wr h{whqg OK*v uhvxowv wr doorz iru tW A 4 dqg wkh phdq ixqfwlrq �D .
[ �
|�S/ udwkhu wkdq tW @ 4 dqg wkh phdq ixqfwlrq �1 Lq rwkhu uhvshfwv/ rxu prghov duh

wkh vdph1 Lq sduwlfxodu/ wkh dvvxpswlrqv rq wkh lqqrydwlrqv i}| = w @ ===> 3> 4> ===j duh
wkh vdph1 Wkh uhvwulfwlrqv rq wkh sdudphwhu vsdfh duh wkh vdph li rqh ylhzv rxu ��
dv wkhlu � � erwk duh erxqghg dzd| iurp }hur1 Rxu uhvwulfwlrqv rq �2> ===> �^W +wkdw
�� 5 ^3> ���` iru vrph 3 ? ��� ? 4 ;m @ 5> ===> tW, duh qryho ri frxuvh/ ehfdxvh wkhvh
sdudphwhuv gr qrw dsshdu lq OK1

Gh�qh

OA +�, =@
A[
|'�

c||+�, =@ �A
2 oq+5�,� �

2

A[
|'�

oqk|+�,� �
2

A[
|'�

h2| +�,@k|+�,=+4614,

Qrwh wkdw OA +�, lv frpsulvhg ri vxpv ri vwulfwo| vwdwlrqdu| dqg hujrglf udqgrp
yduldeohv1 Lq frqvhtxhqfh/ lw lv pruh dphqdeoh wr dqdo|vlv wkdq lv wkh txdvl0olnholkrrg
cA +�,1

Zh yhuli| Dvvxpswlrq 4 iru cA +�, e| vkrzlqj wkdw lw krogv iru OA +�, dqg wkdw
cA +�, lv forvho| dssur{lpdwhg e| OA +�, lq wkh vhqvh wkdw +619, krogv1

Wr hvwdeolvk +619,/ zh zulwh wkh ohiw0kdqg vlgh ri +619, dv

vxs
wMXG��w3wf��$�A

�����
A[
|'�

d|+�,

����� / zkhuh
d|+�, =@ oq

�
k|+�,

kW| +�,

�
� oq

�
k|+�f,

kW| +�f,

�
� �

2

�
h2| +�,

kW| +�,
� h2| +�,

k|+�,
� %2|

kW| +�,
.

%2|
k|+�f,

�
=+4615,

Wkh ixqfwlrqv k|+�,/ kW| +�,/ dqg h2| +�, duh frqwlqxrxv lq � d1v1 Khqfh/ vxswMXG��w3wf��$�Amd|+�,m $ 3 d1v1 dv W $ 4 ;w � 41 Wkh dujxphqw ri wkh surri ri Ohppd OK6 dssolhv
wr rxu prgho zlwk plqru dgmxvwphqwv dqg |lhogv

S"
|'� vxswMX md|+�,m ? 4 d1v1 +Qrwh

wkdw wkh surri xvhv Ohppd OK5+6, zklfk lv h{whqghg ehorz wr fryhu rxu prgho1,
Khqfh/ jlyhq % A 3/ <W� ? 4 vxfk wkdw

S"
|'A�n�

vxswMX md|+�,m ? %@51 Dqg/ jlyhq
% A 3 dqg W� ? 4/ <W2 ? 4 vxfk wkdw ;W � W2 zh kdyh vxswMXG��w3wf��$�A md|+�,m ?
%@+5W�, ;w � W�1 Frpelqlqj wkhvh uhvxowv jlyhv

vxs
wMXG��w3wf��$�A

�����
A[
|'�

d|+�,

����� �
A�[
|'�

vxs
wMXG��w3wf��$�A

md|+�,m.
"[

|'A�n�

vxs
wMX

md|+�,m ? %=+4616,

Khqfh/ +619, krogv1

:<



Zh yhuli| Dvvxpswlrq 4 iru OA +�, xvlqj Dvvxpswlrq 4W dqg Ohppd 9+e,1 +Qrwh

wkdw wkh odwwhu dssolhv ehfdxvh lw lv vkrzq ehorz wkdw H
��� Y2

YwYw�
c||+�f,

��� ? 4 dqg/

khqfh/ �W3� Y2

YwYw�
OA +�f,

R$ M e| wkh hujrglf wkhruhp1

Zh yhuli| Dvvxpswlrq 4W+f, iru OA +�, e| vkrzlqj wkdw vxswMXf

��� Y2

YwYw�
OA +�,

�H Y2

YwYw�
c||+�,

��� R$ 3/ iru vrph vhw �f � � wkdw frqwdlqv �_ V+�f> %, iru vrph % A 3/

dqg H Y2

YwYw�
c||+�, lv frqwlqxrxv dw �f1 Erwk ri wkhvh uhvxowv iroorz iurp wkh xqlirup

OOQ jlyhq lq Wkhruhp 9 ri Dqguhzv +4<<5, xvlqj Dvvxpswlrq WVH�4G surylghg

H vxs
wMXf

���� C2

C�C��
c||+�,

���� ? 4>+4617,

ehfdxvh Y2

YwYw�
c||+�, lv vwdwlrqdu| dqg hujrglf dqg frqwlqxrxv lq � d1v1 +Qrwh wkdw

wkh deryh xqlirup OOQ kdv vlpsohu frqglwlrqv wr yhuli| wkdq wkh rqh xvhg e| OK1 Lw
dyrlgv wkh qhhg wr frqvlghu wklug ghulydwlyhv ri c||+�, dv lv grqh lq OK1 Lw lv dssolfdeoh

ehfdxvh
q

Y2

YwYw�
c||+�, = w @ 4> 5> ===

r
duh lghqwlfdoo| glvwulexwhg1,

Zh yhuli| +4617, e| vwuhqjwkhqlqj Ohppd OK44+4, iurp �iru doo � 5 �e/

H
��� Y2

YwYw�
c||+�,

��� ? 4/� zkhuh �e lv d qhljkerukrrg ri �f/ wr wkh uhvxow ri +4617,

+zklfk wdnhv wkh vxsuhpxp ehiruh wkh h{shfwdwlrq, dqg h{whqglqj Ohppd OK44+4,
wr rxu pruh jhqhudo prgho1 Ohppd OK44+4, uholhv rq Ohppdv OK4/ OK5/ OK7�OK:/
OK;+4,/ dqg OK43+4,1 Khqfh/ zh qhhg wr vwuhqjwkhq dqg h{whqg hdfk ri wkhvh Ohp0
pdv lq wkh vdph gluhfwlrq1 Wkh vwuhqjwkhqlqj ri wkhvh uhvxowv lq whupv ri wdnlqj wkh
vxsuhpxp ryhu � ehiruh wkh h{shfwdwlrq wxuqv rxw wr eh vlpsoh ehfdxvh wkh erxqgv
xvhg e| OK duh dozd|v lq whupv ri xsshu dqg orzhu erxqgv rq wkh sdudphwhu vsdfh
dqg wkhvh erxqgv krog xqlirupo| iru doo srlqwv lq wkh sdudphwhu vsdfh1

