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Summarz

A sufficient condition is given such that first-order autoregressive
processes are strong mixing. The condition is specified in terms of the
univariate distribution of the independent identically distributed innova-
tion random variables, Normal, exponential, uniform, Cauchy, and many other
continuous innovation random variables are shown to satisfy the condition,
In addition, an example of a first-order autoregressive process which is
not strong mixing is given. This process has Bernoulli (p) innovation

random variables and any autoregressive parameter in (0, 1/2] .



1. Introduction

Let <Xt> = (... Xt-l’ Xt’ Xt+l’ ... ) be a sequence of random var-

1 -
iables (rv's), and Xa,b be the o-algebra generated by (Xa, Xa+1’ ...,Xb)

for -~= <a <b <ew, <Xt> is said to be strong mixing if

sup sup |P(ANB) -P(A)P(B)| Z a(s) + 0 as s + = . (1)

—<t <o £\.E}(_m’tBE)(t_*S’m

The strong mixing condition was introduced by Rosenblatt in 1956 to prove the
central limit theorem for "weakly dependent" rv's, It has since assumed a
position of comsiderable importance in probability theory. This is due to

its tractability in the derivation of asymptotic properties of various func-
tions of sequences of dependent rv's. . lts areas of application include:
central limit theorems — Rosenblatt (1956}, Ibragimov (1962), Rozamov (1963),
Philipp (1969), Ibragimov and Linnik (1971); laws of the iterated logarithm —
Oodaira (1975), Philipp (1977); empirical processes — Deo (1973), Yokoyama
(1973), Withers (1975), Deo (1975a), Mehra and Rao (1975b), Philipp and Pinzur
(1977), Andrews (1982b); order statistics — Loynes (1965), Welsch (1971, 1972),
Mehra and Rao (1975a2), Deo (1975b); and robust estimators — Koul (1977),
Andrews (1982a, 1982c).

While the strong mixing condition has been widely adopted in the liter-
ature, the number of well-known processes which satisfy the condition is still
somewhat limited. M-dependent processes are trivially strong mixing, since
a(s) =0, for all s > M . Kolmogorov and Rozanov (1960) proved that Gaussian
processes with continuous and positive spectral densities are strong mixing.
Also, Ibragimov and Linnik (1971) have shown that stationary Markov processes
<Yt> are strong mixing provided thelr s-step transition probabilities,

p(S}(y,A) , satisfy



sup ‘p(s)(y,A) -P(Yt en| «c

w lps for all s =1, 2, ..., (2)
Yy

for all measurable subsets A of W , where Yt takes values in W , and
Cl < « 1ig some constant.
In this paper we add to the list of strong mixing processes certain

first-order autoregressive (AR(l)) processes. By definition, <X,> is an

AR(1) process with innovation rv EO (with corresponding inmovation process

<€.> ) and autoregressive parameter p if
X - pX =€, for all t©t = ... -1, 0,1, ..., (3)

and <e > 1s a sequence of independent identically distributed (iid) rv's.

AR(1l) processes are one of the most basic stochastic processes. As such, they
have had wide applications in statistics and applied probability. Fer ex-
amples, Durbin and Watson (1950, 1951) use AR(1) processes to model the error
term in time series regression models. The Box Jenkins (1969) time series
approach makes extensive use of AR(1) models (and more complicated autore-
gressive-moving average models) to represent the distributions of time series
from engineering, economics, and other fields of study. Also, AR(1l) processes
are seeing new applications in modelling dependent processes with gamma mar-
ginal distributions (see Gaver and Lewis (1980)).

The condition used in this paper to ensure that an AR(l) process is
strong mixing is that the innovation rv €0 has a density which satisfies
a smoothness condition. Since an AR(1l) process is defined in terms of the
distribution of €0 and the autoregressive parameter p , this is a more
transparent and natural condition than that given in terms of s-step transi-

tion probabilities in (2) above. (Note, condition (2) is also sufficient

for an AR(l) process to be strong mixing, since AR(l) processes are stationmary



Markov processes.,) Section 3 gives several alternative smoothness conditions
and numerous examples of distributions of € which satisfy them.

It is not surprising that many AR(l) processes are strong mixing, since
many of the results which use the strong mixing condition have been proved
directly for AR(1l) processes. However, in Section 4 we show that the smooth-
ness condition placed on the distribution of the innovation rv is not superfluous.
It is demonstrated, by explicit construction of sequences of sets A &€ X__ .

