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0. ABSTRACT

This paper utilizes asymptotic expansions to investigate alternative
forms of the Wald test of nonlinear restrictions. Some formulae for the
asymptotic expansion of the distribution of the Wald statistic are provided
for a general case. When specialized to the simple cases that have been
studied recently in the literature, these formulae are found to explain
rather well the discrepancies in sampling behavior that have been observed
by other authors. It is further shown how the correction delivered by the
Edgeworth expansion may be used to find transformations of the restrictions

which accelerate convergence to the asymptotic distribution.
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1. INTRODUCTION

The numerical value of the Wald test depends not only on the restric-
tion to be tested but also on its algebraic formulation. TUnder general con-
ditions Wald statistics which are based upon different but algebraically
equivalent forms all have the same asymptotic distribution. However, numer-
ical outcomes of the tests and their finite sample distributions can be sub-
stantially different for different forms of the same restrictions. Thus,
the adequacy of the usual asymptotic xz approximation may also vary sub-
stantially as we change the algebraic form of the restriction.

Gregory and Veall (1985) recently studied this phenomenon by
simulation. They observed that the distributions of alternative Wald
statistics for a simple nonlinear restriction can be widely divergent in
small samples; and they conclude that the algebraic form of the restrictions
to be tested is likely to be important in many different empirical
applications of the Wald test. Lafontaine and White (1986) go further and
argue that it is even possible to obtain any value of the Wald statistic by
suitably reformulating the restriction. Breusch and Schmidt (1985) make a
similar peint in a closely related paper.

The purpose of the present paper is to study this phenomenon by direct
analytical methods. Our approach is to develop an asymptotic expansion of
the distribution of the Wald statistic in a form that is sufficiently gen-
eral to permit different formulations of the restrictions. Higher order
terms in the expansion then provide a mechanism by which deviations from the
commoni asymptotic theory may be measured for alternative forms of the Wald
test. In this sense the asymptotic expansion provides more complete
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distributional information than crude asymptotic theory and, in general,
leads to distinct higher order terms for different algebraic representations
of the restrictions. As is common in finite sample theory, these terms in-
volve parametric dependencies, so that the adequacy of the asymptotics in
each case will depend on the relevant region of the parameter space. This
information can be used to improve decision making since it provides advice
concerning the behavior of alternative forms of the Wald test in different
regions of the parameter space.

Our results indicate that terms in the asymptotic expansion up to
O(T—l) where T 1is the sample size provide enough additional information
to capture the main distributional effects that are incurred by using alter-
native forms of the Wald test. The correction terms may be used to deter-
mine which version of a Wald test has a sampling distribution that is more
closely approximated by the asymptotic. In simple cases the correction
terms themselves suggest transformations of the restrictions which will im-
prove the asymptotic approximation by eliminating the correction to a cer-
tain order and thereby accelerate convergence to the asymptotic distribu-
tion. An example is provided in Section 3. This idea is inspired by
earlier work by Phillips (1979) and Konishi (1981) on the use of Edgeworth
expansions to determine the form of normalizing transformations.

The paper is organized as follows. Section 2 develops formulae for the
asymptotic expansion of the distribution of the Wald test in a general set-
ting. These formulae are specialized in Section 3 to study the examples
given recently by other authors and to examine transformations which accel-

erate convergence. Some brief conclusions are given in Section 4. Proofs



are provided in Appendix A and Appendix B details some useful additional

formulae for the Edgeworth expansion of the Wald test.

2. EDGEWORTH EXPANSTON IN A GENERAL CASE

We start by assuming that the data generating mechanism depends on a
set of parameters represented by the p X 1 wvector S whose true value we

denote by ﬁo . The hypothesis to be tested takes the form
0
(1) Hy : () =0

T ; : . ;
where g : RP Rt , rs< P, is a vector valued function that is continu-

ously differentiable at least to the third order. Given a sample of size

Fa}

T, let B denote an estimator of ﬁo and define q = g8 - BO and
q = JTq .

Under general conditions we can expect that
() q = N(©0,®)

as T t = , where the symbol " » " represents weak convergence of tﬁe as-
sociated probability measures and O 1is some positive semi-definite matrix,
possibly dependent on 8 .

