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The first line consists of single sums of order 1 U-statistics with orders in probability
Op(h*) and O,(T~'h~2) respectively. The second line is a U-statistic of order 2 and is
O,p(h*T~=1/2p=1/2) The third line is a U-statistic of order 3 and is O,(T-1h~2).

To deal with the remainder term we use crude bounds as in Robinson (1987). Thus
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provided r > 2.

2. Moment calculation. We now turn to the variance of Q. We work with the case
p = 1 for convenience. Let z; = u,g7"(u;) and 745 = 045 — Ei(6;,), with 8, = K( )(l‘“—“-),
then Q@ = T=3/2h=2 5" S 2,0°_, 7, where summation is over { = 2,..,7T and s #t,t—1.

There are three types of non-zero terms in var(Q):

(1) E(z% 'U?Elntzs)’ t:27"7T7S#t7t_1
(2) E(zvf 1mistip190m41,0-1), t=2,., T, s # ¢, 6 — 1
(3) E(It”?_lnts$s+lvgns+l,t-l)7 t =2, -'9T7 $ ?é t,t— 1

We first deal with (1). By straightforward calculation,
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E(0) = J K(l)(&',:—“)g(v)dv =h/f K(u)g(l)(ut — hu)du ~ hg(W(u;)

Ey(83) = [ KM (272)2g(v)dv = b [ K (u)?g(u; — hu)du ~ hg(uy) [ K1)(u)?du

using integration by parts and a change of variables. Therefore, using conditioning,

Blao, %) = (mamm?) E{ulg™(un) B8~ F(8i)]} ~ hua(K) Elug™ (w)] (mard),
and there are O(T?) terms of this form.

We now turn to (2). Unless s =t + 1, this expectation factors into

E($t+1?}?-177t+1,t—1)E(xtmsvf) = 0.

Therefore, (2) contributes only O(7') terms each of O(h).

As for (3), this factors into
E(xtﬂtsU2>E($s+l7]s+l,t—lv?-l) = EZ(xtmsvg) = O(hz)a

since E(z,n,;v?) = O(h). There are O(T?) terms, but they are of smaller order than the
(1) terms.
The result follows by multiplying * by 7-1h~*. When p > 1, the same calculations

are involved, and the answer gets multiplied by p. .

PROOF OF LEMMA 2. We use the further linearization J% — Y~ 21&2(1;2 — 1)q),

and the same arguments as given above. .

35

*



REFERENCES

ANDERSEN, T. AND T. BOLLERSLEV (1994): ”Intraday seasonality and volatility persistence in
foreign exchange and equity markets,” Northwestern University Discussion Paper no. 186.

ANDREWS, D.W.K. (1993): "Nonparametric kernel estimation for semiparametric models,”
Forthcoming in Econometric Theory.

ANDREWS, D.W.K. (1994): ”Hypothesis testing with a restricted parameter space.” Cowles
Foundation Discussion Paper no. 1060R.

BaiLLiE, R. aND T. BOLLERSLEV (1989): ”The Message in Daily Exchange Rates: A
Conditional-Variance Tale” Journal of Business and Economic Statistics 7, 297-305.

BERA, A. AND M. HiceINs (1993): "ARCH Models: Properties, Estimation and Testing,”
Journal of Economic Surveys 7, 305-66.

BERA, A. AND P. NG (1991): "Robust tests for heteroskedasticity and autocorrelation using
score function.” Unpublished manuscript.

BickiL, P., KLaasseN, C.A.J., RiTov, Y., AND J.A. WELLNER (1994): Efficient and Adap-
tive Estimation for Semiparametric Models, Johns Hopkins University Press: Baltimore.
BoLLERSLEV, T., R. ENGLE, AND D. NELSON (1995): ”ARCH Models.” In The Handbook of

Econometrics, Vol. IV. Eds. D.F. McFadden and R.F. Engle III. North-Holland.

BOLLERSLEV, T., AND J.M. WOOLDRIDGE (1992): ”Quasi Maximum Likelihood Estimation
and inference in dynamic models with time varying covariates.” Econometric Reviews 11,
143-172.

BrEUscH, T.S. AND A.R. PaGAN (1979): ”A simple test for heteroscedasticity and random
coefficient variation.” Econometrica 47, 1287-1294.

ENGLE, R. (1982): ” Autoregressive Conditional Heteroscedasticity with Estimates of the Vari-
ance of United Kingdom Inflation” Econometrica 50, 987-1007.

ENGLE, R. (1984): "Wald, Likelihood Ratio, and Lagrange Multiplier Tests in Econometrics”,
in: Z. Griliches and M.D. Intriligator, eds., The Handbook of Econometrics, Vol. II. North
Holland, Amsterdam.

ENGLE, R.F. AND G. GoNZALEZ-RivERA (1991): ”Semiparametric ARCH models,” Journal of
Business and Economic Statistics 9, 345-360.

