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Abstract

Under the assumption of common priors, if the information partitions of
two. agents are finite, then simply by communicating back and forth and
revising their posteriors the two agents will converge to a common
equilibrium posterior, eventhough they may base their posteriors on

quite different information. Furthermore, given any integer, n, one

can construct an example in which the revision process not only takes

n steps to converge, but no evident revision occurs == for (n-l)

steps both agents repeat the same conflicting posteriors -=- until

the last step when the two agents decide to agree. Comrmon knowledge

of each other's posterior does not necessarily leaé agents to the posterior
they would have agreed upcn had information been directly exchanged. On
the other hand, the examples that are characterized by a discrepancy between
the direct and indirect communication equilibrium,zare rare: with
probability 1, the revision process constructed here leads the two agents

in one step to the direct communication equilibrium,



WE CAN'T DISACREE PORCYER
by
John D. Geanakoplos® and Eerallis M. Polerarchakis®

Opinions depend on prio: beliefs held and additional i{nformation
recelved., Whether communication between agents is sufficient to elinmizate
differences of opinicn is a Question of prirmsry interest—porzative as well
a3 positive-=for the theory of decentralized decision making. Aumann
[1976] gives sn elegant end elementary ansver to this question. Ee dercne

tes thatif two pérsons bhave {dentical priocrs, and if their posteriors
for a given event A are commonm kiowledge, then these posteriors must be
equal, even though the tvo agents msy base their pesteriers on quite
different 1nromtién. Aurapn goes o to exphasize that the ey nqtion is

that of germon knowledze, which Be explaips intultively as follows: Call

the tvo pecple g and g. To uf tﬁl.t a3 eveat is common knovledge zears '
gore than Just that o and g kmew it; it pust als=o.be the case that a
kmovs that B knows'it, 8 kuovs thet o koovs it,o knovs that 8 Imovs
that a Xknovs 1%, and so dn. If one merely assuzes that the two'persous
-knmr each other's posieriors, the result is pot true.

In the present paper we want tQ answer A number of questiong left gpen
by Aumann's argument. Pirst, obsarve that the equality of the postsriors
is clajzed by Aumann only for those (rare) events whose posteriors happen

t0 be commen knowfledge. Ko process is described according to which an
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agent might revise his own pesterior when informed of the posterior of
the other agent. We shall demonstrate that |£or an arbitrary event A,
under the assumption of common priors, if the information partitions of
both agents are finite, then simply by communicating their posteriors back
and forth the agents will be led to make revisicns that in finitely many

steps converge to a commen, equilibrium posterior. This posterior we

refer to as the indirect ecemmomication ecnilirriyvme=indirect, since «

and £ commmicata their posterics en A but not directly the informaticn
thay received., TFuyxthermore, we shall show that given any positive integer,
2, Ohe Can construct an example in which the revisicn process not only

takes 2 steps to converge, but no evident revision occurs=~for (a-l)

steps both agents repeat the sams conflicting posteriors——until the last
step vhen the two agents decida to agree.

Second, ebserve that, in principle at least, agents G and £ could
cormmmicats to esach other not only thei:.- posteriors, but eve.:y shred of
knovledge, includi.ng everything concsivably related to the event A, they

possessed. 1In such a case, i.e., with pooled informatien (direct ecr=roni-

eation ecquilivrium), equality of the two posteriors is trivial, since zgents

ars assumaed to have identical priors. The guestion follows whether the
coomon pasterior arrived at in the indirest commmication equilitriwm coin-
gidas vith the comnona péste.:ior azTived at \n:h pooled informaticn. We
shall constzuct an exarple to demcnstrate that this is not necessarily the
case—cornon knowledge of sach cother's postz=rior does not necessarily lead
agents £o the posterior they would have agreed upon had informaticn been

directly exchanged. On tha cther hand, the examples that are characrerized
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by & discrepancy between the direct and indirect co':m:n.‘.cstion equilibria
€hidit & high degree of syrmetry, vhich is clearly atypical., We shall
conclude by demenstrating that "with prebability 1"--in a sease to be
pade preeb&-thé revisio:; process we coustruct leads the two agents in
coe itep %o the direct commmication equilibdrium.

