COWLES FOUNDATION FOR RESEARCH IN ECONOMICS
AT YALE UNIVERSITY

Box 2125, Yale Statiom
New Haven, Connecticut 06520

COWLES FOUNDATION DISCUSSION PAPER NC. 605

Note: Cowles Foundation Discussion Papers are preliminary
materials circulated to stimulate discussion and
critical comment. Reguests for single copies of a
Paper will be filled by the Cowles Foundation within
the limits of the supply. References in publications
to Discussion Papers (other than mere acknowledgment
by a writer that he has access to such unpublished
material) should be cleared with the author to protect
the tentative character of these papers.

ASSET MARKETS, GENERAL EQUILIBRIUM

AND THE NEUTRALITY OF MONEY
Christophe Chamley and Heraklis M. Polemarchakis

September 22, 1981



ABSTRACT

When government liabilities (including money) are held in private
portfolios only as stores of value, and do not provide additional benefits
(as liquidity services), the real variables in an economy with uncertainty
are not affected by the government's trading in assets. There are also
policies which alter the money supply through taxes or subsidies, and af-

fect the price of money without changing real variables.



ASSET MARKETS, GENERAL EQUILIBRIUM

AND THE NEUTRALITY OF MONEY

by

Christophe Chamley* and Heraklis M. Polemarchakis**

1. Introduction

The ability of monetary policy to affect real variables in the economv,

is an important issue and has been the subject of numerous theoretical and
empirical studies, The most useful theoretical framework to address this
problem is a portfolio model of asset markets where the demand for mdney or
other government liabilities can be explained by a model of rational port-
folio choice (Tobin, 1958, 1969). These assets may also provide services
(transaction, liquidity). However, we will make here the (not very realis-
tic) assumption that these additional services do not exist.

Monetary policy alters the relative supplies of the available assets.
As their prices adjust to maintain market equilibrium, the discrepancies
which appear between the market prices of physical assets and their replace-
ment costs,induce variations of their supplies, and therefore real effects.

In this case, money is not neutral, at least in the short-rum.
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It is well known that the effect of monetary policy depends on the
method of injection of new money into the economy. Two procedures can be
used. When the government issues money it either buys assets (open-market
operations), or it distributes subsidies (or decreases taxes).

We show here that the first method of issuing money, i.e., open—
market operations, has no effect on real variables in a general equilibrium
with market clearing. The argument which can also be applied to the manage-
ment of the public debt, is presented in a completely general framework in
the next section. The result is similar to the Modigliani-Miller theorem in
corporate finance.

It is important to emphasize that although govermment trading in
existing assets is neutral, the creation of new types of assets (like indexed
bonds) is, in general, not neutral. This is illustrated in the appendix by
an example of a model of heterogenous overlapping generations. This example
also shows that general equilibrium models where money is held solely for its
portfolio properties do exist,and that the theoretical discussions in the paper
is not void. Also the introduction of additional markets needs not lead to a
Pareto superior contingent allocation. The argument in Hart [1975] indicates
that it may even lead to a Pareto inférior one,

In the third section we examine variations of the money supply accom-
panied by subsidies or taxes. It is well known that in a non-stochastic eco-
nomy, an unexpected jump of the money stock with subsidies to individuals pro-
portional to their cash balances, induces a proportional jump of the price level

and does not affect the real quantity of money or real variables. Also, the



only value of an expected jump of the money supply, which is neutral, is

equal to zero.1 In the stochastic case, this result does not apply. There
exist contingent anticipated variations of the money supply which do not alter
the set of available assets and are neutral. Of course, these policies affect
the price of money; in the fourth section, we show how they can be used to off-
set the effect of open-market operations on the price of money, as Wallace
(1981) has already shown in a more restricted framework.