Gourieroux, C., HoLLy, A., AND A. MONFORT (1982): ”Likelihood ratio test, Wald test
and Kuhn-Tucker test in linear models with inequality constraints on regression parameters,”
Econometrica 50, 63-80.

HaJEK, J. (1972): ”Local Asymptotic Minimax and Admissibility in Estimation” in Proceedings

36



[17]

(18]

[19]

23]

[24]

[25]

[26]

(27]

(28]

[30]

31]

of the Swzth Berkeley Symposium on Mathematical Statistics and Probability, L. LeCam, J.
Neyman, and E. Scott (eds), University of California Press.

HARDLE, W., J. HART, J. S. MARRON, AND A. B. TsyBakov (1992): ”Bandwidth Choice for
Average Derivative Estimation,” Journal of the American Statistical Association 87, 218-226.

HARDLE, W., AND O.B. LINTON (1995): ” Applied nonparametric methods,” In The Handbook
of Econometrics, Vol. IV. Eds, D.F. McFadden and R.F. Engle III. North Holland.

HARDLE, W., AND T. M. STOKER (1989): ”Investigating Smooth Multiple Regression by the
Method of Average Derivatives,” Journal of the American Statistical Association 84, 986-995.

Hsien, D. (1989): ”Modeling Heteroscedasticity in Daily Foreign-Exchange Rates” Journal of
Business and Fconomic Statistics 7, 307-317.

JEGANATHAN, P. (1987): ”Some aspects of asymptotic theory with applications to time series
models,” Forthcoming in Fconometric Theory.

JoNEs, M.C., AND P.J. FosTER (1995): ”Generalized jacknifing and higher order kernels,”
Forthcoming in Journal of Nonparametric Statistics.

Jongs, M.C., O.B. LINTON, AND J.P. NIELSEN (1993): ”A Simple and Effective Bias Reduc-
tion Method for Density Estimation,” Forthcoming in Biometrika.

King, M.L. aAND P.X. Wu (1991): ”Locally optimal one-sided tests for multiparameter hy-
potheses,”

KrEIss, J. (1987): ”On Adaptive Estimation in Stationary ARMA Processes,” Annals of Statis-
tics 15, 112-133.

KrEiss, J. (1990): "Testing Linear Hypotheses in Autoregression,” Annals of Statistics 18,
1470-1482.

Lee, J.H.H. (1991): ” A Lagrange Multiplier Test for GARCH models,” Economics Letiers 37,
265-271.
LEg, J.H. aND M.L. KiNG (1993): ”A locally most mean powerful score test for ARCH and
GARCH regression disturbances.” Journal of Business and Economic Statistics 11, 17-27.
LinToN, O.B. (1992): ”Second Order Approximation in a linear regression with heteroskedas-
ticity of unknown form.” Nuffield College Discussion paper no 75. Econometric Reviews.
Forthcoming.

LinToN, O.B. (1993): ” Adaptive Estimation in ARCH Models.” Econometric Theory 9, 539-
569.

LinToN, O.B. (1994): ”Second Order Approximation in the Partially Linear Model,” Cowles
Foundation Discussion Paper no 1065. Forthcoming in Fconometrica

LuMsDAINE, R.L. (1991): ”Consistency and asymptotic normality of the Quasi-Maximum Like-
lihood estimator in GARCH(1,1) and IGARCH(1,1) models.” Manuscript, Princeton Univer-

sity.

37



[32]

[33]

[34]

[35]

NELSON, D.B. (1990): ”Stationarity and persistence in the GARCH(1,1) models,” Econometric
Theory 6, 318-334.

NELsoN, D.B. (1991): ”Conditional heteroskedasticity in asset returns: a new approach” Econo-
metrica 59, 347-370.

NELsoN, D.B. aND C.Q. Cao0 (1991): "Inequality constraints in the univariate GARCH model,”
Journal of Business and Economic Statistics 10, 229-235.

NEwEY, W. AND D. STEIGERWALD (1994): ”Consistency of Quasi-Maximum Likelihood Esti-
mators for Models with Conditional Heteroscedasticity,” manuscript, University of California,
Santa Barbara.

RoBINSON, P.M. (1983): ”Nonparametric Estimators for Time Series.” Journal of Time Series
Analysis 185-208.

RoBiNsON, P. M. (1987): ” Asymptotically Efficient Estimation in the Presence of Heteroscedas-
ticity of Unknown form.” Econometrica 56, 875-891.

Roussas, G. (1972): Contiguity of probability measures: some applications in statistics. Cam-
bridge University Press, Cambridge.

SENGUPTA, A., AND L. VERMEIRE (1986): ”Locally optimal tests for multiparameter hypothe-
ses,” Journal of the American Statistical Society 81, 819-825.

SILVERMAN, B. W. (1986). Density estimation for statistics and data analysis. London: Chapman
and Hall.

STEIGERWALD, D. (1994): ”Efficient estimation of models with conditional heteroscedasticity.”
Unpublished manuscript.

