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ABSTRACT

This paper provides an axiomatic model based on an extraneous random
device generating objective probabilities for the derivation of expected
utilities and subjective probabilities. Four basic axioms fully determine
a real-valued utility function and a fipitely additive subjective probabil-
ity measure. The restrictions of these axioms to lotteries depending only

upon events of the random device yield the von Neumann-Morgenstern axioms,
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1, Introduction

In this paper, we take the position that it is desirable to relate sub-
jective and objective probabilities, and consider the derivation of expected
utilities and subjective probabilities based on an extraneous random device
with which objective probabilities are generated. Since Savage's pioneer-
ing work [13] on the axiomatic approach to expected utilities and subjective
probabilities, there have been a great number of articles on subjective
probabilities. (See Fishburn [6] for a recent exhaustive survey.)} These
can be divided into two categories, according to whether or not the exis-
tence of an extraneous random device to generate objective probabilities
is assumed. Those without the assumption of an extraneous random device,
which we call the first category, include Savage [13], Luce and Krantz [11]
and many others. The second category (with the assumption of an extraneous
random device) includes Anscombe and Aumann [1], Pratt, Raiffa, and
Schlaifer [12], Fishburn {3, 4, 5, 7], DeGroot [2], French [8]} and also
others. It has sometimes been argued that the approach of the first category
is advantageous to that of the second in that there is no need to refer to
the concept of objective probability. However this can also be thought of
as a relative disadvantage: the approach of the second category gives a
richer structure than that of the first in that it allows a decision maker
to use a random device generating objective probabilities to reflect on his
personal subjective probabilities (see French [8, pp. 19~211). In this
paper, we choose the position to relate subjective and objective probabili-
ties.

Since the axioms of the von Neumann-Morgenstern expected utility théory

(cf. Herstein and Milnor [9] and Jensen [10]) are quite simple and are well



interpreted, it is useful to be able to compare this theory with others of
expected utilities and subjective probabilities. The von Neumann-Morgenstern
expected utility theory can be regarded as an extreme case in the second
category, in that expected utilities are derived based on objective proba-
bilities but subjective probabilities are not incorporated into the theory.
Anscombe and Aumann {1}, Fishburn [3, 4, 5, 7] and others have developed
several models of expected utilities and subjective probabilities assuming
directly the von Neumann-Morgenstern theory as a substructure. In these
papers, however, a random device generating objective probabilities is treated
separately from "real-world" events, and the relationships between the con-
cepts of objective and subjective probabilities are not fully explored.
Pratt, Raiffa and Schlaifer {12] provided a model in which an extraneous
random device was formulated explicitly as an event space at the same level
as that of "real-world" events. However a defect of their model is that
it does not have an explicit relation to the von Neumann-Morgenstern model,
and their model is not fully elaborated. DeGroot [2, Chapter 6] and French
[8] took similar approaches focussing their attentions only on the deriva-
tions of subjective probabilities based on an extraneous random device
without incorporating utilities into the models. In our model, we have an
extraneous random device, which is similar to that of Pratt, Raiffa and
Schlaifer [12], DeGroot [2] and French [8], but it has an explicit relation
to the von Neumann-Morgenstern theory, and this is developed.

A rough sketch of our model is as fellows. The state space is given
as the product X xY of the set X of "real-world" states and the set Y
of outcomes of a random device. The decision maker can use the random device
to generate objective probabilitieé for his decision making. The random

device associates events (subsets of Y ) with objective probabilities.



Another type of events (subsets of X ) are not given probabilities. The
lottery space is the set of simple functions from XxY to a reward space

M . The decision maker's preference relation is defined on the lottery
space. We impose, upon the preference relation, four axioms (1) Rationality,

(2) Continuity, (3) the Sure-Thing Principle and (4) Objectivity of the

Random Device. These axioms determine a unique (up to a positive linear

transformation) utility function and a unique finitely additive subjective
probability measure. Axiom 4 enables us to compare the other axioms with
the von Neumann-Morgenstern axioms, and the restrictions of the other axioms
to the lotteries depending only upon events of the random device are equiva-
lent to the von Neumann-Morgenstern axioms. That is, our axiomatization
can be regarded as a direct generalization of the von Neumann-Morgenstern
utility theory. In particular, we compare Jensen's [8] axiomatization, as
one of the most elaborated axiomatization cof the von Neumann-Morgenstern
theory, with ours. The model and result will be given in Section 2 and the

proof of the main theorem will be given in Section 3.

2. Model and Result

We consider a one-person decision problem under uncertainty. The un-
certain events can be divided into two classes--events of '"real-world'" states
and events of outcomes of a random device, called, respectively, real-world
events and auxiliary events. Any real-world events are not, a priori, given
"objective' probabilities in our model, while auxiliary events are asso-
cwated with "objective" probabilities. The auxiliary event space represents
the ﬁrobability space generated by the random device. The decision maker
can generate every probability in [0,1] using the random dévice, indepen-

dently of real-world events, and can "fix" the random device to reflect his



subjective (personal judgmental) probability for each real-world event.
By this we mean that thé decision maker can set or manipulate the random
device so that each possible auxiliary event has the desired probability
(see the example following the Theorem).