3

and B € X s =1, 2, ...

t+s, o , that AR(1) processes generated by iid

Bernoulli (p) innovations are not strong mixing--no matter how small the auto-
regressive coefficient is! This (somewhat surprising) result is unfortunate.
We would like the mixing condition used for the numerous results listed above
to be satisfied by all processes which are sufficiently "weakly dependent”
for central limit theorem and related results to hold.

When first introducing the strong mixing condition Rosenblatt (1956)
commented that "It would be of very great interest to see how much stronger
the notion of a strong mixing condition is than that of an ordinary mixing
condition [as defined, e.g., in Hannan (1970)] in the case of a strictly sta-
tionary process.” The result of Section 4 addresses this questiom, since not
all AR(1) processes are strong mixing, yet it is well known that all (Lz)
AR(1) processes are ordinary mixing (e.g., see Hannan (1970, Chap. IV, Thm. 3)).
However, while the ordinary mixing condition is sufficient to derive Ergodic-
type results, it is not sufficient to derive the central limit theorem and

related results which are possible with the strong mixing condition.



2. Strong Mixing AR(1l) Processes

In this section we introduce a condition, Sp » on the distribution
of an innovation rv g This condition may depend on p , an autoregressive
parameter. We show that an AR(1l) process <Xt> generated by £g and p ,

where satisfies Sp, is strong mixing. Further, themixing numbers of <Xt>

€0
are shown to be dominated by an exponentially declining sequence.
The condition Sp is examined in Section 3. There, several alternative con-

ditions are given which involve only the distribution of ¢, and not the

0
autoregressive parameter p . These conditions are much simpler than Sp s
but stronger. Examples of distributions which satisfy one of these conditions
are given,

Define the variational distance between two rv's Y and Z by

Sup]P(YED) -P(Z ED)’ where B 1is the Borel o-algebra on
DEB

84(Y,2)

= S 1w ~ £, ) |du(w)

where fY and fz are the densities of Y and Z with respect to some

measure U .

The innovation rv ¢ (with corresponding iid innovation process

0

<g,> ) satisfies condition Sp if:

(Sp) For a given constant p € (-1,1) , there exist positive constants p ,

q and C , and a positive integer s, such that

Eg € L? .

and for s = g

1 s~1
pg'eg, ) pﬂ'E2 +y) < clyl? )

b
AL(
v £=0 =0



where B 1is the Borel oc-algebra on R .

Theorem 1, Suppose the rv ¢

0

with innovation rv EO

strong mixing, and the mixing numbers o(s) , s

process <Xt>

s
2(c + DEX |+ 1o

a(s) < a(s)

1 for

where v =min{p,q,1}, and s, , C, D,

0

satisfies condition

1, 2, ... of

o * then the AR(1)

and autoregressive parameter p 1is

<Xt> satisfy

(5)

and g are as in Sp .

The proof of Theorem 1 uses the following lemmas, whose proofs follow

that of the Theorem:

Lemma 1. If the rv €5 and the constant o are such that condition Sp
holds for some s = Sg > then condition Sp helds for all integers s Z 8,
{and the constants p , q , and C are independent of s ).

Given an innovation process <Et> ’

erated by Ea’ Catl? "0 £y s

be the g-algebra gen-

for -» <a <b «w, Let X be the class
- - - a,b

of all finite unions of finite intersections of sets of the form {XtGED}

where D € B, the Borel o-algebra on R, and where t i1s an integer in
(a-1,b+1) , for == <a <b <« ., Note, X; b is an algebra.
| ]

Lemma 2. If the distribution of €, satisfies sp , then for any B € x;;+s ,
e ——r—— ’ue
there exists B € 41, such that

sup IP(AnB) -P(A ﬂ§)| < &(s) (6)

AEX

—m,t

for all s =1, 2, ..., where &(s) is independent of B and t , and is

defined in (5).



oo
3

Lemma 3. Lemma 2 holds with Xé . Treplaced by Xt
r

Proof of Theorem 1. Suppose A € X , BE€X , and E is a set in
-t tts, @
Et+1 . Such that (6) holds. The existence of B is guaranteed by Lemma 3.
*
Then,

|[P(ANB) -P(A)P(B) |
n,
< |panB) ~Pa0B)| +|PAnE) -pa)e(®) | + [P(A)R(E) ~P(A)P(B) |

<2+ sup |P(ANB)-P(ANE)]

AEX_,

. Y} . N
since A € X_m’t C:E_m’t and B € Et+l,w imply A and B are

independent,

< &(s) for all s=1, 2, ..., byLemma 3, where &(s) is independent of

B € xt+s,w and of t .