STRASSER, H (1985): Mathematical theory of statistics. de Gruyter. Berlin.

SWENSEN, A.R. (1985): ”The asymptotic distribution of the likelihood ratio for autoregressive
time series with a regression trend,” Journal of Multivariate Analysis 16, 54-70.

WEIss, A.A. (1986): ” Asymptotic theory for ARCH models: Estimation and testing,” Econo-
metric Theory 2, 107-131.

Wu, P.X. aND KING, M.L. (1991): ”One-sided hypothesis testing in econometrics: A survey,”

38



Name Construction Mean Variance Skewness Kurtosis

Asymmetric 1 exp(z) where z is N(0,0.01)  1.01 0.01 0.30 3.16
Asymmetric 2 exp(z) where z is N(0,0.10)  1.05 0.12 1.01 4.86
Asymmetric 3 exp(z) where z is N(0,1.00)  1.65 4.67 6.18 113.94
Leptokurtic 1 t(30) 0.00 1.07 0.00 3.20
Leptokurtic 2 t(8) 0.00 1.33 0.00 4.50
Leptokurtic 3 t(5) 0.00  1.67 0.00 9.00
Platykurtic 1 .5[N(-1,1)+N(1,1)] 0.00 2.0 0.00 2.50
Platykurtic 2 .5[N(-2,1)+N(2,1)] 0.00 5.00 0.00 1.72
Platykurtic 3 .5[N(-10,1)+N(10,1)] 0.00  101.00 0.00 1.04

TABLE 1. Summary Statistics of the Densities All densities are subsequently

rescaled to have mean 0 and variance 1
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Density QML SP1 SP2 SP3

Size

Gaussian  0.027 0.030 0.038 0.030
Al 0.025 0.040 0.025 0.020
A2 0.023 0.049 0.029 0.028
A3 0.025 0.035 0.045 0.019
L1 0.016 0.043 0.027 0.020
L2 0.024 0.035 0.037 0.034
L3 0.021 0.035 0.033 0.032
P1 0.021 0.030 0.026 0.023
P2 0.032 0.024 0.033 0.033
P3 0.028 0.000 0.008 0.000
Power

Gaussian  0.782 0.678 0.644 0.704
Al 0.784 0.659 0.616 0.704
A2 0.649 0.621 0.603 0.669
A3 0.325 0.579 0.647 0.599
L1 0.753 0.637 0.593 0.683
L2 0.700 0.560 0.509 0.598
L3 0.593 0.459 0.396 0.507
P1 0.858 0.782 0.757 0.821
P2 0.962 0.933 0.949 0.937
P3 0.957 0.974 0.999 0.932

TABLE 2. Size and Size-Adjusted Power: ARCH(1) vs. ARCH(2) T=100.
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Density QML SP3 QML SP3
Gaussian  0.030 0.032 0.945 0.937
Al 0.026 0.028 0.920 0.934
A2 0.024 0.033 0.804 0.879
A3 0.021 0.021 0.390 0.689
L1 0.026 0.026 0.915 0.909
L2 0.024 0.028 0.844 0.838
L3 0.027 0.038 0.736 0.752
P1 0.030 0.028 0.964 0.972
p2 0.034 0.027 0.996 0.997
P3 0.046 0.000 0.995 0.975

TABLE 3. ARCH(1) vs. ARCH(2) T=500.
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Density QML SP1 SP2 SP3

Size

Gaussian 0.012 0.014 0.014 0.012
Al 0.014 0.013 0.014 0.014
A2 0.016 0.013 0.016 0.016
A3 0.010  0.009 0.020 0.010
L1 0.019  0.019 0.018 0.019
L2 0.016 0.010 0.010 0.016
L3 0.010  0.011 0.011 0.010
P1 0.017  0.013 0.017 0.017
P2 0.015 0.011 0.020 0.015
P3 0.000  0.000 0.000 0.000

Size-Adjusted Power

Gaussian 0.525 0.435 0.467 0.525
Al 0.532  0.440 0.468 0.532
A2 0.496  0.414 0.469 0.496
A3 0.374 0.314 0.410 0.374
L1 0.535  0.447 0.470 0.535
L2 0.493 0.403 0.421 0.493
L3 0.395  0.319 0.321 0.395
P1 0.593  0.517 0.544 0.593
P2 0.737  0.709 0.768 0.737
P3 0.312  0.440 0.824 0.312

TABLE 4. Size and Size-Adjusted Power: White Noise vs. ARCH(2).
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B 0 ¢ p
QML 1.196x10-5 -.1982  .0846  .7962
(1.324x10-6) (.0445) (.0094) (.0143)
Semiparametric 1.195x10-5 -.1874  .0793  .7810
(2.655x10-7) (.0399) (.0065) (.0102)

TABLE 5. Estimates for S&P 500 Futures Data. Parameters ¢ and p are defined

following (2). Standard Errors in Parentheses
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