Wr h{whqg OK*v Ohppdv wr rxu prgho/ zh gh�qh wkh ixqfwlrq k0| +�, wr eh

k0| +�, =@ $ .
"[
&'f

�&
^W[
�'�

��%
2
|3&3� =+4618,

Prvw ri OK*v prphqw erxqgv iru ixqfwlrqv ri k|+�, duh ghulyhg xvlqj k0| +�, +zlwk
�� @ 3 iru m 9@ 4, lq sodfh ri k|+�,/ zklfk lv mxvwl�hg e| wkhlu Ohppd OK4/ zklfk
vwdwhv wkdw E3�k0|+�, � k|+�, � Ek0| +�, d1v1 iru d frqvwdqw 3 ? E ? 41 Ohppd OK4
h{whqgv wr rxu prgho zlwk plqru dgmxvwphqwv/ vxfk dv wkh uhsodfhphqw ri whupv olnh
�h2|3�3&+�, e| whupv olnh

S^W

�'� ��h
2
|3�3&+�,/ dqg zlwk wkh dgmxvwphqw wkdw E lv ri wkh

irup

E @ F+4 . mm[|mm. mm[|mm2, iru vrph frqvwdqw 3 ? F ? 4=+4619,

Wkh odwwhu dgmxvwphqw rffxuv ehfdxvh OK*v xsshu dqg orzhu erxqgv rq wkh lqwhufhsw/
�� dqg ��/ pxvw eh uhsodfhg e| xsshu dqg orzhu erxqgv rq wkh uhjuhvvlrq ixqfwlrq/
zklfk ghshqg rq mm[|mm1

;3



Zh uhodwh k0| +�, iru rxu prgho wr k0| +�, iru d JDUFK+4/4, prgho xvlqj wkh iro0
orzlqj vlpsoh/ exw nh|/ erxqgv=

$ . ��

"[
&'f

�&%2|3&3� � $ .
"[
&'f

�&
^W[
�'�

��%
2
|3&3� =@ k0|+�,

@ $ .

3C ^W[
�'�

���
�3�

4D "[
&'f

�&%2|3&3� �
^W32[
&'f

�&
^W[

�'&n2

���
�3�%2|3&3�

� $ .

3C ^W[
�'�

���
�3�

4D "[
&'f

�&%2|3&3�>+461:,

zkhuh erwk lqhtxdolwlhv xvh wkh idfw wkdw �2> ===> �^W duh qrq0qhjdwlyh dqg wkh htxdolw|
krogv e| vxpplqj wkh frh!flhqwv rq doo ri wkh odjv ri %2| ri wkh vdph odj rughu1

Qrwh wkdw wkh orzhu erxqg rq k0|+�, iru wkh JDUFK+4> tW, prgho lv h{dfwo| wkh
vdph ixqfwlrq ri wkh sdudphwhuv dqg odjjhg %2| *v dv iru d JDUFK+4/4, prgho zlwk
d JDUFK�PD sdudphwhu ri �� dqg wkh xsshu erxqg lv h{dfwo| wkh vdph dv iru d
JDUFK+4/4, prgho zlwk d JDUFK�PD sdudphwhu ri

S^W

�'� ���
�3� 1 +Ri frxuvh/ wkh

udqgrp yduldeohv %2|3&3� iru n @ 3> 4> === kdyh gl�huhqw surshuwlhv lq wkh JDUFK+4> tW,
fdvh wkdq lq wkh JDUFK +4/4, fdvh/ exw wklv wxuqv rxw qrw wr fdxvh dq| gl!fxowlhv1,

Jlyhq rxu dvvxpswlrq wkdw wkh �uvw hohphqw ri �2 lv erxqghg dzd| iurp }hur/ vhh
+4317,/ dqg wkdw wklv hohphqw lv wkh JDUFK�PD sdudphwhu rq wkh �uvw odj ri %2| / vhh
+4314,/ zh kdyh wkdw �� lv erxqghg dzd| iurp }hur iru � 5 �1 Wkxv/ wkh orzhu erxqg
lq +461:, lv qrw �ghjhqhudwh1� Wkdw lv/ lw grhv qrw uhgxfh wr mxvw $ iru dq| � 5 �1

Ohw ��f/ ���/ dqg ��� ghqrwh wkh wuxh ydoxh ri ��/ wkh orzhu erxqg rq �� jlyhq
lq �/ dqg wkh xsshu erxqg rq �� jlyhq lq �/ uhvshfwlyho|/ iru m @ 4> ===> tW1 E|
dvvxpswlrq/ ��� A 3/ ��� @ 3 ;m @ 5> ===> tW/ dqg ��� ? 4 ;m @ 4> ===> tW1 Gh�qh $f/
$�/ dqg $� dqdorjrxvo|1 Gh�qh �� dqg �� dv lq OK1 +Wkh| duh ydoxhv wkdw vdwlvi|
3 ? �� ? �f ? �� ? 41,

Qrz/ wkh frqfoxvlrqv ri Ohppd OK5+4, dqg OK5+5, uhjduglqj vwdwlrqdulw| krog
lq rxu fdvh e| wkh dujxphqw jlyhq dw wkh ehjlqqlqj ri wklv vhfwlrq1 Ohppd OK5+6,
krogv e| wkh surri lq OK xvlqj Dvvxpswlrq +f, ri +431<, lq sodfh ri Wkhruhp 7 ri
Qhovrq +4<<3,/ zlwk �f uhsodfhg e| ��f/ dqg xvlqj +461:,1

Sduwv +4, dqg +5, ri Ohppd OK7 krog zlwkrxw fkdqjh lq rxu JDUFK+4> tW,
prgho ehfdxvh wkhvh sduwv rqo| lqyroyh wkh lqqrydwlrqv }|/ zklfk duh wkh vdph khuh
dv lq OK1 Lq wkh surri ri sduw +6, ri Ohppd OK7/ wkh �uvw htxdwlrq rq s1 77 krogv
iru wkh JDUFK+4> tW, fdvh zlwk wkh htxdolw| uhsodfhg e| wkh lqhtxdolw| ��� dqg
�f uhsodfhg e| ��f/ ehfdxvh

S^W

�'2 ��fkf|3�}
2
|3� � 31 Wkh uhvw ri wkh surri krogv

xqfkdqjhg1 Sduwv +7, dqg +8, krog e| wkh dujxphqw ri OK xvlqj htxdwlrq +461:,1
Wkh erxqglqj frqvwdqwv lq wklv fdvh duh N� =@ $�@$f .

