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0. ABSTRACT

The paper considers approximate distribution theory as a way to de-
liver practical improvements over asymptotic methods. Trials of the adequacy
of asymptotic series based approximations are conducted and the results
exhibit the need for further improvements. An alternative approach is
suggested which utilizes a family of extended rational approximants (ERA's).
ERA's build on the strength of primitive exact theory or asymptotic series;:
they allow us to blend information from diverse analytic numerical and ex-
perimental sources, The ultimate objective of the approach is to incor-
porate directly into software constructive functional approximants relevant

to statistical practice. An illustration is provided.

*This is the text of an invited lecture delivered to the 51st annual meet-
ing of the Japan Statistical Society.

My thanks go to Alison Gold for her help in preparing the graphical
illustrations, to Glena Ames for her skill and effort in typing the manu-
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1, INTRODUCTION

My subject today is concerned with attempts to improve upon asymp-
totic methods in statistical inference. This is a field where scholars
in mathematical statistics and in econometrics have made many recent ad-
vances. My point of view in this lecture will be that of an econometrician
who wants to see such improvements used in empirical work.

Let us start by considering the alternatives. On the one hand we
have exact distribution theory. Exact results are available for many
statistical estimators and tests, particularly under Gaussian assumptions;
and the frontiers of the field are expanding rapidly with modern develop-
ments on the algebra of functions of multiple matrix arguments. The final
results of such distribution theory often have a generality and a mathe-
matical elegance that is very appealing. But the complexity of exact theory
makes numerical work very difficult., Even now, only the simplest exact
results are used in empirical work. Researchers in the field inevitably
recoghize that much of the motivation for their work comes from the intel-
lectual challenge of unlocking the mathematical form of a distribution in
a previously unknown case. They understand that exact results are seldom
useful in the operational transmission to the empirical researcher of
knowledge concerning the sampling properties of common statistical pro-
cedures. These considerations combined with the mathematical difficulties
of exact theory lead many scholars to the view that approximations must
provide the vehicle by which such a transmission is accomplished, as indeed
they have in the past through the use of crude asymptotic resuits. Thus,
the introduction of better approximations is seen as a way to deliver

practical improvements over asymptotic methods in statistical inference.



The most significant progress on approximations in the last ten years
has been based on asymptotic series expansions. These expansions provide
refinements of crude asymptotic theory and they apply in very general situ-
ations extending to time series problems and nonlinear regressions. They
can even be worked out by computer symbolic algebra and built into regres-
sion programs. Considerable headway has been achieved on all aspects of
this work, ranging from issues of mathematical validity through to problems
of practical implementation. Already we are approaching the time when
these expansions could be routinely applied in empirical research. But,
like new pharmaceutical medicines, these approximations should be well
tried in laboratory type conditions before they are dispensed on the general
public, here the empirical investigator.

The first part of this paper considers two simple trials of the ade-
quacy of asymptotic series based approximations. These trials help to
exhibit certain strengths of the asymptotic series approach. They also
indicate the weak features of the approach where the results are not suf-
ficiently reliable for use in empirical research.

The need for further improvements in approximations motivates the
second part of the paper. Specifically, we are often interested in improve-
ments which can repair the inadequacies of the asymptotic series approach.
It is in this area that some of my own research has recently concentrated.
The natural intellectual origin for work on this prcblem 1ies in the diverse
field of applied mathematics known today as approximation theory. For many
years, physicists have drawn upon the rich vein of technique in this field
to assist in the solution of some of their more complex problems. Those
mathematical statisticians most familiar with the methods of mathematical

physics have also made good use of the field. The most celebrated of these



are Henry Daniels, Harold Jeffreys and L. C. Hsu who explored the use in
statistics of saddlepoint (SP) approximations and the Laplace method. To
my knowledge there has been little or no attempt to implement some of the
other promising techniques of approximation theory within mathematical
statistics. My own work endeavors to take such a step in a systematic way.
The approach that I have developed brings into play a new family of extended
rational approximants (which we refer to under the acronym ERA). ERA's
may build on the strengths of a primitive exact theorv or a less flexible
approximation method such as an asymptotic expansion; and they allow us
to simuitaneously blend information from diverse analytic, numerical and
experimental sources. In this way the approach seeks to achieve a meaning-
ful integration of earlier directions of research. Its ultimate objective
is to incorporate directly into regression software constructive functional
approximants to distributions which are relevant to testing problems in
statistical practice. This can be done with ERA's in much the same way
as computer function routines presently embody approximants (usually rational
functions) for the commonly used transcendental functions.

