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Optimzl Spending and Money Holdings in the Presence
of Liguidity Comstiraints and Random Income Fluctuations

ABSTRACT

We examine the optimel spending behevior and money holdings of & risk
averse individual who faces liguidity constreints and random fluctuetions in his
money income. Because of 2 cash-in-advance constraint, the individuel has e
well~defined transactiong requirement for money balances. In addition, because
money income is uncertain end mwoney is - by essumption - the only evailable
store of wvelue, the risk averse individuel elso holds money belances BS an
inventory wvhich can be drawn down in periods of unexpectedly low earnings. We
establish the stfict monontonicity properties of optimal expenditure and money -
demand decisioﬁs and show that the average propensity to consume ig directly
'relgteﬁ to expected income., We show thet, in the presence of random income
flucfuations, the risk averse individual has & unique target level of money
balances which depends directly on the dispersion of the probability
distridution which governs these fluctustions. We slso establish the existence,
continuity, &nd monotonicity properties of the unique stationary probability
distributions which characterize the behavior of optimsl money holdings and
beginning-of-period money balances in & stochastic steady-state. In particular,
the stationary distribution which characterizes optimal money holdings is shown
10 be glmostieeveryvwhere continuous and strietly increasing with & single mass

point at zero.



OPTIMAL SPENDING AND MONEY HOLDINGS IN THE PRESENCE
OF LIQUIDITY CONSTRAINTS AND RAWNDOM INCOME FLUCTUATIORS

Richard H. Clarida

In this paper, we exazmine the optimsl spending behavior and money holdings
of & risk everse individusl who fmces liquidity constraints end random
fluctuations in his money income. The liquidity constraints are of two kinds: a
prohibition aéainst borrowing end & cash-in-edvance reguirement that goods mst
be purchased with and income received in the form of money. Because of the
cesh-in-advance constraint, the individual hes a well-defined transactions
regquirement for money belances. In sddition, because money Iincome is uncertaein
end money is - by assumption - the only available store of value, the risk
averse individusl elsoc holds money belances as an inventory which can be drawn
dovn in pericds qf unexpectedly low earnings. The first objective of this paper
is to establish the monctonicity properties of optimel epending and money demand
decisions in such en environment. The second objective is to establish the
existence, continuity, and monotonicity properites of the stationary probability
gistributions which characterize the behévior of cptimz]l money holdings and
beginning~of-period money belances in s stochastic steady-state.

HBelipman (1981) studies a deterministic cash-in-advance model in which
money income is constant. He shows that optimel spending is a continuous,
strictly increasing function of bYeginning-of-period money balances and that the
marginal propensity to spend out of money belances is strictly between zero and
one {except when beginning telances are sufficiently small in which case the
marginal propensity to spend is unity). Helpman's results also imply that the
average propensity to spend out of beginning-of-period balances is directly
related to anticipeted income (again except when beginning belances are

sufficiently small in which cese the average propensity to spend out of



beginning balances is unity).l Finelly, Helpman establishes that spending and
money belances converge monotonically, and in a finite number of periocds, to e
stationary state in which they are constant and equal 10 the time independent
income flow,.

By contrast, very littie is at present known sbout optimul spending and
money demand decisioms or sbout the limiting behavior of optimsl money holdings
in the presence of random money income and a cash~in-advance constraipt. The
results vhich are available are established in the important paper of Schechtman
end Escudero (1977). Schechtman and Escudero show that optimal spending and
money holdings are contipuous, non-decreasing functions of beginning-of-period
balances end that, if the probability distribution which governs random mwney
income is discreté, theré exists & limiting distribution for beginning-of-period
monéy belances.

The contributions of tﬁis paper to the literature may nowv be summarized.
We establish that virtually ell of the properties of optimal spending and money
demand decisions derived by Helpmen {1981) for the deterministic, constant
income case carry over to the decisions of a risk averse individual who
confronts random fluetuations in his money income, Furthermore, we prove the
intuitive result.that, in the presence of random income fluctuations, the risk
averse individual has e unique target level of money balances which depends
directly on the dispersion of the probability distribution whieh governs his
random wage earnings. We are able to sherpen substantially the weak-
monotonicity resglts of Schechtman end Escudero 31977) by proving, along the
lines of Lucas (1978), that the agent's indirect utility function (value
function) inherits the sirict concavity of his period utility function.