In discussing the probability of scne event occuxzing, for instance
the election of a particular presidential candidate, individuals aze not
likely to recount every experiencs and piece of informaticnm they have ever
had. tnntﬁshowisthatt!twagentshavethcsampriorsmdifthey
knew the type of informaticn the other is capable of having cbtained (they
l‘.nﬁr sach cther's "information partitions”) then sixzply the terse announce-;
sent of probability assessbents back and forth will lead to a cormon judg-
sant; this judgment, howvever, may not be the sams cocomon judgment {ndi-
videals would make if they shared all their infocrmation.

Let (2,8,p) be a probability m. PP and PP partitions (known to
both agents) of  whkese 3oi,m:y P’Ws consists of non-noll events., In
the interpretatim:'t. (R.8) is the space of statas of t!;e world, p is the
eczon prior of e and B, and P" ie the information partition of persen
1, L » 0,8, If the true state of the world is ©, then i is informed of

i

that elexent P {w) otP: that containe @, Given w € {, an event E

is called common krnowledge at o 1f E  includes that member of the meetzl

PGAPB that ccntains oy,

" let A Ye an event, and let g"'f-l denote the posterior probability
p(AlP") of A glven 1i's informaticm; {.e., if w €8, then S"(u)
e pla NP (0))/p(F (w)).
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Proposition (Aumann): Let w €0, end let q‘. and q‘ be nunkhers.
If it is comwon knovledze et w that gu(u)'- T and gsw} - qa. then

<= qb

The concept of corron knowledge of the tud postericrs ean be made
explicit as follows: Consider the evenis

Eﬂ(n.) ={u' € nga(u') 23"} azd

E’(ﬂ) ={n' g Q|3'(u') = qs}

and let Po) de the pegber of the zeet PRAPP which contains w. To
‘assume that "it 13 comon koowledge st © that 3%(w) =q® e

s‘(u) = q‘s" 19 eqitivelent to the assuzption that g"(u) > ¥ ‘f') and
!"(u) P P(u). Intuitively thesz, the posterior;.'. of the two agents oa 22
svent. A can be common knowledge only 12 ig is the case that the probability
of A conditicpal oo g_.zelgant- of P* contained in P(u) 1s the saze.
But this s & Tather wnllxely sitmtion—-fcr zost eveats A it vill nmot
be t.‘a;e csse. As & resuli, Aumann's propesition dexconstraltes the ident.it?
of posteriors for & very limited class of events. In the argzi=ent that
follows ve 4o pot irpose exy restriciions on the event A. 0f cowse, 12
it is the case that the event A s@tisﬁes Auraza's conditiens, the
'oqmrbriun of ow revisicn proéess {s {ndeed Axuann's cor—on knovlsdge
eguilibrium,



-5~
Consider the following exmple:l/ut
Qw={1, 2, 3 4 5 6, 7,8, 9}, pk) -%for all x ¢ 0;
™ ({1,2,31,14.5.61.{7,8,91}
PP {{1,2,3,4}.(5,6,7,8} {91},

PP o P8 o Ty,2,3h e} {5,6),87,8}, (o)}

Parf- {1.2,3.4.5.6.7.8.9}:
@ = 1; hence f(m) = {31,2,3} and ]_’B(m) « {1,2,3,4} .

The only events A which could be common knowledgae are by definition tHgde
for which p(A i B)/p(E) -is t!:'.e same for all events E in Po VU PB. Ia
the example that leaves only A = Q or A=¢ and it is clear that in
the former case qu (w) --1 -;EB {w) ‘and_ in the latter case gu{u) - 0= 33 (w). Suprose,

en the othar hand, that A = {3,4}. Then & W m paf} Prad)/ptP W) = 1/3

wa B = pANPRWH/ARPP W) = 172, and these atfter.