Hence,

sup sup IP(ANB) -P(AYP(B) |
t AEX_m't,BEXH

als)

5,%

g(s)

| A

for all s =1, 2, ... . [j

Proof of Lemma 1. We prove the Lemma by induction. Suppose (4) holds for

s = v , we show (4) holds for s = v+l .



v v
sup [P( ] o', €p-y) ~ B( ] o', €D)]
DEB £=0 =0

= sup |[IP(V+e €D-y) - P(V+€ED)]dPE(;)I
DEB R

v=1 Iy ~
where V= | p e, and E 2 o'e
2=0 v

< [ sup [P(VED-e-y) - P(VED-e) |dPx(e)
R DEB

= [ sup |P(VED-y) -P(VED)|dPx(e)
R DEB

= sup |P(VED-y) -P(VED)]
DEB

since the integrand above is independent of ¥,

< C»

y]q for all ]y] <1, since (4) is assumed to hold for s = v .

By assumption of the Lemma, (4) holds for s = s Hence, by induc-

0"
tion, (4) holds for all integers s 289 » [:I

Proof of Lemma 2. Any set B in XE+S . ©an be written in the form
¥
J K
B= U N X . €EB,)
y=1 k=l t+s+1jk ik
where ijk is a non-negative integer for all j , Lk, Bjk is a Borel

set in R forall j, k, and J, K are finite. For notational

simplicity let T = t+s , v = t+s+i

ik and i = ijk , for
=1, vvoy J and k=1, ..., K. (Note that v and i
J K
vary as j and k vary.) Also, let UN demote U N .
jk j=1 k=1

By repeated substitution in (3), XV can be written as



)
X = Z pE .
v 2=0 v-2
Define
- vet-1
X = E €E
t,v 220 P Eyep t+l,v ?°
and
- 3 L _ v-t
Y, o, c . I ee,_, =0 X E X g ©Fpy forall i,
=y-t
Note,
Xv = Xt,v + Yt,v
Define
B = g 2 (Xt,V'EBjk) € Et+l,m

where Bjk ¥),k are as in the definition of B .

X and X can be written in terms of X_ and X » Trespec-
v t,v T t,r

tively, and €rt1? Sp420 o0 By :

iilz 'E'L i

X = pe_ .t pe, _, =W + p X,

v =0 v 7 =1 Y L r,i r
i-1 v=-t-1

and g;,v 1£0p Cy-1 + zzi ) wr,i +e xt,r ?
i-1 s

where wr,i = 2 GRS € Et+s+l,w .

2=0



Now, for any set A€ X_m .
3

|P(aNB) - P(ANE) |

i i
(_wr i+p X EB )]) - P(An[lJJ g(w r,i +p Xt,rEBjk)])]

Un
jk
lf ...I[P(AO[U r](wr i+pinEBjk)J)— (Aﬂ[;l Q(W i piﬁt,rEBjk)])]dpﬂ(yl

where W = (W s seesW_ . ) and w= (w s seesW_ . ) : since
Bin RS Ty Tl
X_ and ')Er are independent of W by the independence of E__ , and
3 L]
Er+}.,w , and of Et+1,r and Er+1,m .

| A

lf .:n.(f[P(An[x e-—(u NB v, )]

~ 1
) - PAN(X _ €= NB, -w )])ldP (g)l
. ER tr T ik T, W

’ o

[ooof sup |P(ANIX_€D]) - P(An[x L €D |ar,
K DEB t,r ~

where B is the Borel o-algebra on R,

1A

I A

sup lP(An[x _+0°X_€D]) - PAN(X. €D
DEB i

4 s = —-— 4 =
i{{gg% P(ANIX, _+e xtemlxt x,) P(An[Xt’IEDHXt x,) dPXt(xt)

[ sup|P(a|x =x.)" [P(X +psxt€D) -P(X_ _€D)]lary (x,)

R DEB ’ e °©
since 1) conditional on Xt =X A and kt r + pSXt are independent,
-]
and A and %t , are independent, and 2) kt r and Xt are independent,
] L]