Formally the whole space is assumed to be the product of the real-world
event space and the auxiliary event space. Let (X, Bx) be the real-world
event space, where X is the set of real-world states, and BX an algebra
of subsets of X . Let (Y, By, u} be the auxiliary event space, where
Y 1is the set of all outcomes of the random device, BY a g-algebra of
subsets of Y and 1 a nonatomic probability measure. Each element §
in By 1is an auxiliary event associated with its objective probability
(S} . The decision maker can not attach an objective probability to each
real world event R in BX ; however, he does have a subjective belief
(of the probability) of the occurrence of each event. This subjective belief
{(probability) will be revealed by his choice behavior. Let B be the mini-
mal algebra including BX xBY = {RxS§ : RE BX and § € BY} . The whole event
space is given as (X xY, B) . A pair (r,s) of a state r in X and
s in Y fully describes a state of the world. Note that every F in

B can be represented as
k
(1) F = E R, x8_ for some R1 xsl, cees Rk xsk c Bx XBY .

Remark 1. One may feel that the "real-world" and "auxiliary" events
should be attributed to events RxY and X xS instead of R and S
(R € BX and S € BY ). However we can regard R and S as the same as

RxY and X xS , respectively. This should not cause any confusion.



The space of rewards is denoted by M , an arbitrary set. A lottery

is a (simple) function f : XxY + M such that

(2) there is a finite partition (Fl, res Fk) of XxY with
(1) Ft €B for t=1,...,k and (ii) f(r,s) = f(r', s')

for all (r,s), (r', s'} € Ft and t=1,...,k .

The set of all lotteries is denoted by L . A lottery f with a partition

(F ves Fk) of XxY will be denoted as

1"

f = [Fl, ...,Fk; m ...,mk] ,

where f(r,s) = m, for all (r,s) € Ft {(t

4]

of XxY with condition (2)(i) will simply be called a partition. It fol-

lows from (1) that every f in L can be represented as

f= [Rlxsl, ""szsm; m , ...,ml} for some Rle .,R£x82 € BxxB

10 e

Identifying f = [XxY; m] with m , we can regard the set M as a sub-
set of L .

For fl, aeny fk € L and a partition (El, ""E-k) of -XxY , a new

k
lottery h , denoted by Z Etft » 1s defined by
t=1

(3) h(r,s) = £7(r,s) if (r,s) € E. (t=1,...,K .

The new lottery h agrees with £% on Et for t =1, ..., k , respec-
tively. Of course, this h belongs to the lottery space L . As will be
explained, this operation corresponds to the convex combination operation

in the von Neumann-Morgenstern utility theory.

1, ...,k) . A finite partition



For E=RXSEBXXBY and f = {Rlxsl,...,R.kak; ml,...,mk] , we

say that E 1is independent of f iff
(4} R=X or R, = ... = Rk = X 3

(5) u(SNS) = u(S)u(s,) forall t=1, ..., k.

Condition (5) is the standard definition of stochastic independency under a
given probability measure p . Since we don't specify a probability measure

on BX » condition (4) is only possible for stochastic independency.

Remark 2, Every RxS € BX.XBY is independent of m = [XxY, m] for all

mE€M, Wewill use this fact without giving a remark in Section 3,

We now consider the decision maker's choice behavior on the lottery
space L . His choice behavior is described by a preference relation 2
on L . Formally, the preference rela‘.cion is a binary relation on L .
That is, he makes pairwise comparisons on L . Denote the symmetric and
nonsymmetric parts of > by ~ and > , respectively, i.e.,
f~ges £f>g and g2 f, and £> ges £ g and not £~g.

Let NX be a subclass of B, with X € N and let

X X?
N ={RxS§ € BXXBY : RE Ny or u(S) = 0} . An element in N is called a
null event,

We make the following axioms on the preference relation 2 .

Axiom 1 (Rationality). The preference relation > is a complete preorder-

ingon L, i.e., (i) £>g or gp f forall f, g€ L and (ii) f}» g

and g > h implies f > h .



Axiom 2 (Continuity)., If £ 5 g» h , then there are S1 and 82 in
BY (0 < u(Sl) s u(Sz) < 1) such that Xxst and X'XSE are indepen-
dent of f and h , respectively, for t =1, 2 and

(XxS)f + (XxS))h > g and g> (Xx8,)f + (Xx5)h .

Axiom 3 (The Sure-Thing Principle}. lLet f, g, h be lotteries in L .

If RxSEBXXBY—N is independent of f and g , then
fo>gem (RxS)f + (RxS)°h S (RxS)g + (RxS5)% ; and if RxS € N, then

(RxS)f + (RxS)%h ~ (RxS)g + (RxS)%h .

Axiom 4 (Objectivity of the Random Device). For all f = [Rl xsl, ceas Rk xsk;

- %* *. . - E 3
m ...,rnk] and g = [Rle s ...,kask, m; ...,mk} , 1if “(St) = u(St)
for all t =1, ..., k, then f~ g,

No explanation is necessary for Axioms 1 and 2, Axiom 3 says that if
RxS is non-null and independent of f , g, then f is pr'ef;erred to g
if and only if (RxS)f + (Rx8) “h is preferred to one obtained by replacing
-f by g ; and that if RxS is a null event, then (Rxsjf + (RxS)Ch
and (RxS)g + (RXS)c‘n are always indifferent. Axiom 4 simply says that
the preference relation depends upon objective probabilities but not the

specification of auxiliary events.