The vector q may be regarded as being composed of low order sample
moments of the underlying data or simple functions (often rational func-
tions, as in the case of instrumental variables estimation) of such sample
moments. As shown in Phillips (1977) and Sargan and Satchell (1986) the
distribution of q will admit a valid asymptotic expansion under very gen-

eral conditions. Details of conditions which are sufficient to ensure the



existence of a valid expansion are given in these articles and a construc-
tive process by which the expansion may be obtained is detailed in Phillips

(1982). The asymptotic expansion of the density of q has the form:

(3) pdf(@) = (2m P 2(der oy 2exp(-(1/2)7'07 Q)
(1 o+ E;ij (E)T-j/zl N O(T—(w-l)/z)

where Pj(a) is a real polynomial in the elements of q of degree 3j and
where we have assumed that 4 1s positive definite. The coefficients in
the polynomials Pj in (3) are determined by the cumulants of the underly-
ing sample moments upon which q depends and the derivatives of the func-
tions which define that dependence, both to a sufficiently high order that
is determined in turn by the order, v , of the expansiom,. Pj is an odd
(respectively, even) function when the index j 1is odd (even).

For the main purpose of this paper we shall be working at a sufficient
level of generality if we require that standardizing transformations have
been carried out which ensure that = Ip and that, instead of (3), we

have quite simply:
(4) q = N(0,I)

where the symbol " = " signifies equality in distribution. Our results
may be extended quite simply to the fully general case of (3) by transforma-
tion and by carrying the additional terms induced by (3) in our subsequent
computations of the asymptotic expansion of the Wald test. Formulae that
apply in this case of full generality are given in Appendix B. They should
be useful in many additional contexts.

We now define G = dg/98' and use carets over such functions of g to



signify their evaluation at g , so that G = G(8) whereas G = G(ﬁo)

Fay

In what follows we assume that G (respectively, G ) 1is of full rank =«

(with probability one). We shall also use the tensor summation convention

of a repeated suffix.

The Wald statistic for testing (1) now has the form

(5) W - Tg'(CC") g
and as T t «

2
(6) W

under the stated conditions. To refine (6) we first develop the following

Taylor representations of JT@ and w'l = (GG’ ) - (¢la) . Thus, to

OP(T_I) we have:

A

-, L. - . == -3/2

ﬁgi - gquj + zﬁ giququ + 6T gijk-ﬂqjqkqﬂ + OP(T )

“ia ia  _1 ,ia— -3/2

o=+ /T Yo 9 2T ¢mn ndn Op(T )
Here subscripts j , k, £ of g and m, n of ¢ imply differentia-
tion with respect to the corresponding components of g . Using these ex-

pansions in (5) and cellecting terms up to OP(T-l) we obtain:
ia - - ia - - =
(7) W= (gyy¥ 8ap)d59, * J~(51J¢m ab * Bign? Bap)yhpy
11(L 1 1 - = - =
* T[[ } ¢mn ab g1_]m"bn Eab [ ] 13m¢ gabn [3] 13mn¢ g ]qjqquqn

-3/2
T
+ Op( )

- e ee)y rag + T 2@ + T (@) + Op(T_B/z) , say.



We rewrite u(a) and v(a) as:

u(g) = vec(J)'(q ® ¢ ® q)

v(q) = tr{L(3 ' ® 3 q'))
vhere J 1is the p2 x p matrix which stacks the p X p matrices

(8) c'(ccf)z})c + G&i)(GG')_lG 1=1, ..., p)

. .. th
vec(J) stacks rows of J and L 1is the p2 X p2 matrix whose (i,j)

p X p block is given by

LA r_l ' !—1 l ' r"'l l ' r_l
(M [E]G (GG )(ij)G + G(i)(GG )(j)G + [4]G(i)(GG ) G(j) + [3]G(ij)(GG )G

(i, =1, ..., p

. 2
In (8) and (9) we use the notation A(i) - BA/aﬂi ) A(ij) = g A/aﬁiaﬂj for
any matrix A = A(f)

The characteristic function of W may now be written:

(10) cf (t) = (gﬂ)‘P/2J eitwe'(l/z)q'qda
RP

- (2w)‘P/2I exp{-(l/z)a'[l - 2itc-(cc')“lc]a}
2P

. . 2
-[1 + Fu@ + V@ - 57 u’%&)]d& + o(T)

To compute the integral in (10) we first transform q->z = lea where we

define R by writing

S=1I- 21tPG, - PG' + (1—21t)PG,



and

3 CorenLl/2, =12
R =P, + (1-2it) /7B, =S .

Here we use the notation PA = A(A'A)_lA’ for any matrix A of full column

rank.
Noting that the Jacobian of the transformation q - z is

det R = (1—2:1.1:)-]:/2 we find that (10) reduces to:

2

(11) ef (t) = (1-2it)"r/2{1+(it)T“l/zE(u)+(it)T“lE(v)—[EE]T’lE(uz)} + (T h

where E 1is the integral expectation operator with respect to the density

(22) P 2exp(~(1/2)z'2) and
(12) u=u{Rz) , v = v(Rz)

Note that the leading term in (11) is just the characteristic function

of the xi distribution, corresponding to the usual first order asymptotics
of W . Higher order terms in (11l) are computed simply by taking expecta-

tions of polynomials in indépendent standard normal variates. We observe
that E(u) = 0 since u involves only a polynomial of odd degree in =z .

Moreover,

v =tr{(R® R)L(R ® R)(zz' ® zz')}

and
u2 w yvec(J)' (R ® R ® R)(2z’' @ zz' ® zz')(R ® R ® R)vec(J)

Expectations of v and u2 are now obtained through the following Lemmas.



LEMMA 2.1. If =z = N(O, Ip) then
(13) E(zz' @ zz') = 1 + Kpp + (vec I){(vec I)' ;

(14) E(zz' @zz' ®zz') =1 e@ele@l

+ (l/Z)Zij[(I ® Tij ® Tij) + (Tij @I ® Tij) + (Tij ® Tij ® I)]

+ Zijk(Tij ® Tik ® Tjk) ;
Alternatively,
(15) E(zz' @ zz' ® zz') = I + K 2 + K 9
PP PP
+ (I + K 9 + K 9 (I ® (vec I)(vec I)")(I + K 9 + X 9 )
PP PP PP PP
+ I @K + K b ® I +K 2(1 @ Kpp)K 9 :
PP P pp PP
where
T - + E.. , - g,e’
ij ij ji ij i
. . th . . P .
and ei is the 1i unit vector in RY . Kmn denotes the commutation

matrix of order mn X mn .
LEMMA 2.2. If =z = Np(O,V) then
(16) E(xx' & xx') = (I + Kpp)(V ®@ V) + (vec V) (vec V)'

(17) E(xx' @ xx' @ xx') = (I + K 9 + K 2 YWV @evev
PP PP

+ (I + K 9 + K 9 Y(V @ (vee V)(vec V)')(I + K 2 + K 2 )
PP PP PP PP

+ Ve (K (Vav)) + {K_(WV)} @ V +K Ve (K (Vev
(Kpp (Vo) + Ry (VM) © ¥ + X 5[V © (Ryp (WK 5



LEMMA 2.3.

(18) E(v) = a, + a, (1-216) " + a,(1-216)°
(19) Eu?) = by + bl(l—Zit)_l + b,y (1-218) 7 + by (1-218)7
where

a, = tr(a) , (1=0, 1,2

AO = L{(I + Kpp)(PG, ® PG,) + (vec PG,)(vec PG,)}

A = LI(T + Kpp){(PG, ® P, + By, ® P,,) + (vec By, )(vec P

t
Gl G' )

Gl
+ (wvec PG,)(vec fG,)’]]
A2 - L{(I + Kpp)(PG, ® PG,) + (vec PG,)(vec PG,)']

b, = (vec J)‘Bi(vec Jy (i =0,1, 2, 3
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B, = H{Py, @ P., @ P )H

1 G’ G]

+ H{PG' ® (vec PG,)(vec PG,)' + PG, ® (vec P , ) (vee PG,)

+ P., ® (vec P

Gr G,)(Vec PG')']H

+ PG' (P G') + PG' (P G') + PG' ® Kpp(PG’®PG')

+ KPP(PG,QPG,) ® By, + Kpp(PG,®PG,) ® B, +

Ko (o 88G.) @ B,

+

®P.)) + (P, ®K__(P., ® P._,))
G’ G’
op PP

G’ G’

P.,} , say;

G'
PP

By = C B,y Pgy)

B, = CO(PG,)

and where

H=T14+K 2 + K 9
PP PP

Using (18) and (19) in (11) we find the following expression for the

characteristic function of W :

(20) ch(t) - (1—2it)—r/2[l + %{%bo(it)2 + [ao % l](it)

1 1 . .=l 1
+ [al + Zbl - sz]lt(l—21t) + [az + sz -

NS

b3]it(l—21t)_2

ib31t(1 24y }] + o(T Y

Upon inversion of (20) we obtain asymptotic expansions of the density and

distribution function of W wup to O(T_l) . The final result is given in



the following theorem.