The second part of the paper is devoted to an exposition and illus-

trative application of the new approach,

2. TWO TRIALS OF ASYMPTOTIC EXPANSIONS

2.1. Testing Linear Restrictions in the Multivariate Linear Model

We work with the Tinear model

(1) Yy = Axt tu o, t= Ty e T

where Y is a vector of n dependent variables, A s an nxm matrix

of parameters, x, is a vector of independent variables and the u, are



i.i. N{0,Z) errors with I positive definite. The hypothesis under con-

sideration takes the form:

(2) H0 : Dvec(A) =d

where U is a qxnm matrix of known constants, d 1is a known vector and
vec(A) stacks the columns of A .

In econometrics, this framework is a common one, The matrix D
can take many different forms and it is necessary to allow for this degree
of generality rather than restrict D to a Kronecker product form as is
common practice in multivariate statistical analysis [ 2]. For example,
in applied demand analysis where Yt is a vector of expenditures or budget

shares on different commodity groups and x_ 1is a vector of prices and

t
total expenditure (or income) the theory of consumer demand implies certain
restrictions on the parameter matrix A . When the model is based on the
Rotterdam system [10] or almost ideal system [ 1] the leading submatrix

of A of dimension nxn is symmetric. The hypothesis (2) then involves
g = n{n=1)/2 restrictions.

This is an important case for empirical econometric practice when
the restriction coefficient matrix D cannot be reduced to a Kronecker
representation., A typical vaiue of n in applied studies of aggregate
consumer demand 1ies in the range 7-14, although cases as high as n = 40
have been studied empirically. When n = 10 the symmetry conditions of
demand analysis lead to gq = 45 restrictions in H0 . Thus, H0 can
achieve considerable parameter parsimony in econometric studies of demand;
but its validity is important to subject to statistical test. The fact

that sample sizes in such studies are often less than 50 observations makes

the need for a good sampling theory more acute in such a context. For,



in such cases when H0 severely reduces the dimension of the parameter
space, asymptotic theory and (as we shall see) its series refinements can
lead to very low inferential accuracy in statistical testing.

Unrestricted estimation of (1) leads to A* = Y'X(X'X)™' where
Yt = [yi' ....yT] s X' = [x1, ...,xT] ;: and the covariance matrix of

vec(A*) is N@® £ where N = {n,.) = (X')()'.l . We consider the commonly

N5
used Wald statistic for testing H0 given by:

(3} W= (D vec A*-d)'{D(N@z*)D‘}'](D vec A* -d)

*_'1| - tyy= Ty =
where I = Tm Y'(I -PX)Y . PX = X(X'X) X' and Tm = T-m .
Tne Edgeworth expansion to O(T'1) of the cumulative distribution.

function {(cdf) of W 1is given by the following formula:

+ a,x/(q+2)]
(4) P(W<x) = Fq(x[] - 20 :};q g J) + O(T-l)

where Fq( ) denotes the cdf of a Xg variate and the coefficients that

appear in {4) are given by the tensor sums:
(5)  ag = ngymylagay, +ag5, =a5,)
(6)  ay = nyimpplogay, +ag5, ¥o5 )

- iq-]
and @ = tr(£0,Q 'D.)

= t '] ‘.1
sty © tr(ZDrQ DSZDEQ Du) ’
Q=DN®Z)D' ,
D= [D-i E 02 E . E Dm] s

D; = gxn submatrix of restriction coefficients relating to the

;
it independent variable.



The expansion (4) was first obtained by Rothenberg [ 9] in unpoublished
work and special cases of it have been known in multivariate analysis for
some time. Appendix A gives a direct derivation of (4) using a method and
a notation different from Rothenberg's. The special cases reported in [ 2]
can be deduced immediately from {(4) and its noncentral extension for local
alternatives.