S^W

�'� ���@��f dqg K� =@

$f@$� .
S^W

�'� ��f@���1
Ohppd OK8+4, krogv iru rxu JDUFK+4> tW, prgho e| OK*v surri h{fhsw wkdw wkh

htxdolw| lq wkh wklug odvw htxdwlrq rq s1 77 lv dq lqhtxdolw| +�,/ � lv uhsodfhg e| ��f/
�� e| ���/ hwf1 Dovr/ wkh surri ri OK frqwdlqv d vpdoo huuru wkdw qhhgv wr eh fruuhfwhg1
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Wkh �uvw htxdolw| lq wkh odvw htxdwlrq rq s1 77 lv qrw fruuhfw1 Wkh h{shfwdwlrq ri
wkh surgxfw grhv qrw htxdo wkh surgxfw ri wkh frqglwlrqdo h{shfwdwlrqv ehfdxvh wkh
whupv lq wkh surgxfw frqwdlq ryhuodsslqj udqgrp yduldeohv1 Rqh qhhgv wr uhsodfh wkh
k0|3�+�,@k

0
|3�n�+�, whupv e| wkh erxqg jlyhq lq wkh wklug odvw htxdwlrq rq s1 77 ehiruh

vzlwfklqj wkh rughu ri wkh h{shfwdwlrq dqg wkh surgxfw1 Ohppd OK8+5, krogv zlwk
KS =@ $f@$� .

S^W

�'� ��f@+�����,1 Wkh surri lv dqdorjrxv wr wkdw ri OK xvlqj +461:,1
Ohppd OK9+4, krogv iru rxu JDUFK+4> tW, prgho zlwk NS =@ $�@$f

.
S^W

�'� ��f@+��f��,1 Wkh surri lv dqdorjrxv wr wkdw ri OK xvlqj +461:,1 Ohppd
OK9+5, krogv zlwk K� dqg N� gh�qhg dv deryh e| wkh vdph dujxphqw dv lq OK1 Zh
qrwh wkdw/ lq wkh odvw htxdwlrq rq s1 78 ri OK/ kf|3&n� vkrxog eh kf|3& dqg I|3&

vkrxog eh I|3&3�1
Ohppd OK:+4, krogv e| wkh surri lq OK zlwk E uhsodfhg e| HE lq wkh gh�qlwlrq

riK�/ zlwk +�����,
2 uhsodfhg e|Hmm[2

| mm�mm�S���S�mm2 lq wkh gh�qlwlrq riK�/ dqg zlwk
E dqg KS gh�qhg dv deryh1 Wkxv/ K� htxdov d frqvwdqw wlphv +4.Hmm[|mm.Hmm[|mm2,1
Ohppd OK:+5, krogv dv lq OK1

Ohppd OK;+4, krogv zlwk E2 uhsodfhg e| mmE2mmo lq wkh gh�qlwlrq ri Kq/ zkhuh
E lv dv lq +4619,1 Wkxv/ zh qhhg Hmm[|mmeo ? 41 E| rswlpl}lqj wkh vsolw lq wkh
dssolfdwlrq ri Kroghu*v lqhtxdolw| lq wkh surri ri Ohppd OK44+4,/ zh �qg wkdw zh
qhhg Ohppd OK;+4, wr krog iru u @ 8@51 Khqfh/ zh uhtxluh Hmm[|mm�f ? 4/ dv lv
dvvxphg lq Dvvxpswlrq +e, ri +431<,1

Ohppd OK43+4, krogv dv lq OK/ exw zlwk Kq gh�qhg zlwk E2 uhsodfhg e| mmE2mm2o1
Wkxv/ zh qhhg Hmm[|mmHo ? 41 E| rswlpl}lqj wkh vsolw lq Kroghu*v lqhtxdolw| lq wkh
surri ri Ohppd OK44+4,/ zh �qg wkdw zh qhhg Ohppd OK43+4, wr krog iru u @ 8@71
Khqfh/ zh uhtxluh Hmm[|mm�f ? 4/ dv lv dvvxphg lq +431<,1

Ohppd OK44+4, krogv iru rxu prgho e| wkh surri lq OK zlwk j +@ ���f, uhsodfhg
e| �D � �Df .[ �

|+�S � �Sf,/ zlwk wkh �uvw Kq lq wkh irxuwk odvw olqh ri s1 83 gh�qhg
dv ghvfulehg deryh lq wkh glvfxvvlrq ri Ohppd OK;+4, zlwk u @ 5/ zlwk wkh vhfrqg
Kq lq wkh vdph olqh gh�qhg dv ghvfulehg deryh lq wkh glvfxvvlrq ri Ohppd OK43+4,
zlwk u @ 4/ dqg zlwk wkh dssolfdwlrq ri Kroghu*v lqhtxdolw| ehwzhhq wkh wklug0odvw dqg
vhfrqg0odvw olqhv rq s1 83 ri OK dowhuhg wr jlyh d vsolw ri mmZ�Z2mm � mmZ�mmD � mmZ2mmD*e/
zkhuh Z� lv wkh �uvw whup lq sduhqwkhvhv rq wkh wklug0odvw olqh dqg Z2 lv wkh whup
lq eudfnhwv rq wkdw olqh1 Wklv frpsohwhv wkh surri iru wkh vhfrqg ghulydwlyh ri c||+�,
zlwk uhvshfw wr �1 Iru wkh vhfrqg sduwldo dqg furvv0sduwldo ghulydwlyhv zlwk uhvshfw
wr wkh rwkhu sdudphwhuv lq �/ erxqgv fdq eh rewdlqhg e| vlplodu phwkrgv xvlqj rxu
h{whqvlrqv ri Ohppdv OK8�OK:/ OK;+4,/ dqg OK43+4,1 Wkh prphqw frqglwlrqv rq
mm[|mm uhtxluhg iru wkhvh fdvhv duh zhdnhu wkdq wkrvh uhtxluhg iru wkh vhfrqg sduwldo
ghulydwlyh zlwk uhvshfw wr �1