Focusing our attention on the case in whiech the probebility distribution which
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governs rendonm earnings is continuous, we establisk the existence and examine
the continuity and monctonicity properties of the unique stationary probebility
distridutions which characterize the behavior of optimel money holdings and
beginning-of-period money balences in & stochastic s;eady-state. We shov that
the limiting distribution whieh charactierizes beginning-of-pericd money balances
is comtinuoue &and strictly increasing over its compact support. By contrast,
the stationary distribution which characterizes optimel money holdings is shown
‘to be almost-everywhere continuous with & single mess point et zero. This
latter result is shown to folovw from the inventory-theoretic nature of the risk
averse individual's intertemporal optimization problem and hes been obtain.ed by
Luces (1980) in & cash-in-advence model in which preferences, and not earnings,
gre uncercain.

The plan of the paper is as follows. In Section 1, we set up the model
and prove +the existence and pfoperties of the indirect utility functlion which
corresponds to the individuel's intertemporel optimization problem. In
Section 2, we derive the mnotonici‘éy properties of the coptimal expenditure and
money demand functions. 1In Section 3, we establish the existence, continuity,
and monotonicity properties of the limiting distributions which characterize
optimsl money holdings end beginning-of-period money balances in & stochastic

steady-state. In Section L, we provide some concluding remarks.



i .

1: The Individuel's Optimization Problem

Concider an individual who plans his consumption for infinitely many
periods t = 1,2, .+ . » He lives in an economy in which ell peyments are mede
in the form of money and in which money is the only asset. In particular, for
purchases of goods he has to pay with money, and his wage income is received at
the end of emch period in money. The individual must decide at the beginning of
each period how mich to spend on consumption subject to the cash-in-advance
constraint that such spending not exceed his beginning~of-period cash belances.
That portion of the individuel's beginning money balances which is not spent,
which we shall refer to és money holdings, is cerried over to the next pericd.
Letting P, denote the period ¢ price level, ct period t consumption, ht pericd
t money holdings, and m% beginning of period t money ﬂhlances, we can express

the individual's cashein-advance constraint as

+ =m. 1
P, ct ht mt (1)
At the end of period %, the individual receives a money wage payment, €yr for

lebor services which are inelastically supplied et the beginning of the period.
The individual cannot use money income received at the end of period t to
purchase goods in period t. Period ¢+ money holdings plus period + money income

thus determine the money balances available at the beginning of period t+l:
h, +e¢,=m _, (2)

Consumption of ct goods in peried t yields utility of Btu(ct) where
g = 1/1+6, & the positive rate of time preference., We shall meke the standard
assumptions that u{c) is strictly concave, increasing, and differentiable and

that the random varizbles € x sare i,i.d., with a continuous, and continously
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differentiable c.d.f. G{e). The range of € is an intervel le.e] which is a
finite subset of R+.

We shall resirict our sttention to the case in which the individusl can
rationally expect the money price of goods to remain constant. As has been
shown by Lucas (1980) and Bewley {(1980) in somewhat different contexts, this
restriction is consistent with generzsl equilibdrium in an economy in which there
ere & continuum of agents, (outside) money is fixed in supply and is the only
asset, and there is no aggregate um:c:rt,s.!.n‘t:;,r.2 In whet follows we shall
normalize the constant price level to one so that P, =1l,t=212, ...

