COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY

Box 2125, Yale Station
New Haven, Connecticut 06520

COWLES FOUNDATION DISCUSSION PAPER NO. 629

Note: Cowles Foundation Discussion Papers are preliminary
materials circulated to stimulate discussion and
critical comment. Requests for single copies of a
Paper will be filled by the Cowles Foundation within
the limits of the supply. References inpublications
to Discussion Papers (other thanmere acknowledgment
by a writer that he has access to such unpublished
material) should be cleared with the author to protect
the tentative character of these papers.

INFORMATION ABOUT MOVES IN EXTENSIVE GAMES: II

P. Dubey and M. Kaneko

April 26, 1982



INFORMATION ABOUT MOVES IN EXTENSIVE GAMES: I1¥

by

Pradeep Dubey and Mamoru Kaneko

1. INTRODUCTION

Our first concern in this aequell'isto develop a finite version of
the non-atomic result (propositions 5, 5%) of [1]. The problem is not
completely routine because information is discontinuous with moves. Indeed
the example in Section 2 of this paper openly flouts the non-atomic result.
It consists of two sequences of games nT 2 T nFc * Tc . Here nrc .
Tc are obtained from nl' , T by coarsening Information sets; and the
finite-player games nrl , ol "converge' with n to the non-atomic
games T , TI_ . But when the Nash plays of nT , nT_ are computed they
are found to diverge. And thus the non-atomic result of [l], which says
in particular that the Nagh plays of T and Fc coincide, is called Into
question.

The conundrum becomes clear if we notice that, in point of fact,
the games nl' do not converge to I . This is because of the informa-
tion conditions. In T no single player can affect the integral (average)
of bids by the very assumption that he is a point in a non-atomic continuum,
In sharp contrast, in every n --no matter how large n is—-any uni-

lateral deviation of bids by a player does change the average and can be

*This work was supported by 0.N,R. Grant No. N0O0014-77-C-0518 issued under
Contract Authority NRO47-006.

lihe notation and terminology of [1] 1s carried over into this paper.



precisely observed by others. The large n case therefore does not re-
flect the non-atomic assumption as far as information is concerned.
Intuitively one would think that that assumption should translate into
a finite game to mean: very small changes in the average cannot be ob-
served by anyone. This, in turn, may be imagined to stem from an intrinsic
grid on the scales of measurement; or it may simply be thought of as a
behavioral postulate of inertia in players' reactions (there is a positive
lower bound on the change that must occur for anyone to react). Once we
make such a postulate everything falls into place. But, In doing so, we
are forced to break away from the standard notion of a Nash Equilibrium
{(N.E.) and to alter it in order to take this lower bound into account,
So we introduce "e-N.E.'s" in Section 3 (where ¢ = the lower bound).
Then a finite version of the non-atomic result of [1] becomes available
(Proposition 1). Iﬁ can be transformed into a formal convergence theorem
{Proposition 2). The problem here is to construct a natural model of a
sequence of extensive games that is '"convergent.” One such is suggested
in Section 4, and it may be of some interest beyond the use to which it
is put in this paper.

With the intreduction of this bound, however, a cat is now let
out of the bag. Consider the standard "convex case,'" i.e., one in which
the set of moves 1s convex at any position and each player's payoff 1s
concave in his own moves. It includes a large class of 'normal form"
games, and a fortiori the games obtained by repeating them, provided
suitable payoffs are chosen (e.g. discounted sums, lim inf of the average).
Then a curious result (Proposition 3) occurs: the set of plays achieved
at e-N.E.'s is independent of the information conditions and of € > 0 ,

Moreover, this is true regardless of the number of players. The upshot



(Section 5.2) is an "anti-folk theorem” for finite~player games: for

any € > 0, the e-N.E. plays of the repeated game r coincide with

the N.E. plays of the minimal {nformation variant of T . Thus a certain
delicateness in the folk theorem is brought to light. It dramatically
breaks down with the slightest coarsening of information, i.e., making

€ >0, no matter how small.

The bound on a player's capacity of observation so far pertained
only to others’ moves. It is impelling to extend it to all observation.
In Section 6 we impose bounds also on what a player can see of his own
strategies and payoffs. Propositions 1 and 2 can essentially be retrieved
with the obvious modifications. This time the anti-folk theorem breaks
down. But it breaks in a manner whichlis continuous with these two addi-
tional bounds (Proposition 4). If their magnitude is small, we still get
a diluted version of if. And, iIn any case, the folk theorem is far from

getting reinstated.