Wklv frpsohwhv wkh surri ri +4617,/ wkh surri wkdw Dvvxpswlrq 4 krogv iru OA +�,/
dqg wkh surri wkdw Dvvxpswlrq 4 krogv iru cA +�,1

46161 Yhul�fdwlrq ri Dvvxpswlrqv 5 dqg :

Qh{w/ zh hvwdeolvk wkdw H
�� Y
Yw c||+�f,

��2 ? 41 Wklv frqglwlrq lv uhtxluhg wr dsso|
wkh pduwlqjdoh gl�huhqfh FOW zkhq yhuli|lqj Dvvxpswlrqv 5 dqg : ri Vhfwlrqv 6 dqg
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8 uhvshfwlyho|1 Wklv uhvxow iroorzv e| dq h{whqvlrq ri Ohppd OK<+4, wr rxu prgho1
Qrwh wkdw zh rqo| uhtxluh wkh uhvxow ri Ohppd OK<+4, iru wkh fdvh ri � @ �f/ zklfk
vlpsol�hv wkh surriv vrphzkdw1 Ohppd OK<+4, uholhv rq Ohppd OK;+5,1 Zh rqo|
qhhg wkh odwwhu wr krog iru � @ �f1

Ohppd OK;+5, h{whqgv wr rxu prgho zlwk wkh surri xqfkdqjhg iru wkh ghulydwlyhv
zlwk uhvshfw wr +zuw, $ dqg �1 Wkh surri iru wkh ghulydwlyh zuw � +l1h1/ zuw �D dqg �S
lq rxu fdvh, gl�huv iurp OK ehfdxvh dq [| pxowlsolfdqg dsshduv zkhq frqvlghulqj
�S1 Wklv uhtxluhv wkdw Ohppd OK:+4, lv h{whqghg wr lqfoxgh dq mm[|mm pxowlsolfdqg1
Lw fdq eh/ jlyhq wkdw i[|j lv lqghshqghqw ri i}|j dqg Hmm[|mm� ? 41 Wkh surri iru
wkh ghulydwlyh zuw � lv wkh vdph dv lq OK h{fhsw wkdw j @ 3 ehfdxvh zh rqo| qhhg wr
frqvlghu wkh fdvh zkhuh � @ �f1

Ohppd OK<+4, qrz krogv iru rxu prgho e| wkh surri jlyhq e| OK/ exw zlwk vrph
vlpsol�fdwlrqv gxh wr wkh idfw wkdw zh rqo| uhtxluh lw wr krog iru � @ �f1 Lq sduwlfxodu/
zh rqo| uhtxluh Ohppd OK;+4, wr krog zlwk u @ 5 udwkhu wkdq u @ 71 Wkxv/ wkh
prphqw frqglwlrqv rq [| jlyhq lq +431<, duh vx!flhqw1

46171 Yhul�fdwlrq ri Frqvlvwhqf|

Khuh zh hvwdeolvk frqvlvwhqf| ri wkh TPO hvwlpdwru lq wkh qrq0lqwhjudwhg
JDUFK+4> tW, fdvh +l1h1/ zkhq �f .

S^W

�'� �f� ? 4, dqg �orfdo frqvlvwhqf|� ri wkh

TPO hvwlpdwru lq wkh lqwhjudwhg JDUFK+4> tW, fdvh +l1h1/ zkhq �f.
S^W

�'� �f� @ 4,
e| yhuli|lqj Dvvxpswlrqv 7W+d, dqg 7W+eW,1 E| �orfdo frqvlvwhqf|� zh phdq wkdw/
iru vrph vhw �� wkdw lv d vxevhw ri � wkdw frqwdlqv � _ V+�f> %, iru vrph % A 3/ wkh
pd{lpl}dwlrq ri cA +�, ryhu � 5 �� ohdgv wr d frqvlvwhqw hvwlpdwru ri �f1 Wkh vhw ��

wkdw zh frqvlghu lv �� =@ i� 5 � = ��� � � � ���j/ zkhuh ��� dqg ��� duh gh�qhg
rq s1 69 ri OK vxfk wkdw ��� � �f ? ���1 Wkh gl!fxow| lq wuhdwlqj � ydoxhv wkdw
duh glvwdqw iurp �f lv wkdw wkh| pd| |lhog d ydoxh ri wkh olnholkrrg ixqfwlrq zkrvh
h{shfwdwlrq lv qhjdwlyh lq�qlw| lq wkh lqwhjudwhg prgho1

Wr yhuli| Dvvxpswlrq 7W+d, iru W3�cA +�,/ lw vx!fhv wr yhuli| Dvvxpswlrq 7W+d,
iru W3�OA +�,/ zkhuh OA +�, lv gh�qhg lq +4614,/ dqg wr vkrz wkdw

vxs
wMX

mW3�cA +�,� W3�OA +�,m R$ 3=+461;,

Htxdwlrq +461;, krogv e| wkh h{whqvlrq ri Ohppd OK6 wr rxu prgho/ zklfk uhtxluhv
rqo| plqru dgmxvwphqwv wr wkh surri jlyhq lq OK1

Qrz/ wr yhuli| Dvvxpswlrq 7W+d, iru OA +�,/ zh xvh wkh vdph xqlirup OOQ dv
lq Vhfwlrq 4615 mxvw deryh htxdwlrq +4617,1 Ehfdxvh c||+�, lv vwdwlrqdu| dqg hujrglf
dqg frqwlqxrxv lq �/ lw vx!fhv wr vkrz wkdw +l, H vxswMX mc||+�,m ? 4 lq wkh qrq0
lqwhjudwhg JDUFK fdvh dqg +ll, H vxswMX�

mc||+�,m ? 4 lq wkh lqwhjudwhg JDUFK
fdvh1 Uhvxow +l, krogv e| wkh �uvw sduw ri wkh surri +wkdw grhv qrw lqyroyh ghulydwlyhv,
ri Wkhruhp OK5/ xvlqj +461:,/ dqg dgmxvwhg +hdvlo|, wr wdnh wkh vxsuhpxp ryhu �
ehiruh wkh h{shfwdwlrq1 Uhvxow +ll, krogv e| wkh surri ri Ohppd OK:+5,/ zklfk kdv
ehhq h{whqghg wr rxu prgho lq Vhfwlrq 46151