The individual's intertemporal optimization problem mey be expressed es:

mx E } Btu(ct)
£=0

subject to

+ £ T m .
b, % t+1’

+ h = m
(‘.l 1“:

e »20;h >0, m > 0,
t t t

Let v{m) be the value of the cbjective function of an individual who begins
the period with money balences m end behaves optimally. This function must
satisfy:

v(n) = max { ulc) +8) vim - ¢ +2)dG(e ')} (3)
cs<nm

Following closely the arguments presented in Luces (1978;1980), we nov establish

+he existence and properties of the wvalue function v.
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Theorem 1: Under the assumptions on u and G, there exists a unique, bounded,

continuous, strietly increassing, strictly concave, and once continmuously
differentiable function v such that

vim) = max { u(e) +Bf v(m ~ ¢ +¢)asle) }. (&)
cem

Furthermore,
v'(w) = u'(c*); {5)

where c¢* is the unique solution to (b).

[ ]
Proof: We follow Lucas (1978;1980). Let L be the space of continucus, bounded
k.
functions u: R + R normed by H u H = sup | u(z) | « Define T as the operstor on
L such that (i) reads v = Tv, Using Berge (1963), T: L » L. Using Blackwvell
*
{1965), T is & contraction #o thet Tv = v has & unique solution v € L and
n »
HTu-v || + Qeas n+ ® for gll ue L.

It is easy to verify thet T takes nondecreasing functions of m into
strictly increasing functions of m. We now show that T takes convave functions
of m into strictly concave function of m. Let v be any element of L, let
8} 1 0 0 1 0 0
B #m, let 6 ¢ (0,1), and let m =6m + (1-8)s . Let ¢ < m attain

0 1
(?v)(m'), the right hand side of (L), and define ¢ similarly. Then
& 0 1 8
¢ =608¢c +(i-8)c” < m . It follows that

0 o 6 ]

(Tv){m ) » u{c ) +BEv(m -c +¢)

0 0 "0 1 1 1
>8lule) +8Evim -c¢ +¢e)] + (1-8)[ule”) +BEv(m =« ¢ +¢e))

> e{'rv)(mo) + (1-8)('1‘?)(1:11);
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where the first, weak inequelity, restates (L), the second strict inequality
reflects the assumed concavity of v, the strict concavity of u, and the fact
that m° # @ and & ¢ {0,1), &and the finel inequelity is the definition of o
end ml. Thus, we have shown thet Tv is strictly conceve if v is concsave,.

For ell m such thet c* < m, the differentiability of v follows directily

from Luceas (1978) proposition 2. For m such thet ¢* = m
vim) = ulm) +8[vie)dGle ); (6}

and (5) follows directly. Since the one-sided derivatives agree, continuous

differentiabiltiy follows, Q.E.D.

The existence and besic properties of v are established in Schechtmen and
Escudero (1977), elthough our epplication of the contraction mepping results
t0 this "income fluctuations" problem would eppesr to be new. The
contrivution of Theorem 1 is to show that v inherits the strict concavity of u.
Earlier papers by Schechtman and Escudero {(1977) and Mendelson and Amihud (1982)
have established only the concavity of v. We shall nov use the strict concavity
of v to investigate the monotonicity properties of optimal spending and money
demand decisions in the presence of random income fluctustions and & cash-in-

advance constraint.
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2: Properties of Optimel Expenditure and Money Demand Functions

In this section, we establish the monotonicity properties of the optimal
expenditure and money demand functions. We begin by proving the existence,

uniqueness, and continunity of these functions.

Lemma 1(Schechtman and Escudero (197T)): Under the assumptions on u and G,

there exists & unique and continuous function cf{m;G) such that
vim) = ule(m;G)) +8) vim ~ c(mG) +e)dcle); (1)

thet is, ¢ is the optimal expenditure function in the sense of cbtaining

maximam expected utility. Furtbhermore,
v'(m) = u'(el(m;G)). (8)
There also exists & uniciue a continuous function h{m;G) such that
v(m) = uln - k(m;G)) + 8/ v(h(m;G) +e)aGle); (9)

that ig, h is the optimal money demsnd function in the sense of obtaining

maximun expected utility.

Proof: The maximizetion problem (h_) invelves maximizing & continuous, strictly
concave function over a compact, convex set. Hence c(m;G) is uniquely defined
and, from Berge (1963), p. 116, continuous. The existence, uniqueness, and
continuity of h{m;G) follows immediately from these results and the casheine

advance constraint (1). Q.E.D.