When D =g'®D, for some m vector g and gxn matrix D, ,
the restrictions (2) take the simpler form D,Ag = d . We assume D, to

have full rank q < n and the Wald statistic (3) then reduces to the form:

(7)W= (DA% -d)' [0, 2051 (D,A%g - d)/g"Ng

210,500 e, 2 = (D,A%g-d)/(g'Ng) /2

Ll

2

which we identify as Hotelling's T° statistic. Specifically,

(Tni'q +])w/qu has an F distribution,

q,Tm-q+1
In this special case the coefficient formulae (5} and (6) reduce

to ag = q° and 3, = a(q+2) , and the expansion (4} has the form

} [ . axx -1
(8)  P(Wex) = Fq(xL] - FE]) v
We deduce from (8) that, if Xy is the critical value for the xg distri-

bution at the upper 100a% level, then

q+x

S "a{‘ ' "zr'q}

m

is the corresponding critical value for (8) correct to O(T'l) .

With these formulae comparisons of the asymptotic, Edgeworth corrected



and exact critical values for tests of various sizes are simple to perform.
The table below provides some numerical computations for empirically rele-

vant values of Tm and q at the 5% level of significance.

Asymptotic, Edgeworth Corrected and Exact Critical Values

for the Wald Statistic (7) at a nominal 5% significance Jevel

q
Tm ] 5 8
X = 3.84 Xg = 11.07 Xg = 15.51
10 x; = 4,77 X = 19.96 x5 = 33.74
Exact = 4,96 Exact = 36.58 Exact = 108.53
Xg = 3.84 Xq = 11.07 Xq = 15.51
- - *
20 x* = 4.3 x% = 15.52 x* = 24.62
Exact = 4,35 Exact = 17.8} Exact = 40.00
Xq = 3.84 Xq = 11.07 Xq = 15.51
30 x5 = 4.15 Xy = 14.03 x5 = 21.58
Exact = 4.17 Exact = 14.94 Exact = 32.67
x_ = asymptotic critical value for test at 100a?% nominal
% significance level.
x; = Edgeworth corrected (to O(T'l) } critical value

for same test.

These numerical computations make it clear that the number of restric-
tions q plays a critical role in the adequacy of asymptotic based
approximations. For gq small (unity or close to unity) the error on the
asymptotic critical value is less than 25% even for quite small degrees
of freedom Tm . Moreover, for these cases, a large fraction of the error
js removed by the Edgeworth correction. Thus for q =1, Tm = 10 the
error on the asymptotic is 22%% while the Edgeworth correction reduces this

to 3.8%, which is acceptable by most standards. On the other hand when



q 1is moderate or large (relative to Th } the error on the asymptotic
formula can be very substantial indeed. Moreover, while the Edgeworth cor-
rection works to remove the error in this case the error that remains after
the correction is still substantial. Thus, when g = 8 , Tm = 10 the
asymptotic error is 86% and the error after the Edgeworth correction is
69%. Even when Tm trebles in value to 30 the Tatter error is still as
high as 34%. By most standards these incorrect critical values would lead
to seriously misleading inferences in empirical work.

Evidently, the approach to the limiting x2 distribution is much
slower as g gets large. As the error on the asymptotic formula increases
the Edgeworth correction has more work to do in order to narrow the gap
to the exact critical value. It seems reasonable to deduce from these com-
putations the following general verdict concerning the adequacy of Edgeworth
corrections: asymptotic expansicns of Tow order (to O(T_]) } do well
and can provide significant improvements when the error on the crude asymp-
totic formula is not too large (in rough terms under 25%); but when the
asymptotic error is large (above 75%) the asymptotic expansion is usually
poor and can, in some cases, be worse than the crude asymptotic.

We will see an instance of the last mentioned phenomena in our

second example,

2.2. The Distribution of the Serial Correlation Coefficient

We will consider the autoregression
(10) yt = G_yt_] + ut 3 t Z e -], 0, .l’ s e

2y .

in which the u, are j.i.d. N{O, o Qur attention will concentrate

on the distribution of the least squares estimator of a 1in (10) given
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by o= ZI=]ytyt_]/ZI=1y%_1 . This statistic is a non circular serial cor-
relation coefficient and it can be used to estimate the correlation between
consecutive observations in an ordered sample. Unlike most correlation
coefficients, however, its distribution is supported over the entire real
line and approximations to the distribution which remain adequate in the
tails are difficult to obtain.

In earlier work [3, 4] the author derived the following explicit
expression for the Edgeworth series expansion of the distribution of

- -] 2
]/2(1 / (a-a) :

-1/2
)=o(x) +w(x)[ 1201-a%) (1428

W

-1
+ (1/4T)(1-0°) {(1~a2)x+(1+a2)x3-2a2x5}] . o(1-Y/2)

where o(x) and @(x) denote the cdf and pdf of the N(0,1) distribution,
respectively. The corresponding series expansion for the density of
T'l/z(l -az)-]/z(&-a) is obtained by differentiation of (11).