Kow suppose, sti-ll _taking A= {3,4}, that the two agents are allcwed wo
announce and revise their posteriors. .‘!hen G might begin by anncmneing
'.i‘:h" = 1/3, which informs § that fa(u) = {1,2,3}or{4,5,6) . B alrveady
.k_n.c\l this, however, and so will still announce g:(u). 1,2, This tells o
that £ has cbserved BB = {31,2,3,4} yet dces pot change G's cpinion (sioce
he already has better information); hence, he will announce again Ei;(w) = /3
. At this point £ can conclude that ;?u'(u) -_l1,2,3}“ for 1f zu(m) vere (4,5,6}

then @ would have announced 9,f07 ® 1.Thus £ has gained informaticn and
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8
will himself anncunce q,(w) = 1/3 :and agreement is reached. Nota carefully

that for A = (3:4} the original t_;;(w) # t_;gtm) even though B knows 3?_((») vefore a

. a N
anncunces it (i.e., 8 can deduce frem his cwn information what 31"‘“” Tust be)

and ¢ knows Qiiu} without an announcement; B does not knecw, however, that ¢

Krows qf("*“ hence thezre is no common knowledge. TFinally, we leavé it to

the reader to see that if A = {1,5,9}, then we would get the process

q:(al) - 1/3, qi(m) = 1/4, q;(u) = 1/3, qg(w) - 1/4, qg(m) =1/3, qg{w) = 1/3, in which

the &gants repeated exactly the same opinions, yet still managed to comrmunicate
information. 1In Proposition 2 we show how to extend the repetiticns in-
dafinitely. | o
¥ore geﬁe:ally, let the two information pa:rtit.ians Pn and F*’B be
finite; 7 o _{_r:. :} ama P - '{rg,...,Pg}; Consider the

Jrocess, 7, of revision of their pesteriors %Y a and B defined stepuise

88 follows:
8ten 1:
P(Ec(u) N a)
(1) ¢ amownces q,{w)

a) =
A p(2%{w))

a
?(®, NA)

5 F3 ?: (m) }
p(E])

let - & be the set alt-{kl

» (2 " & P3) 0 4)

g ]
2 . ) =
(2) 8 apnounces q;(w P(P.B(u)nkgl P;)
(PP A U %) N
17 ek s
let b, be the set b, = {2] = * g )

3 a
p(P, N u P



-T=

-Sﬁeg t:
% N U P NA
- .I.Q)t 1
(3) ¢ annouzces q_:(u) = = 3
s M) 0 U Fy)
| 10¢-1
N U P NA)
. L&t 1 a
lat be the set = {x} = = go(w}
&, Do taemet &7 pEn U %) >
"'&t-l
pU(B(a) ngy ) na)
(%) £ acnounces Blu) = t
| =R H(e) 0 U E)
kag '
B¢ nk;p;) n4)
let ‘b, be tueset b, ® (2] L - S

pin uE)
k&t
Bote that at each step only prebabilities aze cmicated; yet the fund

of coomon knowledge is stsadily increasing:
ﬁacza...:at:st+1:... and

bl :hz : LR B J :bt-:bt+l : oaw



We shall pow _show that if,for some n, LY = a and bn*l = bn then

4% pust be the case thatl C_i:,}_f) - g:}f) + By definition, for all kx € 24

(%) (220 uel)na) afp(s®n urd) .
_l’k &nz LN LA ﬁnz

Similerly, for all £ €d

n-l-l’
(6) piEn U 23 na) edippin U D .
] S

Since & =a_, equation (5) holds for all X €a > 2ad hence

I M(EZN U PB) N a) 'gn_[“’) i (22 v Pi) Furtherzore, since
k& :.e:a kes) L=

the events in a partition are disjoint,

(n o UP‘n Ui na) = L VBN urd) .

J A L
t&n l.% | S S,

Similarly, equaticn (6) izplies that

p('uyin ub“na)-g:ﬁ,.p( up’n u ) .

x
ﬁn k&n 1=, k&

B = L

since the term p( V *;"s N UP ) is non-zero by the assu=mtion that

1 ]:Ea.
n

4/
P"VP‘B consists ¢f non-oull mnts. The argumeat for the convergence



of ¥ in finitely many steps can nov essily de cozpleted. 3y the
JReceeding argument at step ¢ ¢+ 1 either "_t"‘l S s, or bt-rl g bt’
unless the equilibrium has been reached with q:_g;) - C_l:}_{') Consequently,

in at most K + L steps, ¥ must converge.

Proposition 1: Undar the ssswption that the twe information parti-
tions are finite, given any event A, the revision process g converges
is finitely many steps. Furthermore, the su= of the cardiralities of
the two partitions is an upper dound on the puxber of steps requirsd for

the prucess to converge.