Qh{w/ zh yhuli| Dvvxpswlrq 7W+eW,1 Wkh xqlirup OOQ xvhg deryh gholyhuv frqwl0
qxlw| ri wkh olplw ixqfwlrq
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c+�, =@ Hc||+�,+461<,

rq �� lq wkh lqwhjudwhg fdvh dqg rq � lq wkh qrq0lqwhjudwhg fdvh1 Erwk �� dqg �
duh frpsdfw1 Khqfh/ lw uhpdlqv wr vkrz wkdw c+�, lv xqltxho| plqlpl}hg dw �f ryhu
�� lq wkh lqwhjudwhg fdvh dqg ryhu � lq wkh qrq0lqwhjudwhg fdvh1 Wkhvh wzr fdvhv
fdq eh wuhdwhg vlpxowdqhrxvo| e| frqvlghulqj dq duelwudu| hohphqw � iru zklfk c+�, lv
zhoo0gh�qhg/ l1h1/ � 5 �� lq wkh lqwhjudwhg fdvh dqg � 5 � lq wkh qrq0lqwhjudwhg fdvh1

Zh kdyh

c+�, =@ Hc||+�, @ ��
2 oq+5�,� �

2H oq+k|+�,,� �
2Hh2| +�,@k|+�, dqg

Hh2| +�,@k|+�, @ H%2|@k|+�, .

�
�D � �Df
�S � �Sf

��

H

�
4
[|

��
4
[|

���
�D � �Df
�S � �Sf

�
� H%2|@k|+�, @ Hkf|@k|+�,+46143,

zlwk vwulfw lqhtxdolw| xqohvv �D @ �Df dqg �S @ �Sf ehfdxvh H
�

�
f|

��
�
f|

��
lv srvlwlyh

gh�qlwh +sg,1 Wkh ixqfwlrq oq+{,.|@{ lv xqltxho| plqlpl}hg ryhu { dw { @ |1 Khqfh/

c+�, � ��
2 oq+5�,� �

2H oq+k|f,� �
2 @ c+�f,+46144,

zlwk htxdolw| l� �e @ �ef/ �D @ �Df/ dqg S +k|+�, @ kf|, @ 41
Lw vx!fhv wr vkrz wkdw iru dq| � zlwk �D @ �Df dqg �S @ �Sf/ S +k|+�, @ kf|, @ 4

l� � @ �f1 Iru � zlwk �D @ �Df dqg �S @ �Sf/ vrph dojheudlf pdqlsxodwlrqv |lhog

k|+�,� kf| @ ��+k|3�+�,� kf|3�, . +%2
�

�|> %
2�

2|> kf|3�> 4,
�+� � �f,>+46145,

zkhuh � @ +���> �
�
2> ��> �e+4���,,

� dqg �f @ +���f> �
�
2f> ��f> �ef+4���f,,

�1 E| vwdwlrqdulw|
ri ik|+�, � kf| = w @ ===> 3> 4===j/ k|+�, � kf| @ 3 d1v1 l� k|3�+�, � kf|3� @ 3 d1v1
Frpelqlqj wklv zlwk +46145,/ zh �qg wkdw k|+�,� kf| @ 3 d1v1 l�

Z �
|+� � �f, @ 3 d1v1/ zkhuh Z| =@ +%2

�

�|> %
2�

2|> kf|3�> 4,
�=+46146,

Zh qrz vkrz wkdw Z �
|� @ 3 d1v1 l� � @ 31 Wklv lpsolhv wkdw � @ �f/ zklfk

frpsohwhv wkh surri wkdw �f xqltxho| plqlpl}hv c+�,1 E| uhshdwhg vxevwlwxwlrq lqwr
wkh irupxod lq +4314, iru kf|/ zh fdq zulwh

Z �
|� @ ff .

^W[
�'�

f�}
2
|3� . ��Nkf|3^W+46147,

iru vrph frqvwdqwv ff> ===> f^W / dqg N/ zkhuh � @ +���> �
�
2> ��> �e,

�/ �� lv wkh frh!flhqw
rq kf|3� lq Z �

|�/ dqg 3 ? �^
W3�
f � N ? 41

Vxssrvh Z �
|� @ 3 d1v1 E| Dvvxpswlrq +d, ri +431<,/ S +}2| @ 4, 9@ 41 Wklv lpsolhv

wkdw S +}2|3� @ 4mI|32, 9@ 4 zlwk srvlwlyh suredelolw|1 Wkxv/ frqglwlrqdo rq I|32/ doo
wkh whupv rq wkh uljkw0kdqg vlgh +ukv, ri +46147, duh frqvwdqwv h{fhsw }2|3�1 Ehfdxvh
wkh ukv htxdov }hur e| dvvxpswlrq/ zh pxvw kdyh f� @ 31 Uhshdwlqj wklv dujxphqw iru
}2|3� zlwk m @ 5> ===> tW |lhogv 3 @ f2 @ � � � @ f^W 1 Qh{w/ kf|3^W lv qrw d frqvwdqw ehfdxvh
S +}2| @ 4, 9@ 4 ;w/ vr �� @ 31 Jlyhq wkdw �� @ 3/ ff pxvw htxdo �e1 Khqfh/ �e @ 31
Jlyhq �� @ �e @ 3/ f� htxdov wkh �uvw hohphqw ri �2 pxowlsolhg e| $f+4 � �f, A 3
dqg/ khqfh/ wkh �uvw hohphqw ri �2 htxdov }hur1 Frqwlqxlqj iru f2> ===> f^W / zh rewdlq
�� @ 3 dqg �2 @ 3/ dv ghvluhg1 Wklv frpsohwhv wkh yhul�fdwlrq ri Dvvxpswlrq 7W+eW,1
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46181 Yhul�fdwlrq ri Dvvxpswlrq 6

Zh qrz vkrz wkdw M / gh�qhg lq +431:,/ lv sg/ dv uhtxluhg e| Dvvxpswlrq 61 E|
+43146,/ M lv eorfn gldjrqdo ehwzhhq �S dqg wkh rwkhu sdudphwhuv1 Vr/ lw vx!fhv
wr vkrz srvlwlyh gh�qlwhqhvv ri hdfk eorfn1 Wkh eorfn fruuhvsrqglqj wr �S htxdov
H[W

|[
W�
| @kf|/ zklfk lv sg ehfdxvh H[W

|[
W�
| lv sg dqg 3 ? $f+4� �f, � kf| ? 4 d1v1

Qrwh wkdw H[W
|[

W�
| lv sg l� H

�
�
f|

��
�
f|

��
lv sg dqg wkh odwwhu lv dvvxphg lq +431<,1

Qh{w/ frqvlghu wkh eorfn wkdw fruuhvsrqgv wr wkh rwkhu sdudphwhuv1 Iru qrwdwlrqdo
frqyhqlhqfh/ ohw � ghqrwh � zlwk �S ghohwhg1 Zulwh wkh xsshu eorfnv ri wkh wzr
vxppdqgv ri M lq +431:, dv P�.P21 Vxssrvh P�.P2 lv qrw sg1 +Zh zloo ghulyh d
frqwudglfwlrq1, Wkhq/ wkhuh h{lvwv d �W 9@ 3 vxfk wkdw ��W+P� .P2,�W @ 31 Ehfdxvh
P� lv srvlwlyh vhpl0gh�qlwh/ wklv lpsolhv wkdw ��WP2�W @ 31 Wkh pdwul{ P2 htxdov
H+3� 4,+3� 4,�@kf|1 Khqfh/ wkh odvw hohphqw ri �W/ zklfk fruuhvsrqgv wr �D pxvw eh
}hur1