2. AN EXAMPLE

To highlight the problem of the discontinuity of information it
might be best to examine an example in detail. There are two types of
traders who exchange two commodities through a trading-post. The initial
endovments are (1,0) and (0,1) for the two types, and all of them have
the same utility function u(xl, x,) = /§I§E'. A move of a trader is
to bid a quantity of his commodity for sale in the trading-post. Those
of the first type move simultaneously at the start of the game. The second
type of traders can find out the average quantity bid of commodity 1 be-

fore they make their moves, also simultanecusly, i.e., without knowledge

of the move of anyone of their own type. The total amount received of



commodity 1(2) is then disbursed to traders of type 2(1) in proportion
to their bids. If any one type bids a total of zero then no trade takes
place and the bids are returned. We examine a replication sequence
{nr}:=l where the game nl has n traders of each type. The limit
of this seuqence appears to be the game T 1in which there is a continuum
of each type. But this is not quite true because information is discon-
tinuous in going from nI' to T , with the result that a direct asymptotic
version of Propositions 5 and 5% of [1] cannot be obtained.

Formally the player-set in nl' 4is nN = nL U nM , where

nL = {1, ..., n} and nM = {n+l, ..., 2n} . The set of positions is
X = fxg} U 10,13 v (10,11™ x (0,11 ;

and

m{x4) nL, nw(x) =nM for all x € [0,1]nL ;

1(x) = ¢ for x € [0,1]nL x IO,l]nM :

X0
s,” = [0,1] for 1€ nL ;
S¥ = 10,1] for 1€nM and x€ 0,11 ;

-
n

i {xo} for 1 € nL ;

x
1, = {{s €[0,1]“L:% 69 =a}: o€ [0,1]) for i€ nM

Figure 4 . The game nT



X

For any z = (s 0

. {sx] nL) in ZF(nP) , the final
x€[0,1)
b4 X
0
61
by the rule:

holding

X0
X s X
1-si°,--—1—-——-- s, if ] >0 and
) S"o 2EnM 2€nL
£;(2) = | g€nL X
(1,0 otherwise
if i€ nL y and
Sx:l X X
L . Z 520. l—sil if ): >0 and
I3 s"l 2€nL 2€nL
EiCZ) = semM 4 )
(0,1) otherwise
\

X

)

2€nM

)

2€nM

if 1 € nM . The payoffs to the players are of course the utilities of

their final holdings.

al has some trivial inactive N.E.'s at which any one type bids

nothing and the other type bids arbitrarily. All these lead to the same

final allocation (1,0), (0,1) as the initial one.

All other Nash plays of nl' are given by:

s 0 is arbitrary;

*o0

n-1 . s %

x _ mif KEIi(xl),x

0 otherwise.

of player 1 is determined by p(z) (=(s , s 1) vith x, = (s %)

>0 -

?



if 4 € oM . Thus the set of Nash allocations (i.e. those produced at

some N.E.) of nr' 1is:

%4 n{n-1)

(xl, LY xn, Xn+l, s ey xzn) H xi = 1—“1’ ). o z'n.,l
L
i€nL

n-1

1
for iEnL,x=~Iu,1—~—
i n;lEnLi 2n-1

for 1 € nM , where

the o, € {0,1] are arbitrary and I a; > 0p U {initial endowment
i€nL

Now consider the game nTc obtained by assuming that players of type 2

observe nothing, i.e., Ii = [O,l]nL for 1 € oM .,
e (X 2

ul

Figure 2. The game ar

Besides the inactive N.E.'s, nrc has a unique active N.E.:

X
o n-1
8, PP if 41 € oL ;
x n-1
8y 7o 1 for all =x € Ii s, 1f 1 €nM .,

Thus the Nash allocations of nrc are either given by the initial allo-

cation or by:



,
[1-%1-1-,2—‘;%] {f 4 € nL
x, = 3

1 n-1 n-1
{m’l'm) it 1em

\

Thus it 1s clear that the N,E.'s of nl and nr do not converge
as n + o« .

On the other hand, if we look directly at the limit gamel ' (in
which there is a continuum of each type) then, by Proposition 5 {or 5%)
of {1], T and Tc have the same N.E.'s (in terms of the plays, i.e.,
allocations, produced). Indeed one can easily compute that these consist
of the inactive N.E.'s and the unique active N.E. in which all traders
bid 1/2 to wind up with the final holding (1/2, 1/2) (which is also the

"competitive allocation" of the underlying economy).