We now establish that optimal expenditure is a strietly increasing

function of beginning-of-period money balances. We elso show that the marginal
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Propensity 1o spend cut of money belences is strictly between zero and one,
except vhen beginning belances fell below & uniguely defined criticel level in

which case the merginal propensity to spend out of money balances is unity.

Theorem 2: Under the assumptions on u and G, the¢ optimsl expenditure function
c(m;G) is strictly increasing in beginning-of-period money belances (see

Figure 1). For all 0 € m & &, where & is the unique solution to
w'ik) = gf v'(elacle ); (10)

the marginel propensity to spend ocut of money balances is unity and the optimal

expenditure function is given by
c(m;G) = nm. {11)

For 1l m > &, the marginal propensity 10 spend out of money telances is
strictly between zero and one and the 6ptiml expenditure function is uniquely

defined hy
u'(elm;G)) = 8] v'{m - clm;6) +¢e)dcle ). {12)
Proof: Egustions (10), (11), end (12) follow directly from (7), the definition

of v given in (b4), the assumed properties of u and the differentiability and

strict concavity of v established in Theorem 1. Noting that for &ll i > 0
Jvim+x < clmi6) +e)d6le) < [ v'(m - elm;G) +e)dale); {13)

and using (10) and (11), ve see that ¢ is strictly increasing in m. To show

that the marginal propensity to spend out of money belances is less than one
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for all m > @, we Just observe that (12) implies
wlelm;G) +4)) <3 vi(m+3 = (elmG) +5) +e)acle), (14)
Thus cl{m + x:G) - e{m;G) <*. Q.E.D.
Corollary: For ell 0< m< @, oplimel money holdings &re zero (see Figure 2):
him;G) = 0; m< &, (15)

For all m. > f, optimal money holdings are strictly increasing in m and are

uniquely defined YWy
u'(m - bi{m)) =8f v'(h{m) +€)aGle); m> h. (16)

Proof: Follows immediately from the theorem and the cash-in~advance constraint

¢ +h = m

We next establish that the saverage propensity tc spend cut of money
balances is directly related to expected income u = B (except when such

balances fall below the critical level T in which case the this propensity

is egual to one).

Theorem 3: The average propensity to spend out of money balances is directly

related to expected income. In particular for 2ll A > O

clmud/fm = clmu)/m= 1; 0< m< (17)

clmu)/m < elmush)/m< 1y m>h (18)
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Proof: From Thecrem 2 we know that a necessary and sufficlent characterization

of the optimel expenditure fanction is given y
uw'le{mu+r)) =8/ v'(m - elmu) + e + i u+)dcle), (29)

for m > f; otherwise c{m) = m. We mist show that v'{m;u) > v'(mju+ ). We work
recursively with the fact that v can be viewed as the limit of & seguence of

veluation problems. The agent's problem in the next to last period is given by

vimw+r 1) =mx { ule) +8Bu{m -c +¢& +24)} (20)
c S n

Define the meximand es £{mje;u:1). Then, Em(m;c;u 1) > Em(m;c;u +X31). Since

* *
vim;u;1) = E{m;¢c j;u-1) for some c , we have

v {mu 1) > v'i{mu + A1) (21)
Proceeding recursively, we can show that
v'mp i) > v'(mm + A4 (22)

provided v'{m;u-i~1) > v'(mu+ :1i-1)., It follows directly from Mendelson and
Amihud {1982) Lemma p. 696, that v'(m;i) converges to v'(m) uniformly on every

closed interval so long as u'(0) <=«. It follows that

vii{mp) > v {mmuH). {23)

Fron (19) and {23), we cbtain, for m > 0

u'{elmutr)) =8Ev'(m - clmuh ) +€ + A uA)