Remark 3. (1) The former half of Axiom 3 is equivalent to that if
RxS eByxBy - N is independent of f and g, then

f> ges (RxS)f + (R'xS)h 2 (RxS)g + (RxS)%h . (ii) It follows from
the latter half of Axiom 3 that if RxS € N, then (RxS)f + (RxS}%h ~h

for all f, h€ L,

The main result of this paper is the following theorem, which will be

proved in Section 3,



Theorem. Assume that m P m  for some m, m € M . The preference relation
2 satisfies Axioms 1 to 4 if and only if there is a real-valued function

u on L and a finitely additive probability measure P on By such that

(6) for all f, g€ L, f2» g if and only if u(f) > u(g) ;

k
(7) u([R xSy, vees R XSy mpy vve,m 1) = tzlP(Rt)u(St)u(mt)

for all [Ry xS;, ..o, Ry xSy 3 my, cee,m] €L,

The function wu is unique up to a positive linear transformation, and the

measure P 1is uniquely determined by

(8) for all R € By , P(R) = u(S) , where
[RxY, RS xY; m, m] ~ [XxS, Xx8%; m, m] .
It also holds that

(9) P(R) = 0 for all RE NX .

This theorem claims that under Axioms 1 to 4, the preference relation
2 1is represented by expected utilities in terms of subjective and objective
probabilities. The determination of P by (8) is important: The decision
maker can find his subjective probability P(R) for each real-world event
R € By » comparing auxiliary events with it, For example, consider the
event R :

"it will rain tomorrow morning,"

The decision maker compares the lottery {RxY, R® xY; m, m] (that he will

get the reward m (say, $100) if it rains tomorrow morning or m (say,

nothing) otherwise) with other lotteries [X xS, X xS m, m] (that he will



get $100 tomorrow if the random device indicates the event S or nothing
otherwise)., Altering S continuously from a null event (u(S) = 0) to
bigger auxiliary events, he can find an § which makes him indifferent be-
tween those two lotteries [RxY, r® xY; m, m] and [XxS§, Xxsc; m, m} .

It is useful to make a comparison between our model and the von Neumann-
Morgenstern theory for the consideration of the meanings of our axioms and
also for the proof of the main theorem, As one of the most elaborated
axiomatizations of expected utilities, we employ Jensen's [10] set of axioms.
This comparison will give a better understanding of our axioms and also the
von Neumann-Morgenstern model itself.

Let FM be the set of all probability distributions on M with finite

supports, i.e., each y € FM 1is a nonnegative real-valued function on M

and has a finite subset A of M such that ¢(m} > 0 implies m€ A and

7 v(m)
meA

L]

1 . Adistribution ¢ € FM can be represented as
[al, cees O3 My, ...,mk] , Wwhere w(mt) =a, for all t=1, ..., k and

k :
) a, = 1. The set FM can be regarded as a convex subset of the linear
t=1

space, on reals, of all real-valued functions on M . (A convex combination

ay + (1-a)f corresponds to a compound lottery or a mixture in the expected
utility literature.)
Jensen [10] provided axioms for a binary relation 2* on FM to be

represented in terms of a real-valued function.

Theorem (Jensen). A binary relation zf on FM satisfies

(J-1) Zf is a complete preordering on FM ;
(J-2) for all ¢, £, c€EFM , if ¢ 5" £ " ¢, then there are

o, 8 € (0,1) such that ay + (l-a)z 5* & and £ >* By + (1-B)L ;
(J-3) for all ¢, £, c €EFM and a € (0,1] , v $* £ if and only if

ap + (1-0)g »* o + (1-a)g
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if and only if there is a real-valued function u* on FM such that

(10) u>" £ if and only if u*(y) > u*(g) ;

(11) u*(ayp + (1-0)E) = cu*(Y) + (1-a)u*(g) for all ¢, EE€EFM and o€ [0,1]
This function u* is unique up to a positive linear transformation.

Remark 4. Axiom (J-3) in the above theorem was originally (and can be) stated

in a little weaker form:

(J-3') for all ¢, £, € FM and a € (0,1) , if v >* £, then

oy + (1-2)7 % af + (1-a)C .

Here we adopt the stronger form (J-3) for the sake of a comparison with our

axiomatization.

Remark 5. It follows from condition (11} that

L]

(11') u*(tp) u*([al’ ""ak; ml, °",“11(})

latu*(mt) for all w = [al, o--,uk; m1, --l’m‘k] € M -

n
[ = o

t
Conversely, (11) follows also from (11'}.

The reader 'can notice a great similarity between Axioms 1-3 and (J-1)
-{J~3). 1Indeed, if Axioms 1-3 are restricted to the lotteries depending

only upon auxiliary events, then they are equivalent to (J-1)-(J-3): Define

L. ={f€L : f=[x:-<sl, vea, X X8

0 " ml,...,mk] for some Sl""’skEBY}'

A lottery f in L0 depends only upon auxiliary events, The function ¢

on L. defined by

0
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(12) PUIX XSy, v XXSp 5 my, ee,m D) = [U(Sy), vens u(S)5 My, ouny my ]

is an onto-mapping to the set FM , The preference 2 on L with the
restriction of Axiom 4 to L0 and zf on FM can be connected by the fol-

lowing rule:

(13) for all £, g € L f 2 g if and only if &(f) 2* &(g)

0 »

Then, noting that for all f = [X.XSI, cees X XS5 my, ---,Hk].,

g = [XXTy, oo, XxTy; mt

1,...,m'£] in L, and S € B, with u(S) € (0,1) ,

0

(14) é((xxs)f + (XxSc)g) = [u(sNS,), ..., u(sNs,), u(scn'rl),

C . * *y
«ee, u(S ﬂTEJ, Mis eees My, My, voo,mpl

(14") if XxS and XxS® are independent of f and g , respectively,
then @((XxS)f + (XXSc)g) = u(S)e(f) + (1-u(8))e(g) ,

the restrictions of Axioms 1-3 to LO can be translated into Axioms (J-1)-

(J-3}, and vice versa. Summing these up, we have the following lemma,

Lemma 1. (i) The binary relation > on L, satisfies the restriction of

0
Axiom 4 to L0 if and only if there is a reflective binary relation zf
on FM with condition (13).1)

(ii) Assume that » on L, and 2»* on FM satisfy (13). For

0
t =1, 2, 3, the binary relation » satisfies the restriction of Axiom t

to L0 if and only if the binary relation zf satisfies Axiom (J-t) .