As explored in [ 3] the approximations implied by (11) deteriorate
in performance as & + 1 ., This is to be expected since the asymptotic
normality of & f{on which (11) is based) holds for lal <1 but not for
a=1 nor for la] > 1 . The following Figures exhibit this phenomena

by graphs which trace the asymptotic and Edgeworth approximations (to

O(T'1) ) against the exact density for T=5,10,20,50 and o« =0, 0.9.

R A M b D R e

When a =0 , we see from Figures 1, 2 and3 that the approach to

normality is reasonably fast. This is partly explained by the symmetry
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of the exact distribution and the fact that the error on the asymptotic
distribution is O(T'l) for this case. Thus when T = 20 (Figure 3) the
error on the asymptotic is generally quite small relative to the exact
density. The Edgeworth correction is so good in this case that the exact
and approximate densities are almost indistinguishable on the scale of
Figure 3. When T =5, however, the errors on the asymptotic are more
substantial and the corresponding errors on the Edgeworth approximation
(shown in Figure 1) are of the same magnitude but generally of different
sign, due to overcorrection, ﬂe may conclude that for a = 0 the Edgeworth
approximation performs well for moderate and large sample sizes but needs
refinement for small T .

When o = 0.9 the situation changes dramatically. We see from
Figures 4 and 6 that the asymptotic delivers a very poor approximant not
only for T as small as10 but also for T as large as 50. The rate of
convergence to normality is here very slow indeed, Correspondingly the
Edgeworth approximations (shown in Figures 4,5and 6) are also poor and are
particularly unreliable in the tail regions where they are worse than the
crude asymptotic approximant. Only in the central body of the distribution
for T = 50 is the approximant adequate. This visually apparent differ-
ence in the rate of convergence is explained by the fact that at x =10
-2)

the errors on the Edgeworth approximant are of o(T 3/2) .

rather than 0(T
We conclude that for the case of o = 0.9 the errors on the asymptotic
distribution are sufficiently large (even for large sample sizes) to make

the Edgeworth corrections quite unreliable.
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3. AN ALTERNATIVE APPROACH BASED

ON_CONSTRUCTIVE FUNCTIONAL APPROXTMANTS

In [ 5] and [ 6] the author has recently been expioring mechanisms
by which we can build on the strengths of less flexible methods such as
asymptotic expansions and primitive exact theory with the object of pro-
viding improvements in distribution approximants where they are most needed.
Before we describe the approach taken in these papers it is worth pointing
out that improvements inevitably carry a cost. Just as asymptotic expansions
yield improvements over crude asymptotic theory by utilizing more information
about the underlying random processes, so too do the methods I will describe.
However, they have the additional advantage of a flexibility which enables

them to blend information from diverse analytic and numerical sources.

3.1, pdf Approximation

We start by considering the problem of approximating a certain probability
density function (pdf) in Co[ov-, w] , the class of continuous, positive valued
functions that vanish at infinity. For the direct approximation of densi-
ties, we introduce the following family of extended rational approximants

(ERA's) of maximal degrees m and n :

m
TO+Y1X+ ...+me

(12)  era(x;y) = s{x}{m/n){x;v) = s(x) -
VY X e T X
where s(x) 1is a given coefficient function usually in Co[ﬂnfﬂ] and
vy is the vector of rational coefficients.
The first steps in thé practical implementation of the approach re-

quire important elements of judgment in three areas: (1) choice of the

coefficient function s{x) ; (ii) selection of the degree of the rational
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function [m/n] ; and (iii) determination of the coefficients in vy .
The problem is one of constructive functional approximation within the gen-
eral family defined by (12). The solution to this problem in any particular
case will rely intimately on the information that is available about the
true distribution. Typically, we will want the approximant to embody as
much analytic and reliable numerical data about the distribution as pos-
sible. This directly affects the choice of s(x) and the prescribed
degree of [m/n] . As argued in [ 51, theoretical and practical consider-
ations often suggest a specialization of the family (12) to that in which
numerator and denominator polynomials are of the same degree {i.e., m = n)
Primitive analytic structures will frequently provide a good choice
of s(x) . Obvious examples are: (i) knowledge that the true distribu-

tion has finite moments up to a certain order ( < u , say, where

-1
u = supremal moment exponent), in which case we may set s{x) = [1 +|x|“+1]