3. BOUNDED CAPACITY OF OBSERVATION

(with respect to others' moves)

The example of Section 2 shows us that we need to do some “doctoring"
to the Nash plays of nl' 1in order to develop an asymptotic version
of the non-atomic result. In T an arbitrary unilateral change
in strategy by a player does not affect the integral of moves anywhere
and therefore it cannot be observed by others. We translate this condi-
tion into a finite setting quite directly to mean: very small changes
made by a single player (say of "size" less than e for some positive
€ ) , cannot be seen by others. Then we are lead to the notion of an
"e~-N.E.," which is simply an N.E. modified by this constraint on observation.

To formulate this precisely let T now stand for an arbitrary

extensive game as in Section 2 of [1]:

1Which can be formalized in the obvious way.



X
= (N, X, n, {8 }x€x’ &, {hi}ieﬂ’ {11}1EN) .

Throughout we assume that N is finfte. W.l.o.g. (see Section 2.4 of
{1]1), there are no ending positions in T . There is a metric space D
with distance denoted d4 , and each Si (x € X, 1€ x(x)) i1is a non-
empty subset of D . Furthermore the fictitfous paths attached to ending
positions (see again Section 2,4 of (1]) are assumed to be identical,
with the same move at each step, whose distance from any "real' move in
I' is « . Define the metric & on X by the rule:

if x = (sxo, sxl, ey sxm) and y = (ryo, ryl, vrey ryk)

{with Xq = Yo ), then:

* Y2
max E d(si . ri) if m=k and 'n(xi) =11(y2)
0<i<m 1Ew(x£)
§(x,y) = 1 for 2=0,1,...,m ;
L ® otherwise
X, X x Yo ¥ y
let p = (s 0. sl,...,sm,...) and '1\)'=(r O,rl,...,rm,...) be

two plays. Then

6*(p,g) = sup 6(x )

. Y
4=0,1... * "%

constitutes a metric on P(I') .

x
Let z = {s }xGX € ZF(I‘) and let

X X 1 Km )

p(z) = (& 0, - S i

For ¢ > 0 and ti€S .

£ Yo N1 m
P (zlti) = (r ", T 4 .eees T 4, +0.) 1is, intuitively speaking, the play

that results from player 1i's deviation to L after accounting for



the fact that the others cannot observe any change (in positions) of dis-

y Y
tance less than ¢ . Precisely, (r 0, reey T m, +-.) 1s defined as

follows (with Xy = ¥, ):
Ye
(2.1) If 1€ u(yl) then o= ti(yl) , forall £=20,1, ...
(2.2) For all j#1i, j€ n(yk) and any k=0, 1, ...:
{
s:k if (a) 65, v < ¢
X2 Tk
(b) for 0 < g <k, s, €8 whenever
Yk { - - 3 h
T =
i j € ﬂ(xz)
\ sj(yk) otherwise

Note that (2.2) is compatible with the assumption that player 3j has

perfect recall,

Consider any € >0 . A z = {sx}xex € ZF(T) will be called an

g=modified Nash Equilibrium of o , and denoted ¢-N.E., if:
£
hy (0%(2[£,)) < b, (p(2))

for all ti € Si and all 41 € N .

Next we need to define the notion of an e-inner play of T for

* X1 *m
e>0. Thisisaplay p=(8 , 87, vecy38 5 .vs) 1in P(I') with

the property that for all ¢ =0,1, ...

(xl. Y) < € X

ie€ w(xl)
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In other words, the move employed by any player in p remains feasible
for small changes in positions around p .
If z is an e-N.E., and if p(z) 1is an e-inner play, then we

shall say that z is a (e)-N.E.

Proposition 1. Assume (a) z i1s an (e)-N.E. of T ;

® *(p°(zlt), p(2)) < forall ¢t € s! and 1 € N. Then p(z)

is a (e)-N.E. play of ¥ for everyl ¥ € A(T) .

Proof. Let z = {s%) o . Since N is finite, F(¥) =P(r), i.e.,
there exists z = {gx}xex € F(?) such that p(g) = p(z) . It suffices
to show that 2 is an (e)-N.E. of T . 1If this were not so then for

some ?i € gi - {where gi denotes the strategy set of i in ¥ ) we
would have hi(pE(%|%i)) > hi(p(g)) . Let {Ii}§=1 , where K could

be « , be the information sets of i through which the play ps(%‘%i)

i

passes. Define t, € S© by

i

?l(x) if x € Ig for some j
t,(x) =
arbitrary otherwise,

X X

We will prove that pe(%|%i) = pE(zlti) . Put pe(gl%i) = (s 0, s !