It follows from Jensen's Theorem and Lemma 1 that if the preference
relation 2 on L satisfies Axioms 1-4, and the function u* given in

Jensen's Theorem and (13) satisfies

L A binary relation O0* on a set A is called reflexive iff a O*a for all acA,
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(15) for all £, g€ L0 , £> g if and only if u*(e(£)} > u*(e(g)) ;

(16) for all £ = [Xx8,, ...,XxS; m, ...,m] €L, ,
k
wr(e(f)) = ] u(SJur(m) .
t=1
In the proof of the main theorem, this utility function u* will be extended
to the whole space L .

We now have to evaluate Axioms 1-4. Axiom 1 is a general condition for
measurement, Axiom 2 is continuity, which is usually necessary for mathe-
matical arguments including infinite constituents . Therefore these two
axioms are innocuous, Axiom 4 simply requires that the choice behavior de-
pends only upon objective probabilities but not upon specifications of
auxiliary events. This axiom represents the assumption of the existence of
a random device with which the decision maker generates objective probabili-
ties for his decision making. Under Axiom 4, the restrictions of Axioms
1-3 to L0 are the translations of (J-1)-(J-3) to cur context. Axiom (J-3)
is also usually called the Sure-Thing Principle, and can be regarded as the
most important condition for the von Neumann-Morgenstern utility theory.
This axiom requires that the decision maker's choice be made by evaluating
outcomes of lotteries and by taking objective probabilities into account.
However, Axiom 3 on the whole lottery space L is not just a translation
of the purer form (J-3) of the Sure-Thing Principle. It also ascribes the
(real-world) state-independency of the utility function u in the main theorem.

It follows from Axiom 3 (Remark 3) that

{*) if RxY 1is independent of f and g, then

fr~g = (RxY)Ef + (RxY)Sh ~ (RxY)g + (RxY)h .
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That is, the utility evaluations of lotteries (RxY)f + (R.xY)Ch and

(RxY)g + (R.xY]ch do not depend upon the relationsbetween the event R

and f , g but only upon the "subjective probability' of the event R .
To make this point clear, consider the following example, Let R bhe

the event: "it will rain tomorrow morning," and let

m : nothing will be given tomorrow morning;
m : an umbrella will be given tomorrow morning;
m* : a parasol will be given tomorrow morning.

Assume that the decision maker is indifferent between m = [XxY; m] and

m* = [XxY, m*] , that is, he is indifferent between getting an umbrella

and doing a parasol tomorrow morning, if there is no contingency in getting

one of them. Then consider the choice between [RxY, R® xY, ﬁ;_m] and

[RxY, R®xY, m*, m] . The lottery [RxY, RxY, m, m] ([RxY, R®xY; m*, m])
is that if it rains tomorrow morning, then the decision maker will get an
umbrella (a parasol, respectively). In this case, it is natural to think

the decision maker prefers [RxY, R® xY, m, m] to the other; it is normal

to prefer an umbrella to a parasol if it rains, In this example, condi-

tion (*) implies

(*) [XxY; m] ~ [XxY; m*] implies (RxY)[XxY;m]+(R®xY)[XxY;n]

~ (RxY) [XxY;m*] + (RS xV) [X xY;m] .

This condition is viclated as was explained above,

The state-independency of the utility function is restrictive and the
most crucial point of Axiom 3, If one wishes to generalize our model to in-
corperate state-dependency, then he should attack Axiom 3.

Finally, we give a remark on a condition for the probability measure
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3. Proof of the Theoren

Since sufficiency can easily be verified, we omit the proof of sufficiency.
Throuahout this section, we assume that the prefrence relation 2;satisfies
Axioms 1-4, and then we will prove that there is a real-valued fucntion u
on L and a finitely additive prcbabilitv measure P on BX with properties

(6} and (7).

As was mentioned just after Lemma 1, we can define a real-valued

function u on LO by

{(17) u([Xxs ,~..,X><Sk;ml,...,mk]) = u*(d([xXxs

e .
1 l,...,X Sk,ml,...,mk])

= u*([U(Sl),.-..U{Sk);ml,...,mk}) for all [Xxsl,...,Xxsk;ml,...,mkle Lo,

where u* is the real-valued function given in Jensen's Theorem and (13), It

follows from (15) and (16) that

>
(15') for all £, € L £ i g if and only if u(f) = ulg};

O r
k

u(f} = I p(s)uim) .
eo1 E t

(16') for all f = [XXS_,...,XXg

1 Pm

..,mk] €T

S o’

Ve will extend this function u to the whole space L.

Lemma 2. Let RS bhe an arbitrarv element in B_xB,, and let M eM

% By be arbitrary

2

elements in M. Then

, _ c. .
(i-1) mlk-m2 =3 m, >.. [RXS, (RX%S) ,nl,mz] ,}'_ My

{(i-2) m,~<¥m =3 m, f_ {RXS,(RXS)C;ml,m:Z]é My

(ii) there is a T € B, such that [RXS,(RXS)c;ml,mz] n-[xxz*,xxmc;ml,mz].