Y
sup|P(X €D-psx y -B(X_  €D)|dP, (x,)
IJ;DEB t tr Xt



for all s 3_50 s

condition § |
%

| A

Thus,

2« sup |P(ANB) -P(ANE)|

AEX
.-oo’t

v
where afs) , s =

10

< dp + X 0%k ) —-P(¥
< Sf Xt(xt) S[ ;ug[?(xt,rén 0°x,) P(Xt’IED)IdPXt(xt)

[lo7x, [>1] [o™x, |<1]

s-1 s=1
= p(fp%x |V > 1)+ [ sup|PC ] pte, €D-p%x) -P( T ple, €D)|dP, (x)
s DEB  g=0 * R =, S Xt
([o™x, |<1]

by the stationarity of € where v = min{p,q,1} ,
< lpvjsE‘X ‘v + f C~1 5 [vdp (x.)
= t . Pl dby WXy

[[p xt|<l] t

the first term by Markov's inequality, and the second bv

S
(c+DE[x [Ve¥] .

2(c+1)E(%, V1oV ®

[

1 for s <s, ,
z g(s) ,

1, 2, ... are eventually exponentially declining. [ |

Proof of Lemma 3. Let
"
Mopg,w = BEX o 0 BBEE, . with 2 swp |P(an®) - | <)} .
_m,t
1 1 .
Xt+s,w c Mt+s,m by Lemma 2, It is easy to show Xt+s,w is an algebra and
M is a monotone class. Hence,

t+s,x
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a(X! <
( t+s,w) Mt+5,w *

X! - '
where of t+s,m) is the o-algebra generated by Xt+s o « Since

»

¥ =
c(xt+s,w) = xt+5,m , this gives the desired result. | |

3. Conditions on the Innovation Rv for Strong Mixing

In this section we give a number of alternative conditionms which imply
Sp and are easier to verify than Sp . 1In addition, numerous examples of
distributions which satisfy these conditions are provided. First, however,
the following lemma is used to show that the results of Section 2 only apply

to AR(1) processes generated by non-atomic imnovation rv's.
Lemma 4. Condition SID is satisfied only if €0 is a non-atomic rv.

Proof of Lemma 4., If ¢

s-1 .
H = X PEY » and
2=0

0 has an atom of probability, then so does

&V(H,H+y) 3_sup|P(H_§a) - P(H <a—y)l +0 as y + 0.
aER

This contradicts Sp . [:I

Consider the case of an innovation rv EG

Sg = 1 . That is, € € 1P for some p>0, and

for which SD holds with

b,(egs €p*+y) < Clyl (7

for all ]yl <1, for some constants q > 0 and C < = , In this case

Sp is independent of ¢ and depends on the distribution of g, 1in a very

0

simple way. If €0 has a density f with respect to Lebesgue measure,



12

{7) becomes
JI£() - £w-y) |do < c|y]? . (8)

(8) is implied by the Lipschitz~type condition

|£ ) -f(w-y)| < ¢ly]|%g(w) (9)

for almost (Lebesgue) all u € QEO U 950+y » where Reo and ﬂ£0+y are

the supports of £o and eo+y , respectively, and where g(w) 1s some
integrable function (with respect to Lebesgue measure). Altérnatively,
with g =1, (8) 1is equivalent to the following conditioﬁ which is re-
lated to the differentiability of £ :

j f(w) _yf(W:l) du i c . (10)

Any one of the conditions (7), (8), (9}, and (10) plus € 1F  imply

‘0
s? holds.
Define the Kolmogorov distance between two rv's Y and Z as
8 (Y,2) 2 suplFY(a) -Fz(a)l (1)
aER

where FY(') and FZ(-) are the distribution functions of Y and Z ,
respectively. Then condition (7) can be altered by replacing AV(-,-) by
AK(-,-) provided the density of € satisfies a certain monotonicity con-
dition. For any two rv's Y and Z , AK(Y,Z) j_&V(Y,Z) , S0 the replace-

ment of Av by A, corresponds to a weakening of the inequality of (7).

K
This is a useful alteration because the inequality with AK is much easier
to verify than that with Ay » and the monotonicity condition is satisfied

by virtually all well-known distributions of continuous rv's.
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Theorem 2. Suppose € € LP , for some p >0, and €y satisfies
(K1) AK(EO’ eo-+y) 5_C|y|q for all Iy] <1l , for some constants q>0,

and C < = , and

(K2) €9 has density f with respect to Lebesgue measure which is (non-strictly)

monotone on each set in a partition of R into a finite number of
(finite or infinite) intervals,

then (7) holds and Sp is satisfied.