X Yo Y b/
s .Y, pe(zlti) =(r ,r 1, vee, T ™ ...) and
z

z
p(z) = (w 0, w

z
1, I m, ... ) where Xg =¥ = 2 - Make the induc-

tive assumption that x =y, for £ <k . (For £ =1 this is obvious.)
By (b) 6(zk, yk) < e , hence also G(Zk, xk) < e . Also by (b),
PR A *2 4 1€
vy € Sj (= Sj ) for a1l # <k and J €n(z) (= w(y,) = n(x,)) .
. X Z Yy z
By the definition of pe(...) we have sjk = wjk and rjk = wjk .

1Recall that A(T) is the class of all games obtained by varying only the
information sets of I (Section 3 of [1]).
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y

therefore s, = rjk , for §Em(z )N} . If 1€ w(z) = wly) = T(x)

~ X y
then ti(xk) = ti(xk) = ti(yk) . Thus s k. c K vhich proves that

1 T ka1
E e, vifv L")
But then we have hi(p (zlti)) = hi(p (zlti)) > hi(P(z)) = hi(P(Z))
contradicting that z 4is a (e)-N,E. of T .

Q.E.D.

It is often the case that an e-N.E. is also automatically a (e)-N.E.

In particular this is so for layered games T = (N, X, ...) , i.e. those

in which, for any fixed 2 , w(x) 1is constant and so is SI (1 € n(x))

for x € XE = the zth-laxer of T={x€X:x 1is at a distance1 £ from
the start Xq of T} . Clearly in a layered game every play is e-inmner

for any € , thus its ¢-N.E.'s and (e)-N.E.'s coincide.

Denote the (e)-N.E. plays of T by ns(r) . Then, mimicking the

proof of Proposition 2 in [1], we see that:

(2.3) 12 13% then n (N en ® .

Thus, under refinement of information, the (e)-N.E. plays grow in a nested

manner. Proposition 1 gives conditions under which the growth is stopped.

1 o %2
If y=( ,...,5 ) it is said to be at a distance 2+l from x, .

2I.e., i1f % is obtained by refining information sets of T (see Sec-
tion 2 of [1]).
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4. CONVERGENCE

Proposition 1 already has within it the germ of a convergence re-
sult. Indeed the only problem is to precisely formulate the notion of
a "convergent sequence" of extensive games. For simplicity we will focus
on the case of replication, i.e., when the rth game has r clones of
each of the players of the first, original game, Also players will be
assumed to observe the average of others® moves. (See, however, end of Section.)

~ - A 1
Fix = (N, X, 7, {8 }xEX’ ¢, {hi}iEN’ {Ii}iEN) . A sequence

X1 *n
Py = (ri R FEUICTRTS e .+.) , where 1 € N, will be called compatibie
Yo N m

with the play p=(s , s, ...,8 ,...) € P(T"} if:

(3.1) x for all 2 > 0 ;

[

¥ 2
(3.2) for all 2 >0, r, € 5,7 -

Define P, = {(p, P;) : p € P(r_) and p, is compatible with P} .
In order to define replication we need to assume that there are functions

E& : Py + R vhich are extensions of h, in the sense:

X X X X X X
— 0 *1 o %1
(3.3) h((s °, s eees B T i), (sg > si,...,sim,...))

We further assume

lLet us adopt the convention: if i € n(x) then (a) S: = {4} and,
accordingly, (b) si = ¢ for s* € 8¥ . sSince we have eliminated end-
points, this should cause no confusion with the earlier notation of (il,
"n(x) = § - s* = ¢ " (which was used to indicate end-points}.
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(3.4) each §: (£ € 7(x)) 14is a convex set of some fixed normed

vector space V (over the reals).

T will serve as the ambient game within which replication is de-

fined. First suppose

(3.5) a subset Si C:é: is exogenously specified for each x € X

and 1 € w(x) . (ST could well be finite.)
1

The game T (to be replicated) is embedded in T , i.e., it is

obtained from r by reducing the moves to SI :

X
T = (N, X, T, {S }XEX’ ¢, {hi}iGNs {Ii}iEN) .