<BEv'(m ~ elmu) +e::) = u{elnu)). (24}

The theorem folows immediately from {(2k). Note also that m{u+#) > &u). Q.E.D.
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Theorems 1 and 2 establish that, with one exception to be discussed
now, the properties of optimel spending and money demand decisions derived
by Helpman (1981} for the deterministic, constant income case carry over to the
decisions of a risk averse individual who confronts ran@om fluctuations in his
money income. A feature of the deterministic, constant income cash-in-advance
model which does not appear to be shared by its stochastic counterpart is that
the former predicts that the marginal propensity to spend out of expected
income is exactly T times larger than the marginal propensity to spend cut of
money balances, where T is the (finite) number of pericds it takes the
individual to optimally reach steady-state spending and money balances equal to
the time independent income flcw.3

For completeness, wve now state without proof the result, due to Miller
(1976), that the average propensity to spend ocut of money balances is inversely
related to the dispersion of the probability distribution which governs randem

money income.

Lemma 2 {Miller (1976)): The average propensity to spend out of cash belances

ig inversely related to a mean preserving spread of G:
e(m;Gluio)) /m < e(m;Gu))/m; (25)
where G(u) second-degree stochastically dominates G(u;o);_i.e.
Sule )aG{e su;0) < Sule )aG(e su ). | (26)

for all inecreasing, strictly concave u.
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Corollary: The average propensity to hold money balances is directly related
to the dispersion of +the probability distribution which governs money income.

In particular,

h(m;G(us0))/m = n(m;Gn)) =0; 0< m< ko) < & (27)

Blm;Glpse ) /m < b{m;G)) <1; = > ki) (28)

This obvious corollary to Miller's {1976) result highlights the inventory-
theoretic, precautionary motive for holding money belances in the presence
of rendom money income fluctuations. Confronting more uncerteinty sbout his
end-of-period money income receipi, the risk averse individual spends less and

holds more of his beginning-of-period balances so as to at least partially self-

insure sgainst en unanticipated income shortfa.ll.5

Define a desired or target level of money balances to be eny stock of

beginning-of-period money telances such that planned hoarding
E(m) 2 v - elm)s (29)
is zero. Formally, & stock of target roney belances is Just e fixed point

to the eguation

n = h(mf) +u. {30)

We conclude this section by establishing that there in fact exists a unique
terget level of money balances which depends directly on the dispersion of the

probabiiity distribution which gbverns the random income fluctuatioms.
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Ny

ocposition: ‘'There exists & unique level of target money belances. That is,

T - e

|

the equation

o =him) +u (31)

has exactly one solution (see Figure 3) which is given by

z = c-l(u) ? u. (32}

meumm,meknlﬁtu@tmmymRMﬁisﬁmmmrﬂnﬁtome
dispersion of the probability distribution which governus the random income
fluctustions. That is, for all G(u) which second-degree stochastically

dominate Gl{u;c)

m (Glrse)) > = (Glu) (33)

Proof: Existence and uniqueness follow direetly from the Theorem 2 result that

0< n{m+) - bim) <A (3h)

and the fact that ¢ is continuous and strictly imcressing over & compact set and
. T
is thus invertivlie. The relationship between ¢ and m follows directly from

(31) 2nd the Corollary to Lemma 2. Q.E.D.
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3: The Limiting Distrivution for Optimel Money Holdings

The function ¢ and the cummletive distribution function G of £ together

define s Markov process

Wy S m - c(mt) e, 7 {335)

with state space R+. Thet is, given an initjel distribution for money balances,
Fl(m), the distribution G{e) end the difference equatiﬁn (37) together determine
the sequence of distributions Fl'(m). Fa(m). . + « vhich prevail et dates

t =12, . ., . The staticnery distribution for beglmning-of-periocd money
balances, if it exists, is the limit of this sequence. Schechtman and Escudero
{19TT) establish that, if the probebillity distribution which governs the random
income flutustions is discrete, there exists & limiting distribution for
beginning~of-~period mbney ﬁalances.

Our first tesk shall be t<;> relax this assumptions and to prove the
existence of & unigue, contimuous limiting distribution for beginning-of-period
money belances. Armed with these results end the properties of h established in
Section 2, we then esteblish the existence of & unique, almogt-everyvhere
continucusr stationary cummilative distribution fungtiqn which characterizes
optimal money holdings in & stochastic steady-sizte.