11

THEOREM 2.4. The asymptotic expansion of the distribution function of W

up to O(T_l) as T t = is given by:

(21) cdf(w) = F_(w) - %c(w)fr(w) + o(T“l)

1

- F (v~ T“lc(w)) + o(T ™)

where fr and Fr denote the density and distribution function, respec-

2 .
tively, of a X variate and where

3 n
(22) clw) = En__lanw

with

a ., - —bo(r—2)/4

ay = (4ag + by — by)/s

f
i

L = (4a; + by = b,)/4r

Q
¥

(ha2 + b2 - b3)/hr(r+2)

R
i

b3/4r(r+2)(r+4)

Finally, we observe that if v, is the critical value of the
tribution at the level o then the corresponding critical value of

correct to O(T_l) is given by the solution of
* - *
w —T lc(w Y = w
o a a

This may be approximated by

2
Xy

dis-

cfd(w)
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w* =5 + T_lc(w 3
[+ 4 [+ 3 o 4

-1
which is correct to the same accuracy of O(T ™)

3. SPECIJALTZATIONS

We shall examine various examples and Monte Carlo results that have

appeared in the recent literature in the light of the previocus section.

(1) Cregory and Veall (1985)

These authors study by simulation methods the behavior of alternative
Wald tests of the algebraically equivalent restrictions:

(1) By = 1/By = 0

(I1) Byf, -1 =0
where ﬁl and 62 are coefficients in a classical linear regression model,
Their evidence suggests that the Wald test based on formulation (I) performs
peorly in finite samples, even in samples as large as T = 500 , when ﬂz
is in the wvicinity of the origin (more specifically, ﬂ2 =0.2, 0.1 in
their experiments),

Asymptotic expansions of the distributions of these alternative Wald
tests may be deduced from Theorem 4.2 by applying the formulae of the previ-
ous section. In particular, the coefficients of the correction factor ci(w)

in (22) are displayed in Table 1 for easy comparison.
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TABLE 1

COEFFICTENTS OF THE CORRECTION TERM c(w)

1 .
(I): ﬁl - 5, =0 (II): ﬁlﬁz -1=0
a__l Q 0
a 0 0]
6 6
. P R S
1 A sl @ty
2 2
4 2 6 10
. _ 4 + 108, _ By — 4B, + 104
2 9 43 4 3
By (1 + ) (1 + 8,
' 6
. 1 £
3 2 4 3 4 3
Byl + ) 1+ 8,
The first three coefficients a9 and a, agree under the null
hypothesis. Discrepancies to O(T_l) occur in a, and @y . For small

ﬁz both a, and ay are of O(ﬁgz) under (I); but, under (II),

a, = O(ﬁg) and ay = O(ﬂg) as ﬁ2 + 0 . Thus, substantial deviations from
the nominal asymptotic size are to be expected for the Wald test under (I),
whereas rather good approximations from first order asymptotics are to be

expected under (II), at least in this region of the parameter space. For

example, when ﬁ2 = 0.1 we find that:

a2 = 400 ,

4

3 = 100 under (I)
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while

a, = -0.01 , a4 = 107%  under (I1).

Even for sample sizes as large as T = 100 it is clear from the polynomial

correction factor

6

(1/T)c(w) = (1/T)(-10 "w - 400w2 + 100w3)

that the gap between the finite sample and asymptotic distributions of W

is substantial. This confirms the experimental results of Gregory and
Veall. Theory alse strongly supports their recommendation that (II), the
multiplicative form of the Wald test, is to be preferred on the basis of the
accuracy of nominal size if we have reason to believe that 52 may be in

the vicinity of the origin.

(ii) Lafontaine and White (1986)
These authors consider the algebraically equivalent restrictions:
(I) g=1
k
(II)_k B =1, ke2.
In this case the coefficients in our correction factor c(w) for the dis-

tribution of the Wald test based on (II)k are given by:

- - 2(e-1) (k=2)

1 2
ay = 7(k-1)

Note that all coefficients vanish when k = 1 , as is to be expected since

. 2 s . . s .
the Wald statistiec has an exact xq distribution in this case. Moreover,
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a, = 0(|k|2) ; Gy = O(|kl2) as |k| » © . Thus, the correction on the
first order asymptotics becomes more substantial as |k| increases. In
other words, as the nonlinearity of the formulation (II)k increases the ade-
quacy of the asymptotic x2 approximation deteriorates and the nominal cri-
tical values for the test that are delivered from asymptotic theory become
less reliable. For large ]k| the deviations from the asymptotic theory
may be expected to be large. This confirms the finding of Lafontaine and

White.