In the last section, we present some concluding comments,

2. Open Market Operations

The govermment determines the composition of its portfolio by trading
between different assets or liabilities on the corresponding markets. 1In
order to analyse the effect of these open-market operations in general equili-
brium, we consider a simple model of a one-good economy. This good can either
be cousuméd or used as capital input, in which case it produces a random re-
turn. In each period t , the economy is subject to random shocks which are
denoted by the elements s, of sets St . These sets have a finite number
of elements n, . Each element s, determines the distribution of labor
endowments of all individuals living at time t , and the total return for
each unit of capital r, .2

All agents living at time t know the probabilities of the sequences
(st+k) for the periods in their own lifetime which is finite or infinite, con-

ditional on the state of nature B, - They determine at time t their own op-

timal intertemporal program of consumption and portfolio choice for each future

period, which is contingent on the value S 4k (k > 1) in these periods.



We can assume, without loss of generality, that the government has no
expenditure, raises no tax, and has created a fixed amount of fiat money which
is held by private agents in their portfolios because of its return properties.
The price of money with respect to the unique good is represented by pt'.
Denote by Kt . K% . Mt the levels of the total capital in the economy, the
capital owned by the government, the (nominal) quantity of money respectively,
which are carried from period t to period t+1 . The budget constraint of
the government at time t 1is given by:

@8] p (M

_ g - 18
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t

The origin of time can be chosen arbitrarily, and is fixed at period 1 . In
this period, the governﬁent has an open-market policy which determines the
level of K% (positive or negative) as a function of S¢ for all values of
t greater than one. This policy is known by the private agents. The supply
of money Ht , is determined in equation (1) for all periods.

We will consider only allocations of resources in equilibrium. Since
the purpose of this paper is to show the invariance of an equilibrium under

different policies, we do not think that it is necessary to characterize com-~

pletely an equilibrium, or to prove its existence. However, we present in the
appendix, an example of general equilibrium where money is held for its port-
folio properties, in order to show that the argument is not void.

The equilibrium in the economy is defined by the functions
ct(st), Kt(st)’ Mt(st), pt(st) which represent respectively the consumption
levels for each of the individuals living at time ¢ , the aggregate capital

stock, the quantity and the price of money.3 These functiong satisfy the



following restrictions: private consumption programs are supported by port-
folio programs which are state contingent; in each period, the sums.of the
amounts of capital and real quantity of money in all individual's portfolio
are equal to Kt - K% and ptMt , Tespectively. The equilibrium depends on
the government's policy, and will be represented in abbreviated form by the

sequence

(c,s Koo My Pyo Kf) t>1

which is contingent on S, »

Let us assﬁme tha£ the economy is in equilibrium under the following
government's policy: the quantity of money is fixed for all t and equal to
M, and K% is equal to zero. 1In the first periocd the government anncunces
a new policy described by the contingent sequence (Ki) , for t greater
than 1 . The following proposition shows that the effect of this policy on

the real allocation of resources (ct, Kt) is nil.

Proposition 1: Assume that the sequence (Et"ﬁé’ ﬁ; ;;, 0) describes an

equilibrium, Then the sequence (Et’ E:’ Mt, Pys K%) describes an equili-

brium where Mt is determined by (1) and P is given by

F=
=P
P P
(2) D2 S R .2 1 >
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To prove the proposition, we show that individuals "undo" the actions
of the government, and that the asset markets are still in equilibrium without
change of the consumption levels of any individual. Consider an individual |
living both in periods t and t+1 , and who choses his portfolio for period
t . This choice is made in the beginning of his life and is contingent on s
Assume that in the first equilibrium (K% = 0) , this portfolio is given by
=i =1

(Kt’ Mt) . Construct now the portfolio (Ki, Mi) as follows:

&) e S
t l-at pt t
i_=1 % - o
(4 Kt = K - ldut P, Mt s, where P, and o, are defined in (2).