To sa&y that a sequence m, m2 « « « is subjeet to the transition
probabilities X means that XK(m,m') is the conditional probebility of the event

{m, < »'} given that m = m. Equation (2) and the definition of G imply that

Klm,m'} = G{n' ~ bim}). (36)
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If the provability distridution of o, is Ft(m), then the distribution of mt+1

is given by
Ft+l(m') =J'Q Ft{dm}K{m,m'} . (37)

Definition: The distribution F is & stationary distribution for K if TF = F,

where the operator T is defined by
TF(n') = [, N Kmn'}. (38)

Feller's (1971) ergodic theorems for Markov chains estabiish conditions on K and
2 whiech guarantee the existence of & unique statlonary distrivution F.
Furthermore, F represents the asymptotic distr%bution of mh_under any initial
distrivution. That is, the influence of the initial state fades away and the
system tends to & steady state governed by the stationary solution.
Mendelson and Sobel (1980) have applied the Felier (1971) ergodic theorems to
study'capital accumulation in the context of & general renewable resource model.
Following closely the arguments used by Danthine and Donaldson (1981) in
their examination of the limiting behavior of capital in the Brock - Mirman

(1972) stochastiec optimal growth model, we now prove the following theorem.

Theorem L4: Under the assumptions on u and G, there exists a contipuous and
increasing stationary distribution function for beginning-of-pericd money

balances, denoted F(m), which is the unigue solution to the functional equation

TF = F:

Fv') = [ Glm' - Blm))dF(v). (39)
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For any Fl’
lim F, = F. (L0)

Furthernore, F possesses & continuous density function which is positive on the

compact subset § £ e ,m] of E vwhere m is the uhigue solution to
n =him) +¢. (k1)
Proof: By assumption, the stochastic kernel
Klm,m') £ 6{n' - him)) (L2)

has a continuous density, denocted k{m,m'). It follows from Feller (19T1),

p. 272 that K(m,m') is regular. That is, the family of transforms ut( ) defined
by

ut(m') = fk(m;m')ut_l(m)dm; uy = 0; (k3)

for ¥y continuous and bounded is equicontinuouns whenever uo is uniformly
continuous.

We mist show thet the compact set & = [e,m] is the ergodic set of the
Markov process (35) with transition probebilities XK(m,m'), and that the
complement of & iz the transient set. This will insure thet all of the
probability weight of the stationary distribution lies in &, and thet any point
of 0 can be reeched from eny other point in thet intervel in & finite mumber of
steps.

We first show that, once the process (35) has entered 2, there is zero
probability that it will depart from it (see Figure b4). It follows immedistely

from the coreollery to Theorem 2 that there exists exactly one m such that
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nim) +€ <m; m > = (LL)

This implies that h{m) +€ < m for C € m< m. HNow observe that for m > & ,

u'{c(n)) < Bpu'(c(b{m) +¢) vwhich implies that m > him) +&. It follows that
€ ¢ n{m) +¢ < m (45)

That is, for M not in & and me &
k{m,M) = a&(M - him)) = 0. (46)

wé next show that there is no transient subset of 8. This follows from the
fact that, for. ell me R, him) +£ > m, hin) +¢ < m, and that c and 4G are
continuous. Hence, for &ll m e &, there exists an interval of positive length
surrounding m, l(-m), such that k{m,m'} > 0. These intervels cover 8.

Finally, we show that any interval disjoint from & is a transient set.
Any interval <o the right of ;; say [E,mll as depicted in Figure Lk, is
characterized by the fact that, for all €, him) +¢ <. m. The process {35} will
clearly leave such intervals in & finite rumber of steps with probability ome.

