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Theorem 2 As the warranty bound becomes uniformly large near the beginning, we
approach the first-best. More formally, fiz € > 0. As the ezogenous upper bound
W () on the warranty payment increases uniformly without bound on [0, €], equilibrium
payoffs to the solution of Problem 1 approach the first-best level.

PROOF Let [0,€] be containted in the (relative) neighborhood of 0 in which the war-
ranty payment is increasing uniformly without bound. When the warranty payment
is uniformly bigger than at least £L-, then there exists t* such that f§ W (t)dt = £-.
Suppose then that the firm chooses a warranty that offers a payment of W (t) for break-
downs occurring before time t*, and no payment for any later breakdown. According
to (8), this warranty induces the firm to produce the first-best level of frailty ¢ such
that %2 = ¢'(¢). Therefore, any loss due to the two-sided moral hazard problem will
stem from second-best effort on the part of the consumer. However, any deviation from
first-best neglect comes before the warranty ends at ¢*. As W 1 oo uniformly on [0, €],
t* | 0, and it is easy to verify that the impact of the deviation from first-best neglect

goes to zero. 1

4 Solution for a Quadratic Example

Our results suggest that we can derive the optimal warranty for any specification of
the two cost functions and the warranty bound. By Theorem 1, we need only solve for
the optimal warranty expiration date ¢*. This allows us to derive comparative statics
on the optimal warranty. Following this procedure when both of the cost functions are
quadratic and the warranty bound is a constant, we obtain a closed-form solution for
t* which itself solves a quadratic equation.

Specifically, take the cost functions to be
c(¢) = (2 - ¢)°
and
k(n(t)) = £(1 - n(t))?,

and assume a constant warranty bound W (t) = W. While this example does not satisfy
all of the regularity assumptions we used earlier, it is straightforward to follow the

outline of Theorem 1 to show that the following equations give the unique solution along
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the equilibrium path, provided the answer makes economic sense (that is, provided

(Vt € [0,T))(n(t) >0),0< ¢ <®,¢" <T,and &+ AT?/2<1).

Wt = —c'(¢) = 29(2 — )
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Given these results, the terms of the objective function of Problem 1 that involve ¢*

are
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For t* > 0, this function is strictly concave (because the first two terms are strictly
concave and the third is linear). Furthermore, its derivative is positive at 0 and negative
for t* large. Therefore, there is a unique optimum that is the only positive value of t*
that makes the derivative zero. The derivative is a quadratic, and the condition that

it is equal to zero can be written as

)‘2,7 2 pT2
Y A oty §
K.t +2 W 0

We can use the quadratic formula to obtain the exact solution, which is

-1
._ K &\ T
O \J1+(»\27) W

Comparative statics can be obtained from this expression or directly from the first-order
condition. We find that ¢* is increasing in T, so that the longer the product’s useful

life, the longer the warranty. Intuitively, a longer product life decreases the severity
of the consumer moral hazard problem caused by a warranty of fixed length. This
relaxation of the constraint imposed by consumer moral hazard means that the second-
best solution calls for a longer warranty and a more durable product. An increase in
p means that the consumer values a working product more highly. This also reduces
the severity of the consumer moral hazard problem, increasing t*. An increase in the
warranty bound W decreases the duration of the warranty, for a similar reason. Higher
W increases the incentive provided by a warranty of fixed duration, and this relaxation
of the constraint imposed by producer moral hazard results in a second-best solution
calling for a shorter warranty and less consumer neglect. Finally, ¢* increases in the
ratio £/A%y. This ratio can be interpreted as a measure of the relative severity of the
two moral hazard problems.!® Increasing x reduces the severity of the consumer’s moral
hazard problem, and increasing the parameter 4 reduces the severity of the producer’s
moral hazard problem, almost symmetrically. And, increasing A has the same effect
on the consumer’s problem as decreasing x, because increasing the effect of neglect is
essentially the same as reducing the cost of neglect. These arguments form the basis of
interpreting monotonicity of ¢* in the ratio x/A%y as dependence of the optimal length

of the warranty on the relative severity of the two moral hazard problems.

18]t is not obvious a priors how to measure the relative severity of the two moral hasard problems.
One reasonable measure is the difference in total surplus between using cost-minimizing neglect and
first-best neglect. This measure works fine for the quadratic case and is used implicitly in the text.
However, more generally, we should probably develop some sort of measure that works at the margin.
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5 Conclusion

Almost all commonly observed warranties are block warranties with one of two forms
(or bundles of these warranties for various components). Each warranty either offers
repair or replacement for a block of time, or it offers a declining warranty based on
time or some other measure of use for a block of time. We have presented a theoretical
model in which the optimal warranties that arise endogenously are all block warranties
of the sort commonly observed in practice.

As always, a number of avenues remain for future research. Stochastic repair costs
may make repair by the producer dominate a cash payment. Stochastic residual value
observed privately by the consumer could lead to a trade-off between the warranty
offered and the number of cases of abuse to collect on the warranty, and would explain
why some tire warranties have declining schedules that are very conservative estimates
of the residual value. One generic feature that could be added to the formal model is
a strategic analysis of whatever is bounding the warranties. In some cases, this will
lead to a simple bound of the form analyzed in this paper, but we believe other cases
will lead to a richer model. The game theory for any such extension will present some
challenges as well. For example, in the case of modeling abuse by the consumer as a
source of the bound, the procedure used here may lead to elimination of all strategies,
because every abuse strategy is dominated in the contingency that the firm offers a

warranty that offers a money pump.
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