Ohw � ghqrwh �W zlwk lwv odvw hohphqw ghohwhg1 Ohw P�� htxdo P�� zlwk lwv odvw
urz dqg froxpq ghohwhg1 E| wkh uhvxowv deryh/ ��W+P�.P2,�W @ ��P���1 Qrwh wkdw
P�� @ �

2H
Y
Yw
k|+�f,

Y

Yw
�k|+�f,@k

2
f|/ zkhuh � ghqrwhv � zlwk �D dqg �S ghohwhg1 Wkxv/

��P��� @ 3 lpsolhv wkdw Y
Yw
k|+�f,

�� @ 3 d1v1 Zh kdyh

C

C�
k|+�f, @ Z| . �f

C

C�
k|3�+�f,+46148,

iru Z| dv lq +46146,1 Khqfh/ e| vwdwlrqdulw| ri Y
Yw
k|+�f,/ Y

Yw
k|+�f,

�� @ 3 d1v1 lpsolhv
wkdw Z �

|� @ 3 d1v1 Wkh odwwhu lpsolhv wkdw � @ 3 e| wkh dujxphqw jlyhq lq wkh
sdudjudskv frqwdlqlqj dqg iroorzlqj +46147,/ zklfk lv d frqwudglfwlrq1 Zh frqfoxgh
wkdw P� .P2 dqg M duh sg1
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471 Irrwqrwhv
�Wkh dxwkru wkdqnv Duwkxu Ohzeho/ Gdylg Sroodug/ dqg Fkulv Vlpv iru khosixo

frpphqwv/ Johqd Dphv iru w|slqj wkh pdqxvfulsw/ dqg Urvhpdulh Ohzlv iru surri0
uhdglqj wkh pdqxvfulsw1 Wkh dxwkru judwhixoo| dfnqrzohgjhv wkh uhvhdufk vxssruw ri
wkh Qdwlrqdo Vflhqfh Irxqgdwlrq yld judqw qxpehu VEU�<7439:81

2Wkh vx!flhqf| ri Dvvxpswlrq 7W iru Dvvxpswlrq 7 krogv e| wkh iroorzlqj du0
jxphqw= Jlyhq % A 3/ wkhuh h{lvwv d � A 3 vxfk wkdw � @5 V+�f> %, lpsolhv wkdw
c+�f,� c+�, � � A 31 Wkxv/

S +e� @5 V+�f> %,, � S +c+�f,� W3�cA +e�, . W3�cA +e�,� c+e�, � �,

� S +c+�f,� W3�cA +�f, . rR+4, . W3�cA +e�,� c+e�, � �,

� S +5 vxs
wMX

mW3�cA +�,� c+�,m. rR+4, � �,
R$ 3=
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481 Uhihuhqfhv

Dlwfklvrq/ M1 dqg V1 G1 Vloyh| +4<8;,= �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Sdud0
phwhuv Vxemhfw wr Frqvwudlqw/� Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 5</ ;46�;5;1

Dqguhzv/ G1 Z1 N1 +4<<5,= �Jhqhulf Xqlirup Frqyhujhqfh/� Hfrqrphwulf Wkhru|/
;/ 574�58:1

+4<<7d,= �Dv|pswrwlfv iru Vhplsdudphwulf Hfrqrphwulf Prghov Yld Vwr0
fkdvwlf Htxlfrqwlqxlw|/� Hfrqrphwulfd/ 95/ 76�:51

+4<<7e,= �Hpslulfdo Surfhvv Phwkrgv lq Hfrqrphwulfv/� Kdqgerrn ri Hfrqr0
phwulfv/ Yro1 LY/ hg1 e| U1 I1 Hqjoh dqg G1 PfIdgghq1 Qhz \run= Qruwk�
Kroodqg1

+4<<9,= �Dgplvvlelolw| ri wkh Olnholkrrg udwlr Whvw Zkhq wkh Sdudphwhu
Vsdfh Lv Uhvwulfwhg Xqghu wkh Dowhuqdwlyh/� Hfrqrphwulfd/ 97/ :38�:4;1

+4<<:d,= �D Vlpsoh Frxqwhuh{dpsoh wr wkh Errwvwuds/� xqsxeolvkhg pdq0
xvfulsw/ Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh Xqlyhuvlw|1

+4<<:e,= �K|srwkhvlv Whvwlqj zlwk d Uhvwulfwhg Sdudphwhu Vsdfh/� Mrxuqdo
ri Hfrqrphwulfv/ iruwkfrplqj1

+4<<:f,= �Whvwlqj Zkhq d Sdudphwhu Lv rq wkh Erxqgdu| ri wkh Pdlqwdlqhg
K|srwkhvlv= Wkhru| dqg Dssolfdwlrqv/� pdqxvfulsw lq suhsdudwlrq/ Frzohv
Irxqgdwlrq/ \doh Xqlyhuvlw|1

Dqguhzv/ G1 Z1 N1 dqg F1 M1 PfGhuprww +4<<8,= �Qrqolqhdu Hfrqrphwulf Prghov
zlwk Ghwhuplqlvwlfdoo| Wuhqglqj Yduldeohv/� Uhylhz ri Hfrqrplf Vwxglhv/ 95/
676�6931

Dsrvwro/ W1 P1 +4<94,= Fdofxoxv/ Yro1 L1 Qhz \run= Eodlvghoo1

Dufrqhv/ P1 D1 dqg E1 \x +4<<7,= �Fhqwudo Olplw Wkhruhpv iru Hpslulfdo dqg X0
surfhvvhv ri Vwdwlrqdu| Pl{lqj Vhtxhqfhv/� Mrxuqdo ri Wkhruhwlfdo Suredelolw|/
:/ 7:�:41