Bere X c X ; and w, O, hi and Ii are to be viewed as defined

by the appropriate restriction.

th

The replica game IT (with 1T

' } will be denoted:

rr = (rN, rX, rm, {er} {rh

xerxr T8 {thiliens (P1idie0)

The extensive form rT_ = (rN, ..., r%) is given by the condition that

there exist a map rp from rX to X satisfying (for x, y in rX):

(3.6) rN = U [1]  where [1), = {(1,1), ceey (1,121 3
ieN
(3.7) ro(x) = U i1 3
i€n-rR(x)
(3.8) rsti,t) = SiB(X) for 1 € w-rg(x) and 1 <t <T ;

(3.9) X r. ¥ s TR(x) > rg{y) , and rB(er) = Xg 3
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~

(3.10) if s~ € $* then rB(x, sx) = (x, wx) , where TrB(x) = x

% 1 2 x
and w¥X = —-z 8 .
Irt=1 a, t)] i€merp(x)

Bere > , Y, is the partial order (see Section 2 of [1]) induced by

~

¢, ¥ on X, rX . Also

1 T x r8(x)
=1s } € ) '
[rt=1 (1,t) i€nerB(x) 1€merg(x)

That such a rf_ exists and is unique can be verified by building up

rT_ layer by layer, starting from the oth layer, and using (3.7)-(3.10).

At the start X, of rT the player-set is rw(rxo) = U {{1,1), ..., (1,7
iEw(xO)

) X

by (3.9) and (3.7). Each S(i 0 = Si by (3.8). For any choice of

moves by the player in. rn(rxo) , the average %{ ... ) vyields a point

X0 *o
in b Si (since each Si
i€n(xo)

x in %1 . Now ﬂ(i) cloned r times furnishes (by (3.7) and (3.10))

is convex), i.e., it yields a position

X

0 “1,4
(S(i.t))(i,t)Erw(rxo) € (x) € 129

the set of players who move at
in T, etc.
It remains to define the payoffs and information sets of IT .
Note that 1B yields a map reg* : P(rIr ) ~» P(f_) by the rule:
y y X x b
re*(x 0, T l, vess T m’ ere) = (5 0, s 1, cevy 8 m, ves)

¥ y X x
if rg(r D, I 4 2) = (s 0, veey B E) for £=0,1, ....

(Here, of course, Vo = IX by assumption.)

0

X X X
Then 4f p = (8 ) 8 > +rey 8 %) vva) € P(xT)
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0 X *n

X
T *
(3.11) rh(i’t)(p) = h, (r87(p), (s(i,t)’ B(1,6)* **** 5(1,1) eed D)

Finally, for y € rX , put rI} = {x € X : rB(x) = I (rB(y))} .
1,t) i
f
Then {rl(i,t)(x)}x€rx is the coarsest refinement of {rIi(x)}xerx which
patisfies the condition of perfect recall ((2.6) of [1]). That this exists

and is unique can be seen, for example, by repeating the proof of Propo-

sition 1 of [1]. This completes the definition of T
Define & on X as in Section 2, using the norm || || on V .

This in turn gives us metrics ré§ on rX (r=1, 2, ...) by
r§(x,y) = §(xB(x), re(y)) .

For the convergence result we will require uniform boundedness of moves
(3.14) sup{{la]l : « € 87 for x € X and 1€ "(x)} <B<w,

Proposition 2. Suppose I satisfies (3.14) and T 4is embedded in T .

Then if r > B/e the plays produced at (e)-N.E.'s of T are invariant

of T € AGrT) .
Proof. Straightforward, using Proposition 1.

The example in Section 2 is a layered game. To apply Proposition
2 in its context, note that we can take B =1 ., Thus we see that if
n>1l/e, the e-N.E. plays of nl and nT coincide.

Neither the finite-type assumption on players, nor the fact that
they can observe only averages, seem crucial to a convergence result.
In general one would start with an ambient non-atomic game in which every
finite game of the sequence is embedded. The observation could be on the
distribution of strategies. Proposition 1 lends itself to this general

set up alse. We have not, however, worked out a detailed picture.
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5. THE CONVEX CASE

5.1. Primitive Nash Plays

Although our setting will remain general, the definitions and re-
sults of this section are perhaps best illustrated for layered games, to

which we will refer throughout.

Put Ci(r) = {q : q is compatible with 3 for some 3 € P(I)} .

Yo N1 Y
Conslder g = (ri s Tys een T, eee) in Ci(T) and

* * *m
2 (8 5, 8 , cees8 4 .4.) In P(T') . We will say that the pair (q,p)
P

is play-producing if (intuitively) the moves of i given by q , along

with those of others as given by p , together suffice to produce a play

in P(I') . Precisely, we require:

Z k4

0 "1 %
(5.1) There exists a play (w , w

y eeey, W ...) dn P(I) such
that (for g =0, 1, ... )
z x

(a) j € w(zl)\{i}»wjm = sjg'

z, y
(b) 1€ q(z) mwl=1r12.
£z i i

Such a play, if it exists, is necessarily unique and will be denoted p @ q .