(iii) Breusch and Schmidt (1985)
These authors give the example of the equivalent null hypotheses:
(I) =20
(II) h(p) = 0
where h satisfies h(0) =0 and h'(8) > 0 for all B8 . To test these

equivalent hypotheses the following two Wald statistics are considered

W= TR, W, = TR ®)/( (@)’

where X 1is the sample mean of a random sample of iid N(8,1) wvariates.
Taking h to be continuously differentiable to the third order we deduce
from Theorem 2.4 after some elementary manipulations that the distribution

of W2 has the following Edgeworth expansion to O(T_l)
1 -1
(23) cdf(w) = Fl(w) - Tc(w)fl(w) + o(T ™)

where
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2
(3) (2)
2 h {0y 2 l|h {0) 3
{(24) c(w) = — 3 n(0) w o+ Z[ h' (0) ] W

For certain functions h in (II) the correction term (24) will lead to sub-
stantial deviations from the first order asymptotics. Breusch and Schmidt

suggest the following function to illustrate possibilities:

-1 -1
h(g) = {1 + e"b<3‘c)} - {1 + ebc} , B=0

= ~h(-8) » B <O

where b > 0 and ¢ 1is unrestricted. Simple calculations verify that

820 pa -
h* (0) 1+ ebc
and
130 pla1 - 46 4 &%)
h' (0) (1 + %2
These expressions can be large for large b . Thus, we find
h(z)(O) - 0(b) h(3)§0) - O(bz)
h'(0)  h'(®)
as b >« . In such cases the distribution of W, can be expected to be

2
poorly approximated by the asymptotic x% .
By contrast, Wl is quadratic in iz and Wl = x% for all T .
Thus, when h 1is linear the asymptotic distribution is exact.

The form of the Edgeworth expansion (23) and the correction factor (24)

suggest that it may be possible to select formulations (II) which accelerate
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. 2 . . . .. .
convergence to the asymptotic Xq distribution by eliminating (or, at least

reducing the magnitude of) the correction. Thus, any function h for which

(25) 2?0y = w0y - 0

will be sufficient to eliminate the O(T_l) correction term on the asymp-
totic and hence accelerate the convergence to an error of O(T_z) . Clearly
a function h satisfying (25) is approximately linear in the vicinity of
the origin, so that this approach goes some way towards suggesting the form-
ulation (I). In fact, if h were assumed to be analytic in fixed neigh-
borhood of the origin, we could develop a complete asymptotic series for the
distribution of W2 . This would involve an expansion of the form (23)
taken to an arbitrary number of terms. Although we shall not report the de-

tails here, application of the argument given above on accelerated converg-

ence in this case would lead to the choice of a function h for which

(26) W20y =0 a1l j =2, 3,

Since h 1is analytic and has a convergent power series representation, (26)
would then imply a preferred choice of a linear function. 1In this case,
therefore, the argument leads directly to the formulation (I) of the Wald

test.
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4. CONCLUDING REMARKS

Since the finite sample distribution of the Wald statistic for testing
a nonlinear restriction can depend substantially on the algebraic represemn-
tation of the restriction, the study of functional forms is of great impor-
tance in this context, The present paper provides a theoretical study of
the problem using asymptotic expansions. The correction terms that are de-
livered by these expansions are shown to be extremely useful in evaluating
algebraically equivalent, competing formulations of the Wald test. We have
derived the explicit form of the asymptotic expansion of the distribution of
the Wald statistic to O(T—l) for a general class of parametric restric-
tions, The formulae obtained should be of independent interest, Moreover,
upon specialization to the testing problems considered recently by other
authors, these formulae explain well the discrepancies that have been ob-
served in the finite sample behavior of alternative Wald tests. Finally, as
we have seen in Section 3, Edgeworth expansions are not only useful in ex-
plaining phenomena such as the Wald test discrepancies. They may also be
used to locate transformations which attenuate or even eliminate the effect
of higher order terms, thereby accelerating convergence to the asymptotic

distribution and helping to make it more reliable in finite samples.