Ehuu|/ V1 +4<<7,= �Hvwlpdwlqj Glvfuhwh Fkrlfh Prghov ri Surgxfw Gl�huhqwldwlrq/�
Udqg Mrxuqdo ri Hfrqrplfv/ 58/ 575�5951

Ehuu|/ V1/ M1 Ohylqvrkq/ dqg D1 Sdnhv +4<<8,= �Dxwrpreloh Sulfhv lq Pdunhw Htxl0
oleulxp/� Hfrqrphwulfd/ 96/ ;74�;<31

Eloolqjvoh|/ S1 +4<9;,= Frqyhujhqfh ri Suredelolw| Phdvxuhv1 Qhz \run= Zloh|1

Eroohuvohy/ W1 +4<;9,= �Jhqhudol}hg Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/�
Mrxuqdo ri Hfrqrphwulfv/ 64/ 63:�65:1

Fkdqw/ G1 +4<:7,= �Rq Dv|pswrwlf Whvwv ri Frpsrvlwh K|srwkhvhv lq Qrqvwdqgdug
Frqglwlrqv/� Elrphwulnd/ 94/ 5<4�5<;1

;:



Fkhuqr�/ K1 +4<87,= �Rq wkh Glvwulexwlrq ri wkh Olnholkrrg Udwlr/� Dqqdov ri
Pdwkhpdwlfdo Vwdwlvwlfv/ 87/ 8:6�8:;1

Frxudqw/ U1 +4<;;,= Gl�huhqwldo dqg Lqwhjudo Fdofxoxv/ Yro1 LL1 Zloh| Fodvvlfv Ol0
eudu| Hglwlrq1 Qhz \run= Zloh|1 Iluvw sxeolvkhg 4<691

Grxnkdq/ S1/ S1 Pdvvduw/ dqg H1 Ulr +4<<8,= �Lqyduldqfh Sulqflsohv iru Devroxwho|
Uhjxodu Hpslulfdo Surfhvvhv/� Dqqdov ri wkh Lqvwlwxwh ri Khqul Srlqfduì/ 64/
6<6�75:1

Jdoodqw/ D1 U1 dqg J1 K1 Jroxe +4<;7,= �Lpsrvlqj Fxuydwxuh Uhvwulfwlrqv rq Ioh{0
leoh Ixqfwlrqdo Irupv/� Mrxuqdo ri Hfrqrphwulfv/ 59/ 5<806541

Jloo/ S1 H1/ Z1 Pxuud|/ dqg P1 K1 Zuljkw +4<;4,= Sudfwlfdo Rswlpl}dwlrq1 Qhz
\run= Dfdghplf Suhvv1

Jrxulhurx{/ F1 dqg D1 Prqiruw +4<;<,= Vwdwlvwltxh hw Prghohv Hfrqrphwultxhv/ Yro1
51 Sdulv= Hfrqrplfd1 Hqjolvk wudqvodwlrq +4<<8,= Vwdwlvwlfv dqg Hfrqrphw0
ulf Prghov/ Yro1 51 Wudqvodwhg e| T1 Yxrqj1 Fdpeulgjh/ X1N1= Fdpeulgjh
Xqlyhuvlw| Suhvv1

Kdplowrq/ M1 G1 +4<<7,= Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw|
Suhvv1

Kdq/ D1 N1 +4<;:,= �Qrq0sdudphwulf Dqdo|vlv ri d Jhqhudol}hg Uhjuhvvlrq Prgho/�
Mrxuqdo ri Hfrqrphwulfv/ 68/ 636�6491

Kdxvpdq/ M1 D1 dqg G1 Zlvh +4<:;,= �D Frqglwlrqdo Surelw Prgho iru Txdolwdwlyh
Fkrlfh= Glvfuhwh Ghflvlrqv Uhfrjql}lqj Lqwhughshqghqfh dqg Khwhurjhqhrxv
Suhihuhqfhv/� Hfrqrphwulfd/ 79/ 736�7591

Krurzlw}/ M1 O1 +4<<6,= �Vhplsdudphwulf Hvwlpdwlrq ri d Zrun0wuls Prgh Fkrlfh
Prgho/� Mrxuqdo ri Hfrqrphwulfv/ 8;/ 7<�:31

Kxehu/ S1 M1 +4<9:,= �Wkh Ehkdylrxu ri Pd{lpxp Olnholkrrg Hvwlpdwhv xqghu
Qrqvwdqgdug Frqglwlrqv/� lq Surfhhglqjv ri wkh Iliwk Ehunhoh| V|psrvlxp lq
Pdwkhpdwlfdo Vwdwlvwlfv dqg Suredelolw|/ 4/ 554�5661 Ehunhoh|= Xqlyhuvlw| ri
Fdoliruqld1

Mhjdqdwkdq/ S1 +4<;5,= �Rq wkh Dv|pswrwlf Wkhru| ri Hvwlpdwlrq Zkhq wkh Olplw
ri wkh Orjolnholkrrg Lv Pl{hg Qrupdo/� Vdqnk|d/ Vhulhv D/ 77/ sduw 5/ 4:5�5451

Mxgjh/ J1 J1 dqg W1 Wdnd|dpd +4<99,= �Lqhtxdolw| Uhvwulfwlrqv lq Uhjuhvvlrq Dqdo|0
vlv/� Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 94/ 499�4;41

Oh Fdp/ O1 +4<93,= �Orfdoo| Dv|pswrwlfdoo| Qrupdo Idplolhv ri Glvwulexwlrqv/�
Xqlyhuvlw| ri Fdoliruqld Sxeolfdwlrqv lq Vwdwlvwlfv/ 6/ 6:�<;1

Ohh/ V1 Z1 dqg E1 H1 Kdqvhq +4<<7,= �Dv|pswrwlf Wkhru| iru wkh JDUFK+4/4,
Txdvl0pd{lpxp Olnholkrrg Hvwlpdwru/� Hfrqrphwulf Wkhru|/ 43/ 5<�851

;;



Olhz/ F1 N1 +4<:9,= �Lqhtxdolw| Frqvwudlqhg Ohdvw0vtxduhv Hvwlpdwlrq/� Mrxuqdo ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :4/ :79�:841

Oryhoo/ P1 F1 dqg H1 Suhvfrww +4<:3,= �Pxowlsoh Uhjuhvvlrq zlwk Lqhtxdolw| Frq0
vwudlqwv= Suhwhvwlqj Eldv/ K|srwkhvlv Whvwlqj dqg H!flhqf|/� Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 98/ <46�<581