X X X
Define, for p = (s 0, s l, esey B E, ... € P(D)

(5.2) Ci(p) = {q€ ci(r) : (q,p) 1is play-producing} .
Neote
{5.3) C;(p) 15 not empty because it always contains

(sxo le sxm Y o
AL TR S AR
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(5.4) if T 1s a layered game, then for any p € P(I)

® X
c,®) =Cc,(r) = X5t
1 1 sap 1

X2

X
Recall here our convention: if 1 ¢ w(xl) then Si2 = {¢} ; and 8= ¢

x!‘ X

for s tes ¥ .

Identify ¢ with the origin of some vector space

X

W# V. Then each 51£ cV or W, hence Ci(p) may be viewed as a

subset of the vector space >< Uﬁ , Wwhere U2 =V {if 1€ w(xl) and
=0
U2 =W 4if 1 € n(xz) . We agssume, for p € P(I') and i € N :

(5.5) Ci(p) is convex

(5.6) ﬁi : Ci(p) +R , given by ﬁi(q) = hi(p@q) ,» 1s concave.

Note that (5.5) holds if T 1is a layered game and each S? (for x € X,
1€ 7(x) ) i1is a convex subset of V .

A play p € P(I) will be called a primitive Nash play if, for

any 1 €N,

(5.7 hi(p) >hy(p@Dq) for q € (p) -

Note that primitive Nash plays are, by definition, invariant of the infor-
mation condition. Thus Proposition 3 below shows that, if e > 0 , e~
N.E. plays of convex games do not proliferate with refinement of information

even in the finite-player case.

Proposition 3. Assume that (3.14), (5.5) and (5.6) hold for I . For

€>0 let p beane-N.E. play for I . Then p is a primitive Nash

play.
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Proof. If p 1is not & primitive Nash play, then

h(p®q) > h, (p)

for some q € C,(p) . By (5.5), (5.6) and (5.3),1

(5.8) h, (M (p@q) + (1-Mp) > b, (P D q) + (1-M)h,(p) > h,(p)

for any 0 < A <1 . Choose X sufficiently close to 0 to ensure that:

(5.9) SR @®q + 1-Np, p) <€ .

¥y ¥
This can be done because of (3.14). Suppose q = (rio, vons rim

y rer)

xX

X X
and p=(s0

¥y
 .ees8 ™ ...) . Then, by (5.5), gq = (?\‘ri°+(1-3?)si°,

¥ X .
rJt'rim%-(1-3")5;1“1, es-) is in Ci(p) ; and clearly (p @3) = r)\((p@q) + (1--9\')p

z F4 :
Let (p @,&,) = (w 0, eeey,w B ...) . Construct a strategy t; of player

i as follows:

X

y
Xr L (1-3\()319’ if x =z

b L

ti(x) = {

arbitrary otherwise.

LY

Denoting by =z € ZF(]‘) the choice of strategies that produced p = p(z) ,

we see that, by (5.9),

pE(ZIti) =Xp®aq) + (_1.-3‘5)1) .

1 X

- _ 0o % o
(5.3) implies p p@pi where p; = (ui s UgTs eeey Uy ... ) for
x, % X

p':(u s U 'nil,u ,---).
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Then, by (508)1
£
hy(p (z[t;)) > nylp)
contradicting that z isane-N.E. of T .
Q.E.D.

Corollary. Let T be a layered game satisfying (3.14), (5.5) and (5.6).
Denote the set of its primitive Nash plays of N(Ir') . Then the set of

e-N.E. plays of ? ig invariant of T € AM{r) and of £ > 0, and coin-

cides with N(r) , 1i.e.,

n (B = N(D)

for all ¥e€ a(r) , all e >0.

Proof. First observe that N(rl) = N(rz) for r» Ty € A{r) because
the definition of primitive Nash plays does not depend on the information

pattern. Hence, in particular,

N = N(r,) for T € a(r)

where (recall) Tox is the game with the coarsest information in A(T)

(see Proposition 1 of [1]). By Proposition 3, ne(?) c N , thus

n (M enr) for ¥eam .