The two portfolios are related as follows:

i i - = —i
(3 P, Mt + Kt P, Mt + Kt .
and using (2),
i i = =i
(6) Pepp Mo ¥ Tean K¢ = Py Mo ¥ T K¢

The first relation shows that the value of the portfolio (21, ﬁi)

i, Mi) at the price

at the price of money p , is identical to the value of (K
P . In the second relation, we see that the real return of these two port-

folios (at the prices p and p , respectively), are identical., It follows
that any intertemporal program of consumption chosen by individual i in the

environment described by ;(st) , and supported by a program of portfolios

il(st), E#(st) , 1s also attainable in the environment described by p(st) ’

e



and is sustained in this case by the portfolios (Ki(st), Mi(st)) . The

reverse is also true. It follows that if (El, W) is optimal in the first

case, (Ki

, Mi) is optimal in the second.
The demand for mcney in the new equilibrium is determined by summing

{3) over all individuals 1i . Using the definition of ut in (2) , this de-

mand ME is given by:
g, —=
= +
7 Py “2 K2+ pM
The supply of money is given by equation (1):

- 5 g g
(8) P Mi =P M1 T TR YK

At the equilibrium, we must have ME = Mi , which is equivalent to:

(%) pM=pP M 5 -TK, -

This identity is proven by induction. If Mi_l = Hi_l, from (7):

g : g
K K
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We now use the definition of P, in (2) to transform the right hand side

term in (9):

P
g _ _ _t 5
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Replacing « by its value in (10), we see that this expression

t-1
is equal to the left hand side term in (9).
Adding (4) over all individuals, we find that:
Tkl 48 =Rt,
t t
i
which concludes the proof.
This result has a simple intuitive interpretation: when the govern-—
ment buys capital with cash, the contingent price of money is altered from

p, to ;; where ;é satisfies (1) and a_ is equal to Ki / pth . The

t
"new'" money is a composite asset between "o0ld" money and capital, where the
"share" of capital in the determination of the rate of return on money is
equal to the ratio between the government's capital and the real quantity of
money (in the new equilibrium). When the government buys capital with money,
for example, individuals maintain their real contingent consumption plans by
reducing fheir capital and increasing proportionately their holding of money.
This increase of the demand for money is equal to the increase of the supply,
and the real allocation of resources is unaffected.

The above proposition calls for a few remarks. It should be empha-
sized that open-market operations do not affect the price of money in the
first period. The same result could be extended to operations announced in
period 1 and implemented in period t . These policies would not alter the
contingent price of money between periods 1 and period t ,

We have considered a very simple model with two assets. The proposi-
tion would remain valid for an economy with different types of govermment

liabilities. It is intuitive that in this case, open-market operations would



only affect the prices of the liabilities traded by the govermment.
We have assumed that there are no restrictions on individual-portfolio

choices. If short-sales are bounded or not feasible (Ki Z_bi

, for some b>) ,
the above result clearly is not valid. If there are no short-sale restrictions,
the proposition is valid whatever the values of Kf , which can be greater

than Kt .

3. Monetary Policy and Transfers

When the government expenditures are fixed, the revenues generated by
the creation of money are used by the government either to purchase capital
or other assets, or to lower taxes (or increase subsidies)., We saw in the
last section that the first type of operation has, in general, né effect on
the real variables of the ecomomy. This neutrality surely does not apply in
general, for the second type of policy.

Consider, for example, an economy with two period overlapping genera-
tions, caﬁital and money. Initially the levels of government expenditures
and taxes are equal to zero. In period one, the government announces a one-
time increase of the money supply next period, combined with lump-sum subsidies.
If this policy has no incidence on individual's consumption, it should not al-
ter the real quantity of money in period one or in period two.4 A variation
of the nominal quantity of momey in the second period would affect (inversely)
the price of money, and the rate of return on money between the first two
periods. In general, we can expect contingent monetary policies to create

new assets and not to be neutral.

In order to characterize some neutral policies, we now describe an equi-
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1ibrium in the economy by the functions of S, (ct, Kt’ Mt-l’ Pp» wt)

The level of K% is assumed without loss of generality, to be ldentically
equal to zero, and w, Tepresents a vector of transfers from the government
to all individuals living in period t . The government budget constraint in

period t takes the form:

) =w_,

p, (M - M t

where Wt is the sum of all net lump-sum transfers from the govermment to
individuals.