APPENDIX A

Proof of Lemma 2.1. (13) and (l4) are given by Magnus and Neudecker (1979,

theorem 4.1). To prove (l3) we note that

Z,.(E,,.®@T,.) =2,.(E.. ®E_.) + Z, .(E,, @ E,.)
0 ij ijr7ij ij ijtrij ij

= K + {(vec I)(vec I)'
op ( 3 )

so that
Eij('l‘ij ® Tij) - 2[Kpp + (vec I)(vec I)*}
Also
2, (T,, @ I®T,.) =2, K (IeT,, T, K
i i i i 2 i i 2
J J 3 ] PP J J PP
= 2K 2[1 ® {Kpp + (vec I)(vec I)']}K 2
PP PP
Hence

Zij{(I @ Tij ® Tij) + (Tij @I e Tij) + (Tij ® Tij ® I)}
(Al) =2{I ® {Kpp + (vec I} (vec I)')

+ K 2{I ® [Kpp + (vec I)(vec I)']}K 2
PP PP

+ {KPp + (vec I)(vec I)'} & I}

Now

Tij ® Tik ® Tjk = (Eij + Eji) @ (Eik + Eki) @ (Ejk + Ekj)



A-2
and simple manipulations along the following lines yield:

Eijk(Eij ® Eik ® Ejk) = Zijk(ei (3] ei)(ej ® ek) ® Ejk

- Zijk{vec(Eii)(ej ® eﬁ)} ® Ejk
- {2i veC(Eii) @ Ip}ZJ.k{(ej ® el'c) ® ejef(}

= {{(veec 1) ® Ip[zjk(ej ® eﬁ ® ej @ eé)]

= {(vec I) ® Ip}zjk{(ej @1le ej ® 1)(Ip ® eé ® 1l e e&)}
= {(vec 1) @ Ip}{zjk(ej ® ej)(I ® eﬁ ® ei)}
= {{(vec 1) @ Ip}[(ZjEjj)(I @ Ek(ei @ ei))}

- vec I @ I I @ vec I. !

K ,((vec I) ® 1)x1p -K 2((véc IDeI)=1e (vec I)
PP PD

so that, using the fact that K’ 2 = K , We deduce that
PP PP
Zijk(Eij @ Eik ® Ejk) = szp(l ® (vec I)(vec 1))

In a similar way we find that:

Eijk(Eji ® Eik ® Ejk) - KPPZ(I @ (vec I)(vec I)")

zijk(Eij ® Eki @ Ejk) = (I®I® I)Kp2p

Eijk(Eji ® Eki ® Ejk) - Kppz{l ® (vec I){vec I)'}Kpp



@
=
®
o]
~
]

2
PP PP

K {I ® (vee I)(vec I)'}K 2

(I®I®I)X
PP

{I ® (vec I)(vec I)’'}K 9

zijk(Eij @ E . 9®E
PP

ki kj)

215k Eyq © Byg © By

(I ® (vec I){vec I)'}K
PP

It now follows from (14), (Al) and the above that:

A2) E(zz'®zz'®@zz') = I + K + K + (IeK + (K _®I) + K 18K K
(a2) E( ) g ¥ Ko+ (I8 ) + (K6l 2 (TOK DK
PP PP PP PP

+ {I®(vec I)(vec I})'I{I + X 9 + K 2) + {vec I)(vec ID' @ I
PP PP

+ K 2{I®(vec I)(vec I)'}IK 2 + K 2[I®(vec I){(vec I)'}K

2
[3% PP PP PP

+ K 9 {I®@(vec I)(vec I)'}K 9 + (K 9 + K 2){I@(vec I)(vec 1))
PP PP PP PP

Noting that

(vec I)(vec I)' @ I = K 2 (I @ (vec I)(vec 1)")K
PP PP

2

we deduce that the final six terms of (A2) sum to

(I + K 2 + K 2){I ® {vec I)(vec I)’'}(I + K 2 + K 2)
PP PP PP PP

leading to result (15) as stated in the lemma.



Proof of Lemma 2.2. let z = V“l/zx = NP(O,I) .  Then

E(xx' ® xx') = (V7% & VM2 E(zz @ z2') (vi/? & v17/?)