By (2.3), nE(rc*)‘c:nE(?) . So it suffices to show: N(Tc*) < hE(TC*)

for any € > 0 . This is straightforward.

0.E.D.
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This can be applied to the example of Section 2. We get
ne(nr) = N(I) = na(nrep for all n and all ¢ > 0 . Thus replication
was not really necessary for an asymptotic version of the non-atomic result!
Since T 1is layered, there is a coase game FE-, which viclates
perfect recall and is not admitted in A(r') , but is nevertheless useful
to keep in mind. The information sets of player 1 in FE- are the sets
{x € X, : 1 €n(x)}, k=0,1, ... . Clearly Ton is a refinement of

ro . It can also be directly checked that:
HE(TC*) *= HE(I‘E—)

for all € > 0 (note: e =0 is permitted here). Even more, we can

easily establish:

(5.10) 0 (T = n_(FD) = ny(ro)

for all € > 0 . Hence if T, besides being layered, satisfies (3.14),
(5.5), (5.6) we get:

(5.11) ne(r) = nO(FE) for all e > 0 .

2.2. The Anti-Folk Theorem for Finite Games

X
Let T be a normal form game, i.e., w(xo) =N end (s 0) = ¢
*o _ Yo 0o _ %o
for all s " € 8 - Assume, for any 1 € N and any s © € § :

X0
(a) Si is convex

X

X
(b) The map f : Sio +R given by f(ti) = hi(s 0|ti) is concave,

Denote by I the infinite repetition of T . We assume that

each player pan observe at least the entire past history of his own moves
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and payoffs.l Beyond this the information pattern on T is arbirrary;
in particular it can be maximal. The payoffs in I~ are either discounted

sums or lim inf of the average.

Thus T satisfies all the hypotheses of the corollary in Section

5.1. Hence, by (5.11),
nE(F ) = no(TED

which is the anti-folk theorem. In the case of discounted sums as payoffs,
no(Pg) can be sharply characterized by:
Xg X X X

(5 5, 8 5, «ves 8 m, e ) € no(r%b =% gach s . is an N.E.

of T, 2=20,1, ... .

6. BOUNDS ON ALL OBSERVATIONS

It is impelling to consider the case when the bound on a player's
capacity of observation pertains not only to (*) others' moves, but also
to (**) his own pavoffs and (***) his own strategies.

To take (*%%) into account we could make the implicit assumption
that d{(q,R) > ¢ for distinet o, B in Si .

In the presence of (**), and without the constraint of (%) ((*#*%*)
may, but need not, be in the background), we have: z = {sx}xEX € ZF(T)

is a [¥)-N.E. of T if

1Fbr moves this is required by perfect recall (see (2.6) of {1]); for
payoffs, this 1s a natural extension of (2.6) in the context of repeated
games. We take (2.6) to be a fundamental defining property of extensive
games as explained in [1], even though the milder assumption (2.7) of
f1] would suffice (from a technical stand-point) for all the results of
parts I and II except Proposition 1 of [1).
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(6.1) hy(p(zlt)) > b (p(2)) + €

for all ti € Si and 1 € N . 1If the eg~constraint of (*) (as In Section 3)

is added, then we are left with [glw(e)-N.E.’s which is defined exactly

as in (6.1) but with p(z|ti) replaced by pe(zlti) and the added require-

ment that 2z bDe e-inner. The interpretation of these modified N.E.'s

is clear.
Denote the set of plays produced at (al)—N.E.'s, [52]-N.E.'s,
£2 €2
[e,]J-(e))-B.E.’s of T by n_(I), n"(M, n M. (n_ (I was
2 1 £ € €
1 i 1
introduced earlier.) Then
2
(6.2) . (ry e n. (r
1 1
2 €2 €2
(6.3) If 1‘1 I, then no (I‘l)CnE (1"2)
1 1
(6.4) Under the hypotheses of Proposition 1, with €, in place of

1
€ in (b), we have: if p(z) is a [82]—(51)~N.E. play of

T , then it is a [32]-(51)~N.E. play of ¥ for every Ye A(T) .

(6.5) Under the hypotheses of Proposition 2, if r > B/e1 , then
€ €
n 2Ty = n 2(M) for any T € a(rD)
E £
1 1
(6.6) If T 1is layered, and satisfies (3.14), (5.5), (5.6):
€ 3 €
2 2 2
Me (r) = n (Tc*) n (TEQ

1

(6.2) follows from the definition. (6.3), (6.4), (6.5), can be established
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in the same manner as (2.3), Proposition 1, Proposition 2. (6.6) is

straight forward te check.