It is clear from the ug'tment for Proposition 1 that at every step
of the revisicn process the inforzation of at least cne of the two persons
changes . S.t"'l ez bt sbt+l' This does pot imply, hovwever, that any

- @f the posteriors must change--it mzy vell be that q:i‘i” = cz_:(w) and

cf‘p{) = 3:‘-““' Ve say that evident revisiss eccurs if E:g} féi(u} or
8, By,
) ¥l
S ¥ % .
| Consider the follcwing exacple:~

0o eXM1crca®l ; ple)m (L) rany xe0 ;

B -
o Iu,....n}, {ae1,...,221, {aoz.',....en}....,.{ntn-1)+1....,n’}};
P fi,.0040), (242,.,2242), (243,000,230,
{{a=2) (n+1)+1, e.., (a2=1) }, (n2}}

A= {1,n+2, 234-3,...‘,(::-2)(‘:;4-1) +1.n2‘}:

e=)] .,
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Men Pw) = {1,...,0) and Ps(u) = {1,...,n+1). Agent a anncurces

q':(u) = 1l/n while agent 8 announces qB

" (0) = 1/(n+l). Furthermore

. = ' vhile bl - PB/ l{nz}]. At every subsequent’ step up ¢0 the a-th
the sets By and bt are reduced by one elezent but the posteriocrs
o g 8 . o
_f_lt(‘) and c_;t(m) remain equal to 3:(:;:) and 35 {w) respectively. At the n-th
step, hovever, agent '8 ™eams" that o has observed . Q,... .n].' and,

consequently he znacunces gﬁ(u) = 1/n,

Prcoo'gition _2: Civen any positive integer n, one can comstruct

an exarple with finite informaticn partitions such that
(1) The process ¥ takes n steps to converge, snd

{2) BHo evident revision cccurs wmtil the final atep.y

We now twrn to the questicn whether the indirect cormmication
equilidrivn coincides with the dlrect cormmicaticn one. Censider the
folloving exacple:

8 =1{1,2,3,4} pli) = % for all i ¢ &

s "{-.1,2 e 6,0 .‘-'75 = , {1.3}‘.{2,4} } .

Let the true state of the world, w, be ) , and let A be the even  {1,4}.
men Pla) = (1,2} , fe(u) = {1,3} , cl,-“(u) = 1/2, gs(u) = ]:/2. Cerm=cn
novledge of the t#9 posteriors leads to no revision (the process = con-
verges in one stép) acd the indrect commumication equilibrium is atiaized
at {(1/2). Suppose, altemaﬁively, t.‘:a.t. the two ageats hadexchargsd infor=a-

ticn. Then esch of them vould be informed of Plu) = t’(u) A P(a) = (11}



and the direct compmunical equilibrium would bhe attained at (1).

Proposition 3: An indirect communication equilibrium is not necessarily

a direct commnication equilibrium.

Observe, however, that it is the high degree of symmetry that
characterizes the example which leads to the divergence between the two
types of equililria. No matter what set in his information partition
Ferson i had been informed of, he would have assigned a postericr of
1/2 to f.he event A. As a consequence, comaon knowledge of each other's
posterior is of no information value to the two agents. We shall now make
precise the intuitive notion that such a gituation is atypical: If the
event A is chosen randomly, then, with probability 1,. the process 7w converges,
for any o € 12, in one step to the direct communication equilibrium,

Consider the general structure {(Q,B,p)}, P* = {P:.....P:} and
Pﬁ = {P:,...,Pi}. We assume that p is non-atamic and puts positive

weight on every element of the join PuvPB - {Ql,...,Q”}; of course, these

assumptions still allow for the finite examples we have give-n simply by
taking partitions at uniform intervals. To each event A ¢ B we can assign
M

M
[0,1), where

a vector o(A) = (ollm,...,uuu)) £l = jgl

uj(hl - p(ﬂlel/p(Qj). §=1,...,M. Observe now that a straightforward

application of Liapunov's theorem, since p is non-atomic, implies that

the function o(+): B = In is mrje:ctive. Caonsequently, if we consider IM as
a meagsure space endowed with the lLebesgue measure, i, on the Borel g-field,
there is induced on-B a medsuri.h}.e structure and a measure,'jy, as follows:

a subset K¢ B is measurable if and



only if 0‘1 (G} = K, where G is a Borel subset of IM,- »(K) = A{G). Frem
the'mjeétivity of the mapping o(-), the induced measure y satisfies
u(o'ltc)) > 0 for any open set GC.’.IM. Cbserve now that, the process ¢ will,
given A, converge in one step to the direct communication eq.uilibrium is