knowledge that a primitive form of the distribution is of a simple type,
such as the Cauchy distribution in the case of the limited information

maximum likelihood estimator (see [7 ]) leading to the form

-1

2)] ; knowledge of the Edgeworth approximation to a certain

s(x) = [m(1 +x

order, say
(13)  edx) = o00f1 47720 (x) + 1771 a500 ), wlx) = (2m ™ 2expi-n?/2)

in which case we may set s(x) = ed(x) except for those regions in which
ed(x)} becomes non positive where we may splice in a scaled primitive density
such as the standard normal or univariate t , In addition to analytic
structures like the above we may also use numerical data in the construc-

tion of s(x) , an example being nonparametric density estimates based on

3
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experinmental simulations. These choices of s(x) are discussed in greater
detail with some numerical illustrations in [ 5] and [ 6].

The main role of the rational coefficients ¥ 1in [m/n] is to build
on the strengths of s(x) as a primitive approximant and to allow the direct
use of numerical data in the approximant when s(x) is furnished by rigid
analytic formulae such as Edgeworth series. In [ 5] the author explored
the use of multiple point Padé procedures based on Taylor series expansions
of the true pdf at certain points including infinity. For example we may

utilize the two series expansions:

(14)  pdf(x) X ¥ ogx + u2x2 + ..., X=0

(158)  pdf(x) le-“']{ﬂo**'BI/x+52/x2+...}. x| = o

to select y so that to a certain order

era(x;y) = s(x)[m/nl{x;y)

has the same asymptotic behavior at x = 0, = as {14) and {15). The
examples in [ 5] and [ 6] show that this multiple point Padé procedure can
work very well even for low degree rational approximants ( m, n < 4 say).
Direct numerical inversion of the characteristic function also provides
pointwise computations of pdf(x) that can be used in such Padé procedures.
The example we give later makes systematic use of this latter approach.

[ 61 develops a theory of approximation for the class Col=emyeo]

in terms of the uniform error norm:

I1pdf - erall = supxlpdf(x) -era(x)|

This theory establishes the existence of a unique best uniform approximant
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era® = era(x; Y*) to any pdf € Col-==s=] , where Y* s such that

l1pdf - era™|| = iansupxlpdf(x) ~era{x;y)l

Denseness and characterization theorems are also established. The latter
theorem verifies the following error alternation property of the best
approximant: if the number of alternations of the error e{x) = pdf(x) -era(x)
(i.e., the number of consecutive points at which e(x) attains a maximum

with alternate changes in sign) is at least N = n+m+2 then era(x;y)

is the best approximant to pdf(x) 1in the family defined by (12). These
theorems extend the classical theory of approximation (given, for instance,

in [ 8]) to density approximation over the entire real line.

3.2. c¢df Approximation

The following modification of the family of approximants given by

(12} allows us to treat cdf and tail probability functions directly:

YO +Y]x+... +Ynxn
(16} Era(x;y) = S{x)[n/nl(x;y) = S(x)

= n even
+ + +
1 Y X e FYp X

X
where S{x) is a primitive cdf, perhaps directly of the form J s(t)dt ,

with the properties that S+ 1 as xtew, +0 a X+ - and >0

for all x . It will sometines also be useful to set Yn = You if we wish
to preserve the correct asymptotic (as x - = ) behavior. Approximants
of the form (16) yield density approximations by simple differentiation

and they can be used directly for the tail area probability calculations

that are needed for statistical testing.
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3.3, Composite Functional Approximation

The research reported in [ 5] and [ 6] is currently being extended
to treat the inherent multidimensionality of most practical problems by
functionalization of the rational coefficients in (12) and {16). This work
is being conducted jointly with P. C. Reiss of Stanford University. The
process can be demonstrated by considering the simplest problem in which
a cdf is parameterized by T (the sample size) over a discrete point set
{1 Z.To} . Let this function be denoted by cdfT(x) and suppose that
ST(x) is a primitive cdf, also indexed by T , suitable for use in (16).