In the presence of (%*) or (***) (or both), Proposition 3, and
thus the anti-folk theorem of Section 5.2, breaks down., We will now show
(Proposition 4 below) that it breaks in a continuous way as a function of

the two additional bounds €q introduced here. Thus if thelr mag-

€y >
nitude is swall, an approximate version of the anti-folk theorem still

‘obtains.

~ ~

We start with an underlying game T = (N, X, 7, {§x}x€i, ves)

A game T will be called g—embedded in T 4f it is embedded in T (see

Section 4), and satisfies (denoting T = (N, X, m, {Sx}xEX’ D I

(6.7) for any o € §;‘ there is a 8 € 5; with |lo-8|l <.

€
Put G ={I : T is c-embedded in T} , N(e,, €,, €,) = U n 2(I') .
£ 1 2 3 E
TEG 1
€3

Since T obviously belongs to Ge , GE is not empty.

We shall examine the continuity properties of the set N(el, Egs 53)

€
E) » € . DNote that this set covers nsz(r) for any
1l

re G, , and that N(81. 0, 0) = n, (T) . The assumption on payoffs:
3 1l

in the variables

(6.8) hi : P(f) + R is continuous for each 1 €N

will be needed.
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Progosition &
(1) If 0<e, 0<ef<e,, 0<ejc<ey, then:

N(sl, £;, sg) C:N(sl, €95 53) .

(ii) Suppose that T 1s a layered game satisfying (3.14), (5.5), (5.6),

(6.8). Then, for fixed ¢, > O

1 : ]
(a) N(el, 0, )= N N(al, Eqs 53) :
92>0
a3>0

X

(b} 1if, furthermore, each §i is closed then N(el, €q5 53) is

upper and lower semi-continuous in €y s €3 at (sl, 0, 0) .

Proof. (i) Consider a play p in N(sl, e;, e;) . Then there is a game
I in G4 such that for some [e;}—(el)—N.E. z of T, p(z) =p.
3

Since ¢ ;'Eg » G € GE* , which jmplies T € GE . Furthermore,

€3 3 3

since €, > E

*

[
h, (p(2)) + €, 2 By (p(2)) + €} 2 b (p “(z]t,))

for all ty € Si , and 1 € N . (Here Si is the strategy set of-

i in T .)
(1i)(a) It will suffice to show that every p in | N(sl, €qs e3)
52>0
53>0
is a primitive Nash play of T , for then N(sl, 0, 0) = Ne ()
1
= N(T) = 1N N(el, €y» 53) , using (i) and the corollary of Section 5.
e>0
2
£,>0

3
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We will show this by contradiction. Suppose some p in n N(el, €qs 53)
52>0
€3

is not a primitive Nash play. Then there is a q € Ci(p) such that

hi(pGBq) > h,(p) . By (5.5, (5.6),

>0

b (Mp @ q) + (1-)p) 2 My (p@a) + (1-0)hy(p) > hy(p)

for any 0 < ) <1 .

Choose X sufficiently close to 0 to ensure that

(6.9) R @a) + 1-Np, p) < ey/2 .

This can be done because of (3.14). Put (p@®d) = A (p @ q) + (1-2)p .
By (6.7) and (6.8), there exists an €q > 0 such that for any T in

GE , we can find a ?;’ € Ci(p) satisfying
3

(6.10) @Y PO < /2 and L GO > b () .
It follows from (6.9) and (6.10) that
(6.11) @ p) 0T, @D + ¥ D4, p) < e,
Again choose €4 sufficiently close to 0 to ensure (using (6.8)) that
(6.12) B GO®D >h () +e, .

*1

X
Take any game I'€G_ such that p € P(T) . Let POV = (s O,S s vee
3

Then choose ti € Si in such a way as to satisfy:
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sz if 1 € n(x) and x € {xo, X;» cee}
(6.13) ti(x) =

arbitrary otherwise.

Clearly this can be done. Consider any 2z in ZF(T) for which p(z) = p .

Then we have by (6.11) and (6.13), p(z|t,) = P®D , i.e.,
§*(p(z[t ), p) <¢g .

By (6.12)
hy (p(zlt)) = B, GOD > () + ¢, .

Therefore z 1s not a [52]-(51)-N.E. of T, i.e., p ¢ N(cl, €g9 53) .
This is a contradiction.

(i1)(b) Lower semi-continuity is straightforward. Upper semi-
continuity can be proved by the method used in (ii)(a).

Q.E.D.
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