1

by Remark 3, i.e., (i) and (ii) hold. 1In the following, we assume that RXS is

Proof. If RXS is a null event, then [RxS, (RxS) :m ,m2] ~m, = [Xxgs,XXT;ml,mz]

a non-null event, and consider only the case where m1 }‘ m2 .
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(i): It follows from Axiom 3 (Remark 3} that

c 'C‘ﬁ = m
{Rx&Astf;ml,mz] = (Rxs)ml+(RxS) ™, 2; (Rxs)ijRXS)LQ ™,

Further it helds that

C c Cc c
IRXE, (RxS) :m ,m2] = (RxS)m1+(R xs)m2+(R><S )m2+(P. x5 )m2

1

c_.C
= (ﬁ&S)m2+(chs)c[(Rxs)ml+(chs)m2+(Rst)m2+(R xS )m,
é.(chs)ml+(chS)c[(Rxs)m1+(chs)m2+(RxSc)m2+(chsc)mzl (by Axiom 3)

= (Rxsc)m2+(Rxsc)c[{RXS)ml+(RCXS)m1+(RXSC)m2+(RCXSc)m2]

C .
< (RXSC)m1+(RXSc)[(Rxs)m1+(RCXS)m1+(RXSC)m2+(chsc)m2} (by Axiom 3)
c
= (R°xs%)m_+ (RExsS) [ (RxS)m_ + (RSx8)m, + (2x8%)m_ + (R®*sim_]
2 1 1 1 2
c_.C c_ct c c c. .
< (rSxs Y+ (ROXET) (RS m + (ROxS)my + (RXS ) m) + (ROxsS)m, ) (by Axiom 3)

= i

1

c
Thus we have m1 éi [Rx5, (RXS) ;ml,mz] 2:m2 .

(ii): Denote {RXS,(RKS)C:m1,m2] by f. If m1 ~ f or my o~ f, then it suffices

toput T =Y or T = ¢ , respectively. Consider the case where ™ > £ ) ™,

Since u([XXT,XxTC;ml,mzl) = M(T)u(ml)+(l—L(T))u(m2) by (16'), the sets

c . are
fum: Do, xa®m mol 2 £} and {uem £ > Do, %x7%my umy 1} “disjoint intervals
of {0,11. If {prT): [XXT,XXTC;ml,mZ] > £l is a closed interval,say [a,1],

then by Axiom 4, [xxT,xxTc;ml,mzl > £ for all T with w(%) = o. Then it
follows from Axiom 2 that there is a W ¢ BX (U{(¥) < 1) such that XXW is

independent of [XXT,Xxfc;ml,mz] and (Xxw)[XXT,XXTc;ml,m2]+(Xch)mo P

However (xxw;{xxf,(xxf)c;ml,m2]+(xch)m = [xx(wF),x X(rf‘§)c;ml,m2] and

2

pE® = pwuE < o , which is a contradiction. We can similarlv proved
vy p

that the set {p(m.: £ } {XXT,XXTc;ml,mzl} is also an open interval of [0,1].

~ af the ~
Let @ be an element in [0,1] but in neit%E?YEﬁ%grvals’and let T be an element

in By, with W(T) = &.  Then {XXT,XXTC;ml,mz] ~ £.  0.L.D.
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Lemma 3. Assume that m >> m_and m_, >m, . Then [BxY REx¥im_ ,m. ] ~
—_— 1 2 3 4 ! s R
c . . c c
x X . X XY« Bl x x .
[Xx5,XX8 ,ml,mz} implies [RXY,R Y,m3,m4] [XX5,XX8 ,m3,m4].
Proof. Let ml >> m2 . Consider the case where ml é_m3 k_mz . Then u(m3) = uu(ml)

+(1—a)u(m2) for some o £ [0,1]. We can find a T € BX such that U(T) = o

and u(Tr\S) = u{T)u(s). Then it follows from Axiom 3 that

~ ~ ~

A
(XXT) [RXY,RCXY;ml,m2]+(XXTC)m2 ~ (XXT) [XXS,XXSC;ml,m2]+(XXTC)m2 ,

that is,

S A ~

(18)  [RxT, (RXT)C;ml,mzl ~ [xx(T“s),xx(T”s)c;ml,mZJ .

~ ~ -~

Since @, f»-EXXT,XXTC;ml,mz] by the definition of T, we have

C C
[RxY,R XY;m3,m2I = (RXY)m3+(R XY)m2

~ ~

~ {RXY) [XXT,XXTC;ml,m2]+(RCXY)m2 (by Axiom 3)
= {RXT,{RXT)C;ml,mZ] —~ [xx(T“s),xx(T“s)c;ml,mzl (by (18))
= (X*S) [XXT,XXTc;ml,m2]+(XXSC)mZ ~ (xxs)m3+(x><s°)m2 (by Axiom 3)

]

c
[Xx5,Xx8 ;m3,m2].
Thus we have shown that

. c
(19) if ml a_m3 k’mz and if [RXY,RCXY;ml,mzl ~ [Xx§,X%x8 ;ml,m2],

then [RXY,RCXY;mB,mZJ ~ [xx8,x%x5%;m

3,mz].

We can also prove that

H . 3 T c - c-
(19') if my 2—“‘4 é'mz and if [RXY,ROx¥im ,m,] ~ [¥x8,%Xx%im ,m,],

then {RXY,RCXY;ml,m ]ra.[XxS,XXSC;ml,m4].

4
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In the case where my > m, ,> m ,5 m,, we have the assertion of the Lemma,

4
using (19) and (19").