Further, let

(17) Era(x; ¥(1) = Spx)1a/mix; ¥(T)

be the best uniform approximant to cdfT(x) for a given T, where ~(T)
is the vector of rational coefficients, We may now construct a composite
approximant to cdfT(x) by direct approximation to (T} over T . Spe-
cifically, we introduce the family

S
%ig T %30 % pn

(18)  [r/s)i{n) = <

+ 6. . + B
1 B]1n + ... B1sﬂ

of rational coefficient function approximants for Ti(T} i n=T" isa
suitably chosen power of T as the argument of the function. Freguently

=72 Wil be a good choice in practical applications.

n
We now let [r/s]? denote the best uniform approximant to Yi(T)

over the discrete point set (T > Ty} . Then

(19) EraT(x) = Era{x; [r/s]™)
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is called the best composite approximant to cdfr(x) over x € (—o,=) and

{T>Tyh .

3.4. Preservation of Asymptotics

It is interesting to explore ways in which the composite approximant
(19) may be formulated to preserve the validity of asymptotic series approxi-
mations, This is important from the point of view of the refinement of
asymptotic methods and from a practical standpoint. The latter is signifi-
cant because the point set over which the functionalization (18) is relevant
itself becomes finite, say (Ty <T < T} when (19) builds on a primitive
asymptotic theory, such as an Edgeworth series, which is known to be ade-
guate for T > T0 .

The simplest procedure involves the refinement of Edgeworth asymp-
totic series to improve their performance in regions of the distribution
and for parameter domains where there are inherent weaknesses (see Section
2 for examples). Suppose we are working with a statistic ar for which
T]/Z(uT-a) has a limiting normal distribution and admits a valid Edge-

worth series under general conditions at least to 0(T'1) . We may write
(200 (1% (ar - ) <z) = &2/ + 72, (2/0) 4T Npy(2/0) ) 4 017

and then

(21} Edy(x) = @(71/2(x-a)/o-+T']/2p1(T1/2(x-a)/c) +T']p2(T1/2(x—a)/c))

is the associated Edgeworth approximation to the distribution of &g -
Now set ST(x) = EdT(x) as the primitive approximant in (16) and

the resulting ERA for the distribution of ar has the general form:
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(22)  Eral{x;y) = Ed(x)In/nl(x;7) .

As usual n is an even integer (say n = 2m ) and we confine our atten-
tion to positive, bounded rational functions [n/n] over (-wm,e) . De-
compesing [n/n} into partial fractions and noting that there are no real

poles we may write

(23)  In/nl{x;7) = cq + J-L = ¥ x4

where Co s real, cj = cj1 + 1cj2 and dj = dJ.I j2

Best approximation in the class (22) to a given cdfT(x) leads to

+ id

the functional dependence ¥ = y(T} in the rational coefficients, as in
(17) above. The reparameterization suggested by (23) is useful in the
development of composite approximants which preserve asymptotic behavior.
It is therefore convenient to write ¥(T) in future as {(c(T), d(T)) .
We now use coefficient function approximants in the family (18)

for the components of c¢(T) and d(T) . First Tet us suppose that EdT(x)
delivers sufficient accuracy as an approximant of cdfT(x) for T > T0 .
Next we develop a first stage ERA of the form (22) leading to the coeffi-
cient functions {(c(T}, d(T)) under the new parameterization. Then we
utilize the family (18) to produce best coefficient approximants of the

form:
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-
(28) oy - oo * Con * eee * Copn RS V-
S L]
1+ eo1n + ... 7t €ag "

C. +Cc, nt ... +C. nr -

(25)  cypp = 3"0 k1 Jk; , on=T V2 (a1, m k=1,2)
dipn # dopqn + ou. +d., 0"
k . .

(26)  dypq - ALIUSMEN LY Jkg L on=T 2 (521, ....m k=1,2)

1 + fjk]“ + ... +f, n

over the interval of discrete points Ty =T E_TO} ; and

(27) =1, Cjszo (j=1,...,m;k='|,2)

Cot

for all T > 10 .

When this second stage is completed we have the composite approximant

EraT(x) = Era{x; crs dy) = Ed(x}In/n)(x; Cys dp)

which preserves the asymptotic behavior of EdT(x) as T -« and which

modifies the Edgeworth series approximant in the domain {7y < T < 1% .

3.5. Application

Research on a major appiication of the above procedure to tests for
serial correlation and for unit roots is currently underway in conjunction
with the author's research associate P. C. Reiss. This work is concen-
trating on the distribution of the first order non circular serial corre-
lation discussed earlier in Section 2.2 and builds on the primitive analytic
form of the Edgeworth approximation given by (11) in this case. At present
our research suggests that substantial improvements can be achieved with

Tow order rational functions. This is exemplified by the error curves shown
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in Figure 7 which refer to the distribution of & when a=0, T =5
and the composite approximant has the form EraT(x) = EdT(x)IZ/Z](x; Y(T})

-1/2 ]

with y(T) = [4/23(n) and n =71 Details of this work will appear

elsewhere.