Oxpvgdlqh/ U1 O1 +4<<9,= �Frqvlvwhqf| dqg Dv|pswrwlf Qrupdolw| ri wkh Txdvl0
Pd{lpxp Olnholkrrg Hvwlpdwru lq LJDUFK+4/4, dqg Fryduldqfh Vwdwlrqdu|
JDUFK+4/4, Prghov/� Hfrqrphwulfd/ 97/ 8:8�8<91

PfIdgghq/ G1 +4<;<,= �D Phwkrg ri Vlpxodwhg Prphqwv iru Hvwlpdwlrq ri Glv0
fuhwh Uhvsrqvh Prghov Zlwkrxw Qxphulfdo Lqwhjudwlrq/� Hfrqrphwulfd/ 8:/
<<8�43591

Prrq/ K1 +4<<:,= �Plqlpxp Glvwdqfh Hvwlpdwru zlwk Udqgrp Zhljkw Pdwul{/�
xqsxeolvkhg pdqxvfulsw/ Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh
Xqlyhuvlw|1

Prudq/ S1 D1 S1 +4<:4,= �Pd{lpxp0olnholkrrg Hvwlpdwlrq lq Qrq0vwdqgdug Frqgl0
wlrqv/� Surfhhglqjv ri wkh Fdpeulgjh Sklorvrsklfdo Vrflhw|/ :3/ 774�7831

Qhovrq/ G1 E1 +4<<3,= �Vwdwlrqdulw| dqg Shuvlvwhqfh lq wkh JDUFK+4/4, Prgho/�
Hfrqrphwulf Wkhru|/ 9/ 64;�6671

Qhovrq/ G1 E1 dqg F1 T1 Fdr +4<<5,= �Lqhtxdolw| Frqvwudlqwv lq wkh Xqlyduldwh
JDUFK Prgho/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 43/ 55<�5681

Sdnhv/ D1 dqg G1 Sroodug +4<;<,= �Vlpxodwlrq dqg wkh Dv|pswrwlfv ri Rswlpl}dwlrq
Hvwlpdwruv/� Hfrqrphwulfd/ 8:/ 435:�438:1

Sdun/ M1 \1 dqg S1 F1 E1 Skloolsv +4<;;,= �Vwdwlvwlfdo Lqihuhqfh lq Uhjuhvvlrqv zlwk
Lqwhjudwhg Surfhvvhv= Sduw 4/� Hfrqrphwulf Wkhru|/ 7/ 79;�7<:1

Shuopdq/ P1 G1 +4<9<,= �Rqh�vlghg Sureohpv lq Pxowlyduldwh Dqdo|vlv/� Dqqdov ri
Pdwkhpdwlfdo Vwdwlvwlfv/ 73/ 87<�89:1 Fruuhfwlrqv lq Dqqdov ri Pdwkhpdwlfdo
Vwdwlvwlfv/ 75/ 4:::1

Skloolsv/ S1 F1 E1 dqg Y1 Vror +4<<5,= �Dv|pswrwlfv iru Olqhdu Surfhvvhv/� Dqqdov
ri Vwdwlvwlfv/ 53/ <:4�43341

Srolwlv/ G1 Q1 dqg M1 S1 Urpdqr +4<<7,= �Odujh Vdpsoh Frq�ghqfh Uhjlrqv Edvhg rq
Vxevdpsohv xqghu Plqlpdo Dvvxpswlrqv/� Dqqdov ri Vwdwlvwlfv/ 55/ 5364053831

+4<<9,= �Vxevdpsolqj iru Hfrqrphwulf Prghov= Frpphqwv rq cErrwvwuds0
slqj Wlph Vhulhv Prghov/* � Hfrqrphwulf Uhylhzv/ 48/ 49<04:91

Sroodug/ G1 +4<;8,= �Qhz Zd|v wr Suryh Fhqwudo Olplw Wkhruhpv/� Hfrqrphwulf
Wkhru|/ 4/ 5<8�6471

;<



Urelqvrq/ S1 P1 +4<;;,= �Urrw0Q0Frqvlvwhqw Vhplsdudphwulf Uhjuhvvlrq/� Hfrqr0
phwulfd/ 89/ <640<871

Urfndihoodu/ U1 W1 +4<:3,= Frqyh{ Dqdo|vlv1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw|
Suhvv1

Urwkhqehuj/ W1 M1 +4<:6,= H!flhqw Hvwlpdwlrq zlwk D Sulrul Lqirupdwlrq1 Frzohv
Irxqgdwlrq Prqrjudsk Qr1 561 Qhz Kdyhq= \doh Xqlyhuvlw| Suhvv1

Ur|ghq/ K1 O1 +4<9;,= Uhdo Dqdo|vlv1 Qhz \run= PdfPloodq1

Vdlnnrqhq/ S1 +4<<8,= �Sureohpv zlwk wkh Dv|pswrwlf Wkhru| ri Pd{lpxp Olnhol0
krrg Hvwlpdwlrq lq Lqwhjudwhg dqg Frlqwhjudwhg V|vwhpv/� Hfrqrphwulf Wkh0
ru|/ 44/ ;;;�<441

Vhoi/ V1 J1 dqg N10\1 Oldqj +4<;:,= �Dv|pswrwlf Surshuwlhv ri Pd{lpxp Olnhol0
krrg Hvwlpdwruv dqg Olnholkrrg Udwlr Whvwv xqghu Qrqvwdqgdug Frqglwlrqv/�
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;5/ 93809431

Vkhupdq/ U1 S1 +4<<6,= �Wkh Olplwlqj Glvwulexwlrq ri wkh Pd{lpxp Udqn Fruuh0
odwlrq Hvwlpdwru/� Hfrqrphwulfd/ 94/ 456�46:1

Vwrxw/ Z1 I1 +4<:7,= Doprvw Vxuh Frqyhujhqfh1 Qhz \run= Dfdghplf Suhvv1

Zrodn/ I1 +4<;<,= �Orfdo dqg Joredo Whvwlqj ri Olqhdu dqg Qrqolqhdu Lqhtxdolw|
Frqvwudlqwv lq Qrqolqhdu Hfrqrphwulf Prghov� Hfrqrphwulf Wkhru|/ 8/ 4�681

Zx/ F1 I1 M1 +4<<3,= �Rq wkh Dv|pswrwlf Surshuwlhv ri wkh Mdfnnqlih Klvwrjudp/�
Dqqdov ri Vwdwlvwlfv/ 4;/ 476;047851
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