A

Next suppose that my é; m, >1n2 > my - From Lemma 2, there is a T €
BY such that [RXY,RCXY;m3,m4I ,— [XXT,XXTc;mB,m4]. Then it follows from
{19') that

c S .le
[RXY,R XY;m3,m2] ~  [Xx7,XxT ;m3,m2]

Since iRXY,RcXY;m3,m2] ~ [XXS,XXSc;mB,m2] by (19), we have W(S) = L(T) by (16').

Axiom 4 together with this implies

~ -~

c C c
[RxY,R XY;m3,m4] ~ {XXT,XxT ;m3,m4]a~r[xxs,xxs ;m3,m4] .

Consider the case where m, > m, k_m3 > m, - In the same way as the

above, we have

[RXY,RCXY;ml,m2] ~ [xxs,xxsc;ml,mzj implies [RXY,RCXY;ml,m4]

—~ [XXS,XXSc;ml,m4}.

Then it follows from (19) that [RxY,R°x¥;m ;myl o~ [XXS,XXSC;m3,m4].

3

The same argument can be applied to the cases where m, > ™, Ei_ml >.m2
and m, > m, > m, . 0.E.D.

Lemma 4. If [RXY,RCXY;ml,mZ} — [XXS,XXSc;ml,mz], then [RXY,RCXY;m y, ]~

2’1

c
[Xx5,XxS ;mz,ml].

c
Proof. If mlr—-mz , then, from Lemma 2, ml ~ [RXY,R XY;ml,mz]-«_ m2 and

[ .
m o~ [XXS,XX8";m ,m,] ~ m, i.e., [RXY,RSx¥;m

c
1 :mz]‘“' [X*x8,X%X%S ;ml,mz].

2 1

~

Assume that m, } m, or m, > m . From Lemma 2, there is a T € By

such that

c ~ e
> » - o »m x -
[RxY,R Y,m2,ml] [XXT,ExT ,m2,m1} .
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so that U(W) = % and W is independent of S and T. Then

We can find a W ¢ BY

it fellows from Axiom 3 that

(20)  (XXW) [RXY,RCXY;ml,m2]+(XXWC) [RXY,RCXY;mz,ml] —~

~ -~

(XXW)[xxs,xxsc;ml,m2]+(xch)[XXT,XXTC;mz,ml}.

The first lottery of (20) can be written as

, .C c _c_.C
[RXW, R *W,RXW ,R XW ;ml,m2,m2,ml].

Since U(W) = u(wc) = %, this lottery is, by Axiom 4, indifferent to

c C
[RxwW, R™xw®, Rew® , R xW ;m mym,m ] = [xxw,xch;ml,mz].

1 2" 1

Then it follows from (20) that

”~ ~
[XXW,XXWc;ml,mzi —~ XXV [XXS,XXSc;ml,m2]+(XXWC) [XXT, XXT< ;m

- [XX(WHS),XX(WHSC),XX(WCHT),XX(WCHTC);ml,m

oMyl

M ,mll .

22

This togeter with (16') implies that W(w) =u((w/'s) , " N1%) = 1.
That is, 3u(S) + éu(Tc) = 4, which is equivalent to u(S) = u(T). Therefore

it follows from Axiom 4 that

~ ~

c c c
[RXY,R XY;mz,ml] ~ [XXT,¥XXT ,mz,ml]f\- [Xx5,Xx8 ;mz,ml] .

Q.E.D.

Let ml,m2 be arbitrary elements in M with my > m2 or m2 > ml. For each

REBX , define P{R) by

(21) P(R} = u(T), where [RXY,RCXY;ml,mzl o--[XXT,XXTc;ml,mz] .
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Lemmas 3 and 4 ensure that this definition of P :BX + [0,1])] is possible

independently of the choice of m ,m  ( m, hY m, or m, > m ). Lemma 2

ey ”~

ensures the existence of such a T, and the unigueness of U{T} follows (16').

c C
T, . . X X ; T e~ x X H
emma 5. letm S m,orm, > m . Then [RXS,(RXS) ;m ,m,] ~ [XXT,XXT ;m ,m,]

if and only if w(T) = P{R)u(s}.

Proof. Necessity: Let W be an element in B_ such that W is independent of S

Y
and u{w) = P(R). Then we have, by the definition of P,
(22)  [RXY,Rx¥;m_,m_] ~ [XxW,XxW;m_ ,m_].
r 1’ 2 I r 1"2
I+ follows that
[RXS, (BxS) sm. ,m.] = (XX8) [RXY,R"xY¥;m_,m_]1+(Xxs%)m
r "1" 2 F r 1’ 2 2
»v(xxs)[xxw,xch;ml,mz]+(xxsF)m2 : (by Axiom 3 and (22))
= EXX(sr‘W),XX(erW)C;ml,mZJ )
Therefore [XX(SrXW),XX{Sr\W)c;m ,m_] a—[XXT,XXTC-m m_1. Since m > m_. or
1772 s s 1 2

m, » m, , we have L(T) = u(s/W) = U)W = U(SPR).

~

Ssufficiencvy: PFrom Lemma 2, there is a T ¢ BY such that IRxS,(RxS)C:ml,mz] o~

[XXT,XXTc;ml,m2]- In the proof of necessity, we have shown that if [RXS,
(RXS)c;ml,mz]rx-[XXT,XXTc;ml,mzl, then p(T) = P(R)U(S). Axiom 4 states that

T canh be replaced by any T £ BY with the same obkjective probability p(T).