We also introduce the following matrices:

u X (e)

t t tt+l
At(st) = {asi] , with agy _;TIZ—_;-
te St

'i i
the terms utt(St) and u

tt+l(st+1) represent the marginal utility of con-

sumption of individual i in period t and t+1 , considered in peried t

]

in state S, and Sey1 ® respectively. The index 1 covers the set of indi-
viduals living in both periods t and t+1 .5
In the determination of neutral policies, we consider only the policies

which do not affect the real quantity of money.6 We call them strongly neutral

pelicies.
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Proposition 2: Consider the following properties:

(i) (Et’ Kt’ Mt’ ;t’ ;;t) , and (Et’ K . M . ut) describe

e* Y0 Py

two equilibria with Ml = Ml » P] TPy s W) T W, ptM = E'ﬁ

(ii) The columns of the matrices At(st) generate affine spaces

of dimension n ~ 2, respectively,.

t+1
(iii) Money and capital are not perfect substitutes,

These properties imply that:

P
= - = £
(1) We = We = Bepeaey Pe1 ' » £ 22

wvhere (Bt) is a sequence of arbitrary numbers. The numbers Bt are inde-

pendent of S, but may depend on Six ° with k>1.

The proposition is proven by a simple spanning argument. Since the se-

quences (Et’ K .. M., Pps» E%) and (ct’ K.

t Mt, P> wt) describe two equili-

bria with the same real allocation of resources, the first order conditions be-

tween periods 1 and 2 for an arbitrary individual 1 , can be written

u'i(S)

1= 7 nt rz(s) —.112-——
s, ° u,,(s,)

5t9, 11%%1

{(12) 4

1 32(5) “1;(5)

1= m
s Py(s) 'i
ses, 171 ull(sl)
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and7
[ 'i
u, . (s)
seS2 ull(sl)
(13) ;

i

1= 3 R py(s) uy5(s)
s p,(s;) i

| seS2 1'71 ull(sl)

where w: represents the subjective probability of s, » at time 1 , for

individual i . The vector ﬂ:pz(s)/pl(sl) must be a linear combination of
the vector ﬂ;rz(s) , and H:Eé(s) /Ei(sl) , (otherwise, by condition (iii),

) t
the wvectors (uzg(s) /uli(sl)’ sssz) would be contained in an affine space

of dimension n, - 3) . Therefore, there exists a number £ such that8

. py(s) py(s)
(14) pl(sl) = (1 - R) 32?317 + Brz(s) s SES2

Using the equality pz(s) Mz(s) = Eé(s) ﬁé(s) , and the government budget con-

straint in period 2 for each equilibrium, we find that for each s in 52 :

2 = Wy = Py, = My) = py(My - My) = p My = py My

L
I
-
)

Replacing P, by its value in (14):
- — r
Wy =Wy =Bp ¥y 5, "2

The proof is concluded by applying the same argument for t greater than two.
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In (11), the left hand side is equal to the variation of the nominal

quantity of money (measured in real term) in each period. The choice of Bt
determines the distribution of returns to the "new" money as a combination of

the returns to the "old" money (in the first equilibrium), and the returns of

capital.

The spanning argument applies only if generations are sufficiently non-

homogenous. In particular, if all individuals living both in periods t and

t+1 are identical, it 1s obvious that the condition (11) is much too strong,

and can be replaced by a weaker equality obtained from (13).9

We now show that there exist strongly neutral policies. For this, we

use the same method as in the proof of Proposition 1. Assume that in the
equilibrium (Ct, Kt’ Ht’ E}; ;k) , the levels of capital and money carried
by an individual 1 from period t to t+1 are equal to ft and Fft

Define a new policy as follows: Choose a sequence of values St (¢ >2),

where Bt is independent of B:+k(k > 0) ; they define the prices P, in (14).

ser M_=pM /p (£'>2) . The portfolio of individual i in the new equi-

1ibrium (Kt, Mtl:) is chosen as follows:

—
K_Kt

Mi

__i_
M P,/ Py

This portfolio has with the price P, » the same value as (Et, ﬁi) with

the price ;t :
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- =5 i
+ ptMt = Kt + ptM

i
t

=i
(15) Kt

i
Choose now a contingent transfer policy v such that

= .= .=t i i, i
(16) rt+1Kt + P, * Ve S rt+1Kt + Pyt Va0 t >1.
By the same argument as in the previous section, the portfolio (Kt, Mi) is

optimal with the new prices (pt) and the transfers policy (wi) . It is a
trivial exercise to show that the sum of the transfers wi is equal to the
variation of the gquantity of money in peried t (in real terms), and that the
policy of transfers defined by (16) is feasible. This discussion proves the
following proposition:

Proposition 3: For any equilibrium (Et’ X, ﬁ;, ;t’ ;£) , and any sequence

t

Bt , where Bt may depend on Sk (k > 1) , there exists a strongly neutral

monetary policy accompanied by transfers. Aggregate tramnsfers are given by:

_ - P
W —W = =r'-"t——
e " W = BePe M Py T »t22

the path of the price of money under the policy is defined by:

pt
Peo1

=(l-Bt)_t + B, ¥

Pr-1 t

In this and the previous proposition, we have implicitly assumed that

there is uncertainty (nt > 2) . Without uncertainty, money and capital are




15

perfect substitutes; the identities Py = ;i s pt+1./pt =Ty ptMt = E;ﬁt

imply that Mt = ﬁ; . No variation of the money supplv is strongly neutral,

4, A Special Case

Using the previous results, we now show that there are policies com-
bining open-market operations and transfers, which are neutral and do not
alter the price of money. Assume that the economy is initially in the equi-

librium described by the contingent sequence (Et’ E;, E%, ﬁt’ E}, ;t) .

with Ef =0 for all t . Consider the contingent path K% . From proposi-
- = N —
tion 1, we know that the path (ct, Kt’ K%, Mt, Py wt) is in equilibrium

n, "
when the values of Mt and p, are determined by the government budget

constraint and the relation:

", _
P
t41 e+l .
an = (1 - at) *::—-+-atrt+l , where a is given in (2) .
Pe Py

Using Proposition 3, there exists a strongly neutral policy of money varia-

tion and transfers, such that the total transfers Wt are given by:

n,
—_ NNy pt+1
(18) Wesl ™ Weap = Bepa Pe My '1\; “Ter1] ¢
t

This policy alters the contingent sequence of money prices to p: which is

defined by
Py B
t+1 t+1
(19) S (1 - 84y Y * BT

t
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From (17) and (19), p: is identical to ;; if and only if Bt+l

is equal to -at/ (1 - at) . In this case, using (17), and the definition

of a, in (2), the expression (18) can be written:

(20) W -W_ =K |(r .-

We have seen that the transfer Wt can be disaggregated into (wt) , such

that the contingent sequence (E;, K K%, Mt’ ;}, wt) describes an equi-

¢’
librium.

Pplicies determined by the sequenée (KE, Mt’ wt) , which are neutral
and do not alter the price of money have been analysed by Wallace (1981) in
the case of models with 2-period overlapping generations and complete mar-
kets in contingent claims. Our results have been derived in a completely
general framework. We see that these policies can be decomposed in two parts:
Open-market operations determine the path (K%) and are always neutral
{provided that there is no restriction on short sales). Suitable variations
of the money supply with transfers offset the effect of the open-market poli-
cies on the price of money without affecting the real allocation of resources.

In our results, condition (20) is identical with the condition (b)
proposed by Wallace. However, we do not agree with him that there is a re-
lationship between this condition and the condition of an unchanged path of
total taxes minus transfers. This condition is implied by the invariance
of the price of money. It is not necessary for the neutrality of a policy,
and it is only a special case of the condition (11) (necessary for a policy

to be strongly neutral) which is derived from the matural idea: if a policy

1s neutral it .does not, in general, introduce assets of a new type.
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5, Conclusion

Recently it has been shown that monetary policv can have real effect
in econeomies with no liquidity constraints in which money is held only as a
store of value, and some agents do not have complete information (Weiss 1980).

A monetary policy contingent on a future state of nature s , which is
to be applied only when s 1s revealed to all agents affects the price of
money contingent on s and therefore the return of money between the pre-
sent and the time of the events to the agents informed about s . This af-
fects their demand in the present and therefére the price of money in the
present, which conveys some information about s to non-informed agents for
their economic decisions. Our results, which do not depend on a perfect fore-
sight assumption, show that in this situation of incomplete information,
monetary policy can affect the signalling process of the price level only when
the variations of the money supply are accompanied with transfers between the
government and individuals.

