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any truncated normal distribution. While a normal distribution of skills leads to a trun-
cated normal distribution of income within each sector, the aggregate distribution across
all sectors is not normal, and deriving it in closed form is intractable. The preservation of

log-concavity in the presence of self-selection is far from obvious.

Proposition 6 demonstrates another feature of the economy-wide distribution of in-
come: there is a bound on the distance between mean and median incomes. The result is

a direct implication of Proposition 3.

ProrosiTiON 6: If the distribution of worker skills is p-concave in R™, then at the

mean income Y
1
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In particular, for p > 0 we can say that at least 1/e of the population must earn below

F(Y)> [

average Incomes.

Note, there is no upper bound on the fraction of the population that may earn less
than average incomes as we are not able to conclude that 1 — F(Y) has any p-concavity
properties. However, the intra-sector income density directly inherits p-concavity from the
density of worker skills. Hence for sector 7, both F;(Y) and 1 — F;(Y) will be p*-concave.
By analogy to Proposition 6 we may conclude that within each sector at least 1/e and no

more than 1 — 1/e fraction of the population earns below average incomes.

It is possible to extend Propositions 5 and 6 to cover densities over worker skills
which are not log-concave and do not even satisfy Al. An important example is the
multi-dimensional lognormal distribution. The linear characteristics model with a log-

normal distribution of skills is equivalent to a transformed model where the wage for a

> e wi; + 15,

worker of type a in sector j is

where now « is normally distributed. Note that the maximal wage of an « type is still
convex in a as the exponential transformation is a convex function. Hence, Proposition
5 continues to apply and the log of the cumulative distribution of income is still concave.
What makes this example remarkable is that the density of income is very poorly behaved:
it need not even be single peaked [see Heckman and Honore (1987)] nor is the cumulative

distribution within a sector necessarily log-concave.

Log-concavity of the cumulative distribution allows us to characterize various mea-
sures of income inequality. For example, Prékopa’s Theorem yields a simple proof of the
result that with log-concavity, there is a rising gap between the wealthiest and the average
as we move up the income distribution. This and related properties are also demonstrated

in Heckman and Honore (1987).
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PROPOSITION T7: The log-concavity of F(Y) implies that the gap between income
level Z and the conditional expectation of income given that Y < Z is an increasing

function of Z:
d(Z - EY|Y < Z))

dz
Proor: Integration by parts show this gap equals

> 0.

7z
6(2) = [ F)/F(2)

Since F is log-concave, we can apply this theorem once more to claim that the integral of

F(¢) is also log-concave in Z,

7
f%oﬁ F(Q)d¢ = F(C)* < 0.

Differentiation of G(Z) shows that the above inequality directly implies that G'(Z) > 0.
Q.E.D.

Finally, there is an analogy between the number of firms competing for consumers and
the number of firms competing for workers. In our companion paper, we show that with
two dimensional products, the average number of neighboring firms is six. Correspond-
ingly, if wages are based on only two worker characteristics then the average industry
competes with only six others for workers at the margin. In a one-dimensional model,
the restriction is even stronger: each firm faces only two neighbors. This illustrates the

importance of using an n-dimensional framework in which these restrictions are absent.
8. CONCLUSIONS

This paper establishes a multi-dimensional analog of Black’s (1948) median voter
result. We provide conditions under which the mean voter’s most preferred outcome is
unbeatable according to 64%-majority rule. The weaker restrictions supporting this result
generalize Caplin and Nalebufl (1988)."” Whenever the distribution of voter preferences is
log-concave, we show that the preferences of average voter must lie in a central position,
viewed from any perspective. This limits the size of a coalition that favers change in any
particular direction away from the mean voter’s most preferred outcome. The idea that
a distribution restriction places the mean in a central position is useful in other contexts.
For example, we show how the mean voter theorem translates to a statement about the

distribution of income arcund its mean.

" The applicability of 64%-majority rule covers the entire class of log-concave densities over
voter preferences; this includes the truncated normal, exponential, and Weibull distributions, The
result extends beyond the log-concave case and provide a bound on the min-max majority which
depends on a concavity index for the distribution of preferences and the dimensionality of the
preference space.
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To prove these results, this paper introduces to economics a mathematical aggrega-
tion theorem due to Prékopa and Borell. This new approach te aggregation has addi-
ticnal applications to such diverse topics as maximum likelihood estimation and search
theary. Our companion paper, Caplin and Nalebuff (1990), shows how application of the
Prékopa-Borell theorem provides the theoretical foundations for existence of equilibrinm

in imperfectly competitive markets.
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