That is, [RKS,(RXS):ml,mZ].m_[XXT,XXTC;m /] for all T with W(T) = P(RIU(S).

1
Q.E.D.

Remark 7. The sufficiency of Lemma 5 is true without the assumption that

m )> m, or m, >, m, . Indeed, if m, ~ m_, then m, -~ [XXT,XXTC;m

1 2 1 myl~m

1 2

and m. ~— [RXS, (RX8) :m

1 bv Lemma 2.

rm2} = m

1 2
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Lemma 6. Let (Rlxs ..,R %5 ) and (XXTl,...,XXTk) be partitions of Xxy,

17" X 'k

respectively, Then, for all ml,...,mk £ M,

]

<
i if P = .. y b e ; PP 14
(i) i (Rt)u(st) U(Tt)for all t l1,...,k, then Ilesl, ,kask,ml,. ,wk]fi

X R XT ; “ ey i
[X Tl' WX Tk ml, mk]
A >
(1) if P(RU(S) = MT )for all t = 1,...,k, then {Rlxsl,...,kask;ml,....,mk]21
x X H
[X Tl,...,x Tk,ml,...,mk}.
Procf. It sufficies to prove {i). Let m be an element in M with mtﬁk m for

all t =1,...,k. Let Tt be an element in BY with u(Tt)

P(Rt)H(St) for t = 1,

S Then we have, from Lemma 5 and Remark 7 ,

c - “c
R X R x5 ; [ X x . £ = .o e .
( . st.( N st) mt,m] [x Tt,X Tt,mt,ﬂ] or all t =1, 'k

H

> N
i = T = h "
Since W(T ) = U(T) =P(RIu(S,) andm > m for all t

P

1,...,k, it follows

from (16'} that

. c .
(23) {XXTt,XXTi;mt,En_] },[Rtxst, (R xs )"im_,mi for all t = 1,...,k.

Let (xst,-..,xxs#) be the corsest partition of XxY satisfying
3
* i i *
StnSt, # ¢ implies StJSt, .

Let (xxul,_,_,xxui) be the corsest common refinement of (XXSI,...,Xxsg) and

(XXT ,---.XXTR). Let (X>xwW ,...,Xxwk) be a partition of XXY such that M(Wtr\Uy)

1 1
= u(Ug)/k for all 2 =1,...,1i. Then it can be verified that

(24} U(Wt) = 1/k for all t = 1,...,k;

<
(25) W, is independent of S, and T,, for all 2,%' (1 = {,2' = k).

c c
Denote [Rtxst,(RtXSt} ;mt,EE and [xth,xXTt;mt,E] by]ft and = (t=1,...,k)
respectively. ¥ow consider the lottery (Xxwl)f1+(xxw§) x (Xxwt)ft .  Since

t=1
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Wl is independent of s1 and Tl, we have, by Axiom 3,
c k C k
(Xxhl)fi+(XXW1) = (xxwt)ft 5; {Xxwl)gl+(xxwl) z {xxwt)ft

t=1 K t=1

C
= (xxwz)f2+(xxwz)[{xxwl)g +t£1(xxwt)ft] .

Since W2 is independent of S2 and 'I‘2 . We have, again by Axiom 3,

k
)[(XXW1)91+ Lz (XXWt)ft]
tiZ

C
(XX, ) £+ (XXH,

<
fé(xxwz)g2+(xxw2)[(xxw Yg+ I (W

£ ]
- t
] £=2 K
= (xxw3){3+(XXw3)[(Xxwl)g1+(xxw2)g2+ I (XxW

t=3

1 t

HE-

Repeating the same argument, we have,for £ = 1,...,k,

k 2 k k
(26) 'L (xxwt)ft <i by (XXWt)g + z (xxwt)ft <: z (xxwt)gt .
t=] T ot=1 t=0+1 t=1
k
The lottery I (Xth)ft can be written as
t=1

R, x (W, MNs ), ..., R x(W Mg ) Rx(W Mg y),... R xw Ns };
1 Tk SR peree A !
1 1 k g Bt R

M oyese, Mye..,M
1’ Pl ey n__]

- n 0 e Mgy,
[Ryx (W, s 0o e o<W D8 ), Rox (7 N8 ), oo R (w18 )5

ml,...,m (Moo, m].

k

- N = - n €N = uw® = kol
Since (W, "'S.) = W(S.)/k = (W, T'S.) and WW TIS) = W(W)IU(S,) PRLAC

= p(wff‘st) for all t = 1,...,k by (24) and (26), we have, by Axiom 4,

C
(Ryx 00y (V8.0 p o Ry D5 ) R (W V80w RGNS ) imy e ymy iy oy

~ [Rpx 0y sy oy roxcw, sy Ry W] Ns R X@TOs ) sm,ee e i, L)

k

c
= {Xxwl)[Rlxsl,...,R XS ;m ,...,mk] +(XXW1)E .

k k1
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In the same way, we can prove that

x ~ X x
l(x Wt)gt (X Vl)[x T

.. XXT

i k

o1

c
. ;ml,...,mk]+(xxwl)g .