The results on the neutrality of open-market operations have been de-
rived in a framework where the demand for money or other government liabilities
is obtained by rationmal portfolio choice. Clearly the neutrality
does not occur when these liabilities provide additional services, as for trans-
actions. For example, if total output depends on the stocks of capital and
money, open-market operations which monetize capital may increase productivity.
The assumption of the portfolio choice may be particularly useful to analyse
the composition of the government debt. A readjustment of this composition
by trading between these assets has no real effect if individuals can vary

freely their portfolios under their budget constraint.
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FOOTNOTES

lThis is not the place to summarize the huge literature on the subject. For
example of a life-cycle model, see [Weiss 1980b, Drazen 1980]. For a model with
infinite horizon, where money is neutral in the long-run, tut not in the short-
run, see Fisher [1979].

The state of nature at time t, s_ , may also include exogenous events prior
to time t . We assume that the factor productivities are independent of
the levels of input, and are determined only by the exogenous parameter S, -
This does not restrict the generality of our result since we will see that

the contingent path of aggregate capital accumulation is independent of the
government's policy.

It is not necessary to introduce the distribution of labor endowments or the

rate of return of capital in this sequence, since they are included in the

definition of st .

4The real quantity of money is determined in period one by the consumption
of the old (in that period), and in period two by the savings of the young.

5The rows are Indexed by s ¢ St+1 which can always be represented by the
integers 1, ..., n e

There are many trivial policies which are neutral and change the real quan-
tity of money. An example is given by the combination of a lump-sum grant of
money to the young and a contingent lump-sum tax levied on the old.

7
In (12} and (13) the marginal utilities are identical in both equilibria
(because of (1)) .

We assume that there exists on 1 such that ﬂ: >0 for all s & S2 .

9
Using condition (9), we have:
— - Ty
N Peyr (80 1(8) M (s) v ,(8)

s p(s)W (s.) M .(s) i ?
sest+1 t et t+l utt(st)

for t>1.



his second period. Suppose now that a market is introduced for an asset
which pays a unit of the good independently of the state of nature,. and has
a price q ; its return is equal to r(s) =1, s =1, 2 . The total amount

of the asset is equal to zero. The unique equilibrium price system is given

by
G, D = GO, 5@, I, 3@ - G £ LY

the associated contingent consumption allocation by
Cw=370=30=-3d@ -

and the asset holdings which yield the allocation by
@ =M, FO =-3, T =0, 7w = 3, @ =, Y =-3

B2(2) = 0, To(2) = 3} .

The introduction of a riskless asset enables the risk neutral agents to ab-
sorb all risk, Furthermore, money not only is held at equilibrium even af-
ter the introduction of the riskless asset and even in the absence of a trans-
actions technology, but it is also necessary for the efficient allocation of
risk: In the economy describes in the above example, a riskless asset could

not enable the risk neutral agents to absorb all risk in the absence of money.

’



APPENDIX

We show, for a simple model, that an equilibrium with money exists,
and that it is affected by the introduction of a new asset: there is one
good which is non-durable, in the economy. The population is composed of
overlapping generations living two perios. Each generation is divided into
two classes of identical individuals represented by the index h =1, 2,
who are either risk averse or risk neutral. There are the same (large)
numbers of individuals in each class. There is no growth. Individuals de-
rive utility only from their second period consumption. There are two states
of nature denoted by s = 1, 2 . Each individual receives an endowment
only during the first period of his life, which depends on the state of

nature s
P =1,l@=2,n=1,2.

If money is the only asset available and its supply M is different from
zero, the unique equilibrium price of money is a function of s , and is given

by:

dy

7= GW, 32 = G &

and the resulting equilibrium contingent consumption allocation is

(e, D =1,G,2)=2,h=1,2,s=1, 2}

where ch(s, s') represents the second-period consumption of individual h

when s is the state of nature in his first period, and s' the state in
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