Remarks: 1. The Kolmogorov distance between EO and EO-+y is simply

A,(eny €4 +Y) = sUp f f(w)dw .
K0 0 aER [a-|y|,a]

2. Kl holds with q =1 1if f is bounded, since

A, (eqns Ent+Y) = sup / flw)dw < f_»
Ko o a€R [a-ly|,a] B

vl

where fB is the bound on the density of f .

3. In view of Remark 2 and easy verification of K2, the Theorem shows
that innovation rv's with any of the following distributions generate strong

mixing AR(1) processes: normal, exponential, uniform, Cauchy (which is in

P for 0 < p<1), x2 s t , F with parameters v >1 and X > 0

r
Laplace, extreme value, logistic, and Weibull with parameter ¢ > 1 . In
addition, any truncated version of the above distributions satisfies Kl

and X2.

Proof of Theorem 2. We will show (B) holds. Denote the intervals in the

partition of R given in K2 by I(aj, bj) > =1, ..., k1 , Wwhere the

. < b,
J— 1

non-decreasing on I(aj, bj) for =1, ..., ko and is non-increasing on

interval endpoints aj ) bj satisfy -= < a <=, and where f 1is
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I(aj, bj) for j = k0-+l, «+sy ko . Then,

!

{ £ - fw-y)|dw
j=1 I(aj,bj)

k
= {0 / f(w)do - ] fwaw+ / H£(0) = £(w-y) lde
j=1 I(aj+y,bj) I(aj,bj—y) I(aj,aj+y)
kl
+ z f f(w)dw ~ f f(w)dw + f |f(w) —f(m-y)|dm
j=k0+l I(aj,bj-y) I(aj+y,bj) I(aj,aj+y) J

by monotonicity of f on the relevant intervals and change of variables,

ko

< Z |: f flw)dw + f flw)dw + f f(w)dw}
i=1 I(bj-y,bj) I(aj,aj+y) I(aj-y,aj)

k)

+ [ flw)de+ [ fle)de+ [ fe)du
j=ko+1 I(aj,aj+y) I(aj,aj+y) I(aj—y,aj)

= 3le|Y|q

by KI. Hence (8) holds. [ ]

4, Non-Strong Mixing AR(]l) Processes

Consider an AR(1l) process with Bernoulli (p) innovations and auto-
regressive parameter p € (0, 1/2] . Theorem 3 below uses this example to
show that there exist non-strong mixing AR(1l) processes, including ones
with arbitrarily small autoregressive parameters. This implies condition
Sp of Section 2 is net redundant., Theorem 3 is proved directly, rather

than by contradiction. In consequence, the proof shows clearly how the
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discreteness of the innovation rv leads to a failure of the strong mixing

condition.

Theorem 3. There exist AR(1l) processes which are not strong mixing. In par-
ticular, AR(1l) processes generated by a Bernoulli (p) innovation rv and an

autoregressive parameter p € (0, 1/2] are not strong mixing.

Remarks: 1. The proof of Theorem 3 uses Lemmas 5 and 6, whose proofs
follow those of the Theorem., The proof shows that for any period t+s
there is a set B (which depends on s ) such that the probability that
Xt+s falls in B is bounded away from one (independently of s }; yet
conditional on Xi € (0,p) the probability is one. This holds for all
future time pericds t+s , and implies that <Xt> is not strong mixing.
2. The condition p < 1/2 is necessary for Lemma 5 which is used in

the proof of Theorem 3. One might conjecture that p < 1/2 is not a neces-

sary condition for the result of Theorem 3.

Lemma 5. Suppose <Xt> is an AR(1) process generated by a Bernoulli (p)

innovation rv € {(with corresponding iid innovation process <€, > )

and an autoregressive parameter p , where p € (0,1) and p € (0, 1/2]
s-1

L ~
-3 X .
Define ﬁt,s EZOp Et—ﬂ , and take WS to be the support of £, s

Then, the elements of Ws are at least of distance ps-l apart, for all

S=l, 2, “s e »
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Lemma 6., For <Xt> s P, and p as in Lemma 5,
P(X € (0,0)) >0,

and P(Xt € [p,1]) > 0 .

Proof of Thecrem 3. Let <Xt> s SEL> ., P ¢ » and WS be as in

Lemma 5.