(1) the numbers p(P:ﬁ A)/p(P'I} are distinct for i = 1,...,X and

(2) the numbers p(Q /YA)/p(Q.) are distinct for j =1,...,M.
3 3

Conditions (1) and (2) gquarantee that each agent reveals all his

information with his first annocuncement. Furthermcre, since p(p:f'\a\) /P'(P;) =

ga’é p: ¢

at least one of a finite number of linear equations in the variables cj (A)

j(A)p(Qj)/p(P:), condition (1) fails for same A ¢ B only if

is satisfied; the same bolds for condition (2). But the subset G* of I'
of points such that none of these linear equations hold has Lebesque
measure 1. It follows then from the definition ef the induced measuyre
pon B that, if K* = {A ¢ B: ¥ converges in one step to the direct
commnication equiliﬁrium}, K& o-l(G*) and hence u(K*) = 1 since

1> ulk) > ue l(G")) = A(M = 1.

Proposition 4: Let the structure {(Q,B,p) ,Pu,PB} and the function

o{*): B~ IM be as above. There exists a d-algebra of subsets of B and

a probability measure p on B such that (1) for any open set GC& IH, the set
{a ¢ B: o(h) ¢ G} is jp-measurable and has positive y-measure; (2) if

an event A ¢.B is chosen randomly according to u, then, for any w € R,

the process ¥ converges in one step to the direct communication equilibrium.
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A nuzber of recent vorks (see Radner [1978] for an cverview) have
deslt vith the problem of the information revesled through the price system
in a situaticn vhere agents trade under differential information. The
analysis has been restricted, howvever, to situations vhere the inforzation
of cone agent (oz" cne group of agents) is "bettar™ than the informaticn of
the other; the qpesticn asked has then been whether the less infor—ed agect
vill 'be edle to infer from the equilibrium prices the informaticn received
by the other, '!ﬁe sitvation we have considered is sore interestizg; the two
tgents are cnly assuzad £6 have "diZferent” information. Om the other hand,
o a.g?nts ezichanse their postericrs—they &o not just comzunicate through
the ee.ne:-al_. equillidrimm price mechanism., It is & matural question to ask -

“whether--or unisr vhat conditions—the result of the existence of & revisioen
process that lesds agents to a common poste:;ior is preéémd wmisr the
additionel cemplication that it i3 the price pachanism and not %4ke posteriors
themselves vhich is cozmon knovledge. |
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Footnotes

2/ The coarest common refinement of P® ana PB.
3/. The finest partition refined by both P® ana PB.
¥ Whenever 0 is finite, B is taken to be the power set of Q.
a [
& Cbserve that it is not the case that {if ?nig) - Enlg) then a "3
and bn+1 = bn'
s/ This example was provided by Robert Aumann in exchange for a Kosher dirner.

&/ . The azchetypal example of this phencmencn goes scoething like this,

7 There ars n students in a classroem, a2ll wearing red hats. Each can
see vhat the others ars wearing but dcoes not know the color of his
own hat. There is also a ruls that anvone can go home if he knows
his hat is red, but cocommicatien is not allcwed nor can anyone lock
at his own hat. Clearly nokody would ever leave, yet if one day the
tescher announced that there was at least one person in the room
wearing a red hat, a fact already known to every student, nothing
would happen for m -~ 1 more days but on the anth dzy everyona would
get up and go hozs, We give the explanaticn for a = 3. On the
first day after the teacher's announcezent, @, B , and Yy sit
still since each ses others with red hats, On the second day
might still be uasurs about the color of his hat. But he knows that
1f it were black then £ on day 1, 8 zust have been locking at ¥'s
zed hat and so stayed put and Y must have been locking at £'s
ved hat and so stayed put. But then on day 2 & figures that 8
would leave if a's hat were not red. For if a did not have a
red hat then 8 would know that Y could not have been locking
at @'s hat the first day but at 8's. Eencs on the seconé day B8
would have left. Since B diad not leave on the second day G knows
that his own hat is red and he leaves on the third day. In suxmary,
it is not until after the second day that 4 kiows that £ knows
wvhat ¥ knows and hence not until the third day everyone goes homs.
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