Then it follows from (26) that

c
XW X xS x
(X hl)[R1 s ..,R %85 ml,...,mk]+(x Wl)ﬂ

1’" k Tk’
<
<0 ) [XXTy e XXT Iy ee ey 14 (XKW
{ { X . xS » C . x e e G XXT
Then it follows from Axiom 3 that [R1 Sl"' 'Rk Sk'ml' .mk] f;{X Tl' !X Tk
ml,...,mk]. Q.E.D.

k
i i x X x =
Lemma 7. For all part;tlon (Rl Sl,...,Rk Sk) of XXy, tElP(Rt)u(St) 1.
Proof. Suppose that & P(R )u(St) < 1. Then there is a partition (XXT

xxmk) of XxY such that U(Tt) > P(Rt)u(st) for all t =1,...,k. Then Lemma 6

t

11

~ ~

x - > ’ b4 .
states that [XXTl,...,X Ty oMy s eeepmy ) é; [R1 Syrees R X6 M o0e,m ] for

PR M.
all ml ,mk £ M

~ ~

Let m, < My = ...o=m . Then the above claim states that [XXT

o]
1.-X><T1:m1 .m2]

~ ~ A

= * x x . =
[XXT ,XXT, oo (XXT, My My, e ey, ] }\_ [RyXSyyen R XS, M Moy e m,)

c i 3 =
[Rlxsl'(Rlxsl) ;ml,mz]. However Lemma 5 states that if u(hl) = P(Rl)u(sl),

c c ,
. . >
then [XXWt,XXW s, ,m_] o~ [Rlxsl,(Rlxsl) ;m ,m2]. Since U(Tl) P{Rl)u(sl)

t"172 1

= U(Wl) and m., >- m, . we have

= - ~e c
0 - - 3 3 -
(00, 0T smy m] S [XXT,XXTTm ) > IR XS, (R;xs)%m ,m,]
k >
which is a contradiction. Therefore we have z P(Rt)u(stj = 1.
.4 t=1 <

In the same way, we can prove that I P(Rt)u(st) 1. Q.E.D.

t=1



.Ammﬁdﬁmvm = Ammvm+ﬁﬁmvm BARY 8M SI0TBI/YT *XxX FO suorzriaed

31w (Ax,( Can Ty zx(Cun b)) pue (&x ( Can by axCa ax 'y) esneosq ‘; euws Aq

T = Aonmmﬁgﬁmvum+ﬁmmﬁ¢amvm pue 1 = AonmmﬁJHmVHm+ﬁvan+ﬁHmvm ‘g = Nmr_ﬁm U3 TM
xm 3 mm.am ATeI3TqIE IOJ ‘peSpul -/ RUMIST SMOTIOF 4 @ANSEIW SY3 JO AITATITPpE®
93TUTY |YL TWRIOSYL UtEw 8Y3I FO (9) uoTaITpuced ATAWUT (,91) puR {,51)'8 BWWD]

T

"I ﬁxﬁ....~ﬂﬁhxwxxm..... wxamu 1Te 103

Fy

T=3

ﬁpavnﬁumvnﬁpmvm = ﬁﬁxﬁ~....ﬂﬁnxmxxm.....meﬁmuv: {82)

4
K4
i

AQ T 03 (L1) AQ peUTZ9p N uorTIoUnI A3TTTIN 8Y3 pualIxmg

‘O PUWDT ATSIRTPIWWT SMOTIOIZ PuWST STUL ‘30013

i 3 Nseeoo Ty pre z03

b

H E\l-\ bM_H_xxhclln.H_HuXNM o~ M ghnlohHE\VH .V.HNM;QI-N.H

sxtal (L2

}
usnyT, fretfT = 3 TTE XOF ﬁpmunﬁpmva = ()
- U | v_“-..___H Y Ty ———
UaTs LXX JO suotaiTiaed g | Exx Ix¥) pu= ﬁ Sx d Sx uu 387 g PuWeT

we



(1]

12}

(3]

[4]

(5]

{6}

[7]

[8]

(9]

[10]

[11]

[12]

[13]

[14]

25

REFERENCES

Anscombe, F, J, and R. J. Aumann (1963), A Definition of Subjective
Probability, Annals of Mathematical Statistics 34, 199-205,

DeGroot, M. H. (1970), Optimal Statistical Decisions, McGraw Hill,
New York.

Fishburn, P. (1969), A General Theory of Subjective Probabilities and
Expected Utilities, Annals of Mathematical Statistics 40, 1419-1429,

Fishburn, P. (1972), Subjective Expected Utility with Mixture Sets
and Boolean Algebra, Annals of Mathematical Statistics 43, 917-927.

Fishburn, P. (1973}, A Mixture-Set Axiomatization of Conditional Sub-
jective Expected Utility, Econometrica 41, 1-25.

Fishburn, P. (1981}, Subjective Expected Utility: A Review of Norm-
ative Theories, Theory and Decision 13, 135-199,

Fishburn, P. {19%82), The Foundations of Expected Utility, D. Reidel
Publishing Co., London.

French, 5. (1982), On the Axiomatisation of Subjective Probabilities,
Theory and Decision 14, 19-33,

Herstein, I. N, and J. Milnor (1953), An Axiomatic Approach to Measur-
able Utility, Econometrica 21, 291-297.

Jensen, N, E. (1967}, An Introduction to Bernoullian Utility Theory I:
Utility Functions, Swedish Journal of Economics 69, 163-183,

Luce, R. D. and D. H. Krantz (1971), Conditional Expected Utility,
Econometrica 39, 253-271.

Pratt, J. W., H. Raiffa and R. Schlaifer (1964), The Foundations of
Decision under Uncertainty: An Elementary Exposition, Journal of the
American Statistical Association 59, 353-375,

Savage, L. J. (1954), The Foundations of Statistics, Wiley, New York.
Second revised edition, Dover Publications, New York (1972).

von Neumann, J. and O. Morgenstern (1947), Theoxry of Games and Economic

Behavior, 2nd ed., Princeton University Press, Princeton, New Jersey.