= (I + Kpp)(v ®@ V) + (vec V)(vec V)'

as required for (16). Similarly

E{xx'@xx'®xx') = (V1/2 ® Vl/z ® \7]'/2)E(zz'®zz’®zz')(Vl/2 ® Vl/2 ® V
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and result (17) follows directly in view of the properties of the commuta-

tion matrices K 2 K 2 and K

PP PP

Proof of Lemma 2.3, We note that q = Rz = N(O, R2) = N(O, S—l) and

E(v) = tr{LE(3 q ® 4 q'))}

(A3) - tr[L{(I + Kpp)cs‘l ® S1) + (vec s ) (vec sHy1)]
Now

1 = -1
(A4) s = By, + (1-210)7Tp,

so that upon expansion of (A3) we obtain
sl ran =2
E{v) = tr(AO) + tr(Al)(l—21t) + tr(Az)(l—th)

as required for (18). To prove (19) we write

B(u®) = (vec J)'E(Q T’ ® 33" © 3 §')(vec J)
-1

(A5) = (vec J)'{B, + B (1-2it) ~ + 52(1-2it)'2 + B3(l—2it)_3}(vec I)

)
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Upon evaluation using (17) with V = S_l , (AS) yields the stated formula

(19).

Proof of Theorem 2.4. Term by term Fourier inversion of (20) yields

(A6) pdf(w)

£_(w) + %{¢0<-1>2f§2)<w> + B, (DEL) + B, (<1DEL (W)

+ By (-DEL () + Ea(—l)fé+6(W)} ¥ o(T )
where
¢0 - b0/2 , ﬁl =-a, - bl/h

By =a; +by/b—b,/b, B=a

] +by/h = by/b

2
B, = by/4 .

Upon integration of (A6) we obtain
1 '
(A7) cdf(w) = Fr(w) + T{ﬂofr(w) - Qlfr(w) - ¢2fr+2(w) - ¢3fr+4(w)
B E G} o(Th)
47 r+6
and in view of the relationships
£1(w) = =(1/2)E_(W) + ((x-2)/20)f (W)

£ pon (W) = 2_nwnfr(w)/(r/2)n

(A7) can be rewritten in the form
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cdf(w) = F_(w) + %[{@0[535 - %] - ﬁl}fr(w)

-1
= Byt (W) - 2t L) - gAff+6(w)} + o(T )
2. (r-2) B B 5w
-F(w)+lf(w)0———[ﬁ +}ﬁ]——z—— 3 - 4 +0(T-1)
r Tty 7w 1% 7% T T T3y T+ (o )

which reduces to (21) as stated upon translation of notation. Validity of

the expansion as a proper asymptotic series follows from the theorem in

Sargan (1980).



APPENDIX B

This appendix derives formulae for the Edgeworth expansion to O(T—l)
of the distribution of the Wald statistic (5) in fullrgenerality. Thus, in
place of assumption (4) we require only that the distribution of the compon-
ent variates gq have a valid Edgeworth expansion of the form (3); Let

q = 0—1/25 and carrying terms to O(T_l) we write the Edgeworth expansion

as:

paf@ = 202 VY14 1257 4 £y (GoT00) ]

+ T_l[f0+tr(ana') + tr(F,(qq'eqq’)) + tr{FS(aa'®aaf®§a')}]} +o(Th

"The Wald statistic for testing HO as given by (1) is now:

A AAAN A
1

(B1) W= Tg'(60G') g

~ ~
where { = Q{(8) 1is a consistent estimator of O and where it is assumed
AAA

that GAG' (respectively GQG’ ) 1is nonsingular (with probability one).
The function Q ) representing the estimator of (I is assumed to be

continuously differentiable to the third order. We write

A_l A AN l

o = (GOG') ~ = (¢la) and employ the Taylor representations

A
— — —

T N LT ~3/2
/T gy = Bii95 * 277 Bijrdyx *eT B1jredyWdy * Op(T )

3/2

1 L ~ia-~ - -
+ JT I'E’m 9 * 2T ¢mnqmqn + Op(T )
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where
Bij T Bis¥sj ' Bijk T Bist“sj“tk
~ ° aia - ¢iaw
Bijke = Bistu’si“tx"uws ' ¥m s “sm
~ia ia
¢mn = ‘ﬁstwsmwtn
1/2

and where = (wst)

is the symmetric positive definite square root of

o .
In place of (7) we now obtain the expansion
W o- a'nl/zc'(cnc')'lcnl/za + T"l/zu(a) + T_lv(a) + op(T‘3/2)
where
(B2) u(@) = vec(J)'(q ® g @ q)
(B3) v(q) = tr{Ll(qq’ @ qq"))