T A o T

4, FINAL REMARKS

Composite functional approximants of the type discussed in the last
section can be directly written into regression software, With the use
of some additional minor subroutines they can be emp1oyed.to revise asymp-
totic critical regions or significance levels on a simple "user call” basis.
Many additional applications of this machinery are now possible.
One that is presently within reach and probably well worth the computational
cost involves an extension to the distribution of higher order serial cor-
relation coefficients. The final composite approximants in this case could
then be directly incorporated into the first stage of the Box Jenkins

modeling procedure,
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APPENDIX

We derive the Edgeworth expansion to O(T'T) of the Wald statistic

(A1) W= (D vec A*-d)'{D(N@Z*)D'}'](D vec A% -d)

given by equation (3) in the paper. We start with the characteristic func-

tion of W :

cf(s) = Jeiswpdf(A*, T*)dA*ds*

1

q/2+nT_/2 T T /2
o rn(—zri)(det £) ™ (det g)}/2

(2n}
Jexp{- %{a-d)'[Q'] -ZisTmK'1](a-d)}

T /2-(n+1)/2
} m/ (m1/ dads

etr(- ;—z“k)(det 5
where

Q=D(N®Z)D', K=D(N®S)D' and a = D vec A* ,

We transform S -z V/2sz"1/2 o B and upon evaluation of the normal inte-

gral in (A2) we find:

T /2-(n+1)/2
(A3)  cfyl(s) = ‘7rr7%§*r" J etr(— %B)(det B) ud
2 “‘rn(-zﬂ) B>0

det{1-2isT Q2 (DN B)T')"1Q/2 Ve,
m

B

-1/2
- EB[(det[I -2is7 0/ B(N® B)T" }'10”2]) ]
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where D = D(ICDZJ/Z) and the expectation E; s taken with respect to

a central Wishart variate with covariance matrix In and degrees of free-

dom Tm .

We define

G(B) = D(N®B)D'

g(B) = an(det R) = zn(det[l -215Tm0”26”16”21)
and

h(B) = eXp{- %g(B)} .

Evaluated at By = Eg(B) = T I~ these functions become:
GO = T;-lo ’ RO = (1 '215)10. s h(Bo) - ('l -Zis)'qlz .

The Taylor expansion of g(B) at B0 to the second order is:

. 2is -1 2is -1 -1
(A4) q R,I"I(‘] - 215) + W)‘U"(Q dG) - WP(GGQ dGQ )
m

where dG = D{(N® dB)D' and where we interpret the differential as

d8 =B - TI We may also expand h{(B) wusing (A4) as follows:

q -

h(B) = exp{- ig(B)}

. Z .
~ (1-2i5)792 1 43S 4riq-lae) - 45" s lir(ae0Tdeg)

2
- —25———7('0‘(0-](16))2 .
21_(1-2is) ’
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Since EB(dB) =0 and E[vec(dB)vec(dB}'] = Tm(1n2 +Kn) , where K, s

2

the commutation matrix of order n“ , we deduce that:

(a, y =27

2
. -1 .
(A6) E{tr(Q de)} R A PR

m"i 5 ke % ke
(A7) E{tr(0'1dGQ'1dG} =T

™% %5k et Fjkie !

where

Q
I

tr(xo;q'los)

rs
o . = tr(z0'Q" "D z0:q" "D )
rstu r st u
N = (”1j)
D= [D1 5 D2 : ces 3 D]

m

and Di is the qxn submatrix of restriction coefficients relating to

the ith exogenous variable in (1) and {2). The usual summation conven-
tion of a repeated index applies in (A6) and (A7). Using these coefficients
in the expectation of (A5), we find the following expansion of the charac-

teristic function of W to O(T']) :

3015 6115

. -q/2 -1
(A8)  cf.(s) = (1-2is) %21 + e+ + o1l
where

(R) ag = MysMyp (G505, * a5y = % kp)

= MM % ki T Pk
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Upon inversion (A8) yields the following approximation to the cumulative

distribution of W :

+ a,x/(q+2}
(A1) P(W<x) = Fq(x[l o ;}:q i D +o(Th

where Fq( ) is the cdf of a xé variate.
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