Thet is, there exists an N such that, for all n» N,
n -
T (bim) +¢ | < m (47)

for all possible reaiization of ¢. Hence, [E,mll is transient'(proba.bility one
of leaving, zero probability of re-entering). Exactly the same reasoning

applies fto intervels to the left of 8. Q.E.D,.
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Corollery: There exists & unigue, elmost~everyvhere continuous, increesing
stationary distribution, dencted X(h), which characterizes optimel money
holdings. The support of X(h) is the compact interval |0,h{¥)} of R. X has &

gingle mrss point et h = 0 sueh that

X(0) = Prov(n = 0) = F(h). (u8)
In general, X{h') is given by

X(n') & Fa™(n")). | (k9

Proof: From the Corollary to Theorem 2, him) = 0 for 0 € m< & vhich implies
(48). n{m) is continucus and strictly incfeasing over the compact interval
[&,m] so that the inverse h'l(h') exists and is right continuous &t h' = 0,

vhich implies (k0) and the right contimuity of X &t O, Q.E.D,

The shape of the probebility distribution which cheracterizes oplimal
money holdings is shown in Figure 5. There is e mass point at zero and then a
smooth distribution on (0,h(m)}. The intuition is straightforward. Money is an
inventory wnich is held to self.ipsure sgesinst sdverse income fluctuations.
Since the rate of t%me preference is positive, the optimal inventory policy
cannot be bounded away from zerc. In other words, if the individual were
setting money demand so that, with probability one, money belances were never
exhausted, he could increase his expected discounted uwtility by holding less
money and spending more on consumption. This is the result obtained by Lucas

(1980) in & cash-in-advance model in which preferences, not income, &re random.
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b: Concluding Remarks

In this paper, we have examined the optimel spending behevior and money
heoldings of e risk averse ipdividusl who faces liquidity constreints and random
fluctuations in his money income. Eecause of & cash-in-advance constraint,
the individual hes & well~defined transactions reguirement for money balances.
In addition, because money income is uncertain and money is - Ly assumption -
the only svailable store of value, the rigk averse individuel alsc holds money
balances as an inventory which can be drawn down in periods of unexpectedly low
earnings. We have shown that virtually ell of the properties of optimal
expenditure and money demand decisions derived by Helpman (1981) for the
deternministic, constant income carry over to the decisions of a risk averse
individual who confronts random fluctustions in his money income. We alseo
showed that, in the presencg of random income fluctuations, the risk averse
individual's desired or targét level of money balances iz unique and depeﬁds
directly on the dispersion of the probebility distribution which govern these
Tluctuations. TFinally, we established the existence, continuity, and
monotonicity properties of the unique stationary probability distributions which
characterize the behavior of optimal money holdings and beginning-of-period
money balances in a stochastic steady-state. We showed that the limiting
distributlon which charscterizes beginning-of-period money balances is
continuous and strictly increasing over its compact support. By contrast, the
stationary distribution which ctharacterizes optimal money holdings was shown to

be almost-everyvhere continuous with a single msss point at zero.,
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ROTES

(1) Helpman (1981) also shows thet the merginal propensity to spend
out of anticipeted earnings exceeds the marginal propensity to
spend out of money belances. It is not clear that this is even
& meaningfull experiment in a stochastic context since the agent
is mssumed to knovw the stetionary probability distribution whieh
governs his random income,

(2) In Lucas (1980), the agent-specific disturbances are to preferences
vhile in Bewley (1980) eack agent's endowment of lsbor is random.
Although we do not do so here, it is possible to extend the
Lucas (1980) proof of existence in e cash-in-advance economy
to the income fluctuations case studied in this paper.

(3) However, using (23) and {(2L) it is possidle to show that the
maerginal propensity to spend out of expected earnings does exceed
the merginal propensity to spend out of cash belances. See note

(1).
(k) T™he proof can be found in Miller (1976), Theorem 2, pp. 163 - 165,

(5) See Bewley (1980) for an in-depth analysis of the self-insurance
motive for holding money,

(6) In particular, under the assumptions ocutlined in the text,
Schechtman and Escudero (1977} show that money holdings evolve
according to & delayed renewal process.
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The optimal expenditure function c(m).
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The target leve)l of money delances n;r .
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