Here vec(J) has {p2(j—1) + p{(b-1) +m}’'th element:

s glas = _
€ii¥m Bap T Eijm¥ Bap

and L is p2 X p2 with (j(p-1) + b, m{p~-1l) + n)’'th element:

~ ~ig~ ~ ~ja~ - ia~ ~ la~
(1/2)gij¢mngab gijmwn gab + (1/a)gijm¢ gabn * (1/3)gijmn¢ gab :

In place of (10) the characteristic function of W therefore becomes:



. 2
of (t) = (zﬂ)-pfzj exp{-<1/2>a'§a}{1 + @ + PV - §5u2<a>}
RP

.{1 + 200G + £4(30q69)] + T C(£, + tr(F,3q")
+ tr{F,(q3'sqq’)} + tr{F6<aa'®aa'@aa'>}]}da + o(Th
where
/2

§ -1 - 2it3'(CEY 6, & -an

Upon integration and simplification this reduces to:

efy(t) = (1‘2it)_r/2{1 F T Mg + ex(F,8) + tr(F,EET e3")
+ tr{FGE(aEvgaar@aar)}] + (it/TY{E(V) + tr{FJE(EE'dCﬁ')}

Ty el ~ ~, 2 2 ~1
+ vec(J)'E(qq’ ® qq’' @ qq')f,} - (t7/2DE(u )} + o(T h

where E denotes the expectation operator with respect to

1

pdf(q) = N(0, § ) and where vec(Fy) = £, ® vec(J)

Using Lemmas 2.2 and (2.3) we find that:
— _— .1 . =2
E{(qq' ® qq’) = D0 + Dl(l—21t) + D2(1—21t)

E(3q’ © 33’ © §3') = B, + E1<1—2it)'1 + E2(1—2it)_2 + §3(1—2it)'3
2 s x = -l -2 =3
E(u™) = vec(J)'{BO + Bl(l—21t) + 32(1—21t) + B3(1—21t) Jvec(I)

E(v) = tr(KO) + tr(Kl)(l--zit)'1 + tr(Kz)(l—2it)_2
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where {Ej, Kk; j=-0,1, 2, 3; k=20, 1, 2} are matrices identical in form

to those defined in Lemma 2.3 but with PE’ - 6'(56’)_16

—1001/2

= Ql/zG(GQG') and L in place of P and L ; and where

G!

D0 = (I + Kpp)(PE' ® PE') + (vec Pa,)(vec Pa,)'

Dl = (I + Kpp)(P~,®Pa, + P§'®P§') + (vec Pa,)(vec Pa,) + (vec Pa,)(vec Pa,)

D2 = (I + Kpp)(P ® Pa,) + {(vec Pa,)(vec P

ar at)

We now obtain



CE(E) = (1—2it>'r/2[1 +13

where

o]

o'l

Inversion of

= f

= 8

{

0

]

1 3

T “j=0
t 3 st
2T §= Ob (1-2it) ]

tr(F

tr(F,B

+ tr(F P ,) + tr(F

2 G') + tr(FADl)

tr(FADZ) + tr(FsBz)

653

+ d

- "-0,1,
; (]

(vec 3)'§jf , (j =20,

tr(A.) + tr(F.D,
( J) r(F, J)

0

- (vec 3)'§j(vec 3,

cfw(t) now yields:

pdf(w) = fr(W) +

where

iy
T

(w) - ﬁ £! (W)

i (w)

0 j r+23

2

cj(1—2it)_J + LE

+ o(T_l)

o+ tr(F6§0)

+ tr(FsBl)

2, 3
1, 2, 3)

(j -0, 1, 2)

(g =3)

(3=90,1, 2, 3)

Fra () = B3E () -

3

ho
i=

o8 (121t -3
J( )

4 +6

(w)} + o(T

B-5

1



Upon integration we obtain:

1.3 1.3 ' -1
(B4) cdf(w) = F (w) + T B _geF o () + 7 23=_1¢jrwjfr(w) + o(T )

where

Bo(r~2)/2
"lbo - _(51 + 50/2)

¢’1 - —gz/r

o
D
I

-533/r(r+2)

©-
W
]

B, /x(x+2) (r+4)

Formula (B4) is the Edgeworth expansion to O(T-l) of the distribution of
the Wald statistic (Bl) in the general case. It should be useful in many

situations besides those considered in the present paper.
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