Write Xt+S as

WS can be written as

where J 5_25 , and Wj , 1=1, 2, ... are the values &t s takes on

with positive probability.

Define A = {X € A} € x_m’t , B={X_ _€B}E Xitg,» » and

3 s+1
D= [p,1] , where Al z (0,p) , and Bl = Z (w,, w, +p ) Then,

PR

a(s) = sup sup |P(A" NB') ~P(A")P(B")|

L] 1 1
t'>0 A Ex_w,t. ,B 'Ext|_1_s,°°
> |P(ANB) ~P(A)P(B)]| . (12)

Now, for X, € Al (0,p)

J
s _ s s _
B, —px. = U (wj TP Xy Wy +p (p xt))
j=1
J
> U {w,},
3

j=
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and
P(X. _€B, -0 ) >P(R _€W)=1 13
t,s 1 P xt — t,s s (13)
Thus,
s
P(ANB) = P(X_ € A, and ﬁt’s+p X, € B))
= & s
fP(Xt,S'I'p x, € By)dPy (x,)
A t
1
Y
by independence of Kt,s and Xt ,
= fdPx (xt) by (13), .
A t
1
= P(A) (14)

Further, for X, €D = [p,1]

s s
e vy +p (p =x.))

s J
=z U (w, -
= J

J })
< S(W-—p ’ Wj)

j=1 7
and
- s J s
P(ﬁt,s € Bl-p xt) i_P(ﬁt’S € v (Wj -p, wj))
j=1
=0 (15)
A
by Lemma 5, since the values where Xt s takes positive probability (viz.,
?
-1 apart. Hence,

are at least distance ps

w, , 3=1,2, ...
j J
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P(B) = P(fit . +05Xt € B))
= éP(ﬁt,s-+prt € Bl)d?xt(xt) by independence of it,s and Xt
< [dP, (x.) + [P(& € B, ~p®x )dP, (x.)
~ R-D Xt t é t,s 1 t Xt t
=1~ P(X €D) (16)
by (15).
Thus,
a{s) > |P(ANB) -P(AYP(B)| by (12),
> P(a) - P(A)[1-P(X € D)) by (14) and (16),
= P(A)P(Xt € D)
>0

by Lemma 6. P(A)P(Xt € D) 1is independent of s , so0
als) #0 as s > =,
and <Xt> is not strong mixing. [:1

Proof of Lemma 5. The Lemma is proved by induction. For sets G, G

and G2 in R, let g
d(G) = inf{|gy -5 | : g4, g € G}
and d(6y, 6,) = inf{[gl -gzl i g) €6, gy €6y} .
For s=1, W_= {0,1} , and d(ws) =1 > ps—l . Hence, the result

of the Lemmza holds for s =1 .

»
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Suppose

d(w_) > ps71 (17)

for s =v . We show (17) holds for s = v+l .,

Now,

v
Wv+l Wv U (W& +0")

where Wv + pv {w-+pv : wE WV} , and

d(w

v ) v
v+l) d(Wv) A d(wv+p ) A d(WV, W +o )

= 0" A" ALY A" -0")] since (17) holds for s = v,

since pv—l - pv 3_pv for p € (0, 1/2] . [:I

Proof of Lemma 6, 0 and ¢ =1 imply

1
m
[msd
1
F=s
]

t-3

| el

%=3 P

<p for all p € (0, 1/2]

So,
3 2
0 < (1-p)7p=7"2(]) ey = 05 €5 = 1) < P(X, € (0,0)) ,
=0
as desired.
Also, e, = 0 and ¢ =1 dimply
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< Jot=E <1 for o€ (0, 1/2] .

Thus,

0 < (l-p)p=Ple, =0, e ,=1) <PX €[p,1]) . [J

t-

The result of Theorem 3 has already been shown for the case p = 1/2
by Ibragimov and Linnik (1971, p. 360). Theorem 3 gives a stronger, and
more interesting, result since it applies no matter how small the autoregres-
sive parameter is. Chernick (1981) implicitly shows AR(1l) processes with
autoregressive parameter p = 1/r for some integer r andlinnovation v
€0 where P(s0 =kp) =p for k=20,1, ..., v-1 , are not strong mixing.
However, his results and those of Ibragimov and Linnik are all proved by con-

tradiction. Theorem 3 is proved directly, and hence, gives greater insight

as to why the strong mixing conditionfails.
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