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by
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0. ABSTRACT

Examples are given which show that: (i) normality is not necessarv
for the consistency of the guasi maximum likelihood estimator in the non-
linear simultaneous equations model (mon-linear FIML) even when there are
major departures from linearity; and (ii) the lemma which is used extensively
by Amemiva [ 2] in the theoretical development of the properties of non-linear

FIM. under the assumption of normality is, as presently stated, incorrect.

*I am grateful to William C. Brainard for helpful discussions. "-A preliminary
version of Section 2 of this paper was first circulated under the title

"On a Lemma of Amemiya". The research reported in this paper was supported
by the National Scilence Foundation under Grant Number SES 8007571.



1, INTRODUCTION

Recent theoretical work on the non-linear simultaneous equations
model has emphasized the importance of the normality assumption or, more
generally, correct distrjbutional assumptions about the equation errors
in establishing the consistency of the non-linear full information maximum
likelihood (FIML) estimator. In particular, Amemiva [2 ] argued that the
proof of consistency depends crucially on the assumption of normality of
the error term. In this respect, the general non-linear model appears very
different from the linear simultaneous equations model, where it is known
that the consistency of FIML based on the hypothesis of normally distributed
errors is maintained for a wide class of alternative error distributions [2 ].

As a result, it is now a widely held view in the profession that
normality of the errors is necessary for the consistency of non-linear FIML.l
Some authors have been led to act on this belief in applied work. For exanple,
Fair and Parke [4 ] have recently proposed the Hausman {8 ] specification
test to test the hypothesis that the errors are normally distributed by
comparing the non-linear FIML and three stage least squares (3SLS) estimates.
This test might be appropriate in a non-linear model if the FIML estimates
were, indeed, inconsistent and the 3SLS estimates consistent when the errors
on the equations were not normally distributed but belonged to a certain
wider class of distributions.

However, such a result has not actually been proved in the literature.
Instead, it seems to be a rather loose but nevertheless widely held view

that consistency of FIML in non-linear models is the exception rather than

1Throughout the rest of this paper we will use the term non-linear FIML

to describe the estimator obtained by maximizing what would be the likelihood
if the normality assumption were correct.



the rule when the likelihood is misspecified. While it is recognized that
the linear simultaneous equations model is a very important exception, any
major departure from linearity, such as the presence of levels and logarithms
of the same endogenous variable in the model, is thought to put us in a
different theoretical arena where normality of the errors or the correct
specification of the likelihood becomes critical for the consistency of

FIML. One aim of the present paper is to show by example that this is simply
not the case. We take an example which does involve both levels and log-
arithms of the variables and illustrate a procedure for finding an alternative
class of error distributions other than the normal for which non-linear FIML
is consistent. The example is discussed in Section 3 of the paper and,

since the type of non-linearity in this example is common in applied work,

it should be of some relevance in practical econometric work where such
non-linearities in the variables actually occur.

A further aim of the present paper is to show that under the presently
stated regularity conditions in [ 2] normality is not, by itself, sufficient
for the consistency of non-linear FIML. Specifically, we need to exclude
from the structural specification of the model certain functions which can
grow as fast or faster than the rate at which the true probability density
of the errors decays to zero in the tails. Such functions are not at present

completely excluded by the integrability conditions in [ 2].



2. AMEMIYA'S LEMMA

As in [ 2) we write the non-linear simultaneous equations model as

(D fi(yt’ X, ai) =, (i=1, ..., n)

where Yo is an nx1 vector of endogenous variables, X, is a vector

of exogenous variables and ay is a vector of parameters. The disturbance
vector ut = (uit) is assumed to be independent and identically distributed
N(O,Z) where Z is a positive definite matrix.

In deriving the asymptotic properties of the maximum likelihood esti-

mators of the parameters in (1), Amemiya makes extensive use of the following

lemma:

LEMMA, If Ups eeep u o are Jointly normal with mean zerco and covariance

matyie (Uij) and h(ul, cens un) 18 such that E(h) and E(Bh/aui)

. _ n o ij
are finite then E(3h/3uy) = E(hzj=lc uj)

This lemma is used to establish that there is a consistent root of the like-
lihood equation, provided a number of other more usual assumptions are made
concerning the existence and nature of convergence of certain summations
that appear in the likelihood and its first two derivatives. In particular,
if L denotes the likelihood function concentrated with respect to the ay

(i =1, ..., n) , then we have in the notation of [ 2] (see particularly,

(3.8) in [ 2D)

ag. . T T .
-1 9L -1 it i ~1 -1 1 i
(2) T W — =7 |e=— - g, ulet] - (TT7 ] g, u)(TT ] ueur) =07
Bai t=1 Buit it t to1 itt =1
%0
where o 1is the it column of E_l s ( )_l denotes the i column
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%0

is the true value of o = (ai) . When the Lemma holds, we deduce from (2)

of the inverse of the matrix within the bracket, B¢ = Bfit/aai and

that E{[T“lBL/Bai}OI } = 0 and this conclusion is of vital importance in
0

establishing that there is a weakly consistent root of the likelihood equation.

As presently stated, however, the lemma is incorrect and a supple-
mentary condition on the function h(ul, veey un) is needed to ensure that
the result goes through. To see this we note that the proof of the lemma

depends on the following application of integration by parts (equation (3.7)

of [ 21):
(3) fm Jﬂlﬁdu = [h¢]w + fm hfoiju $du
. aui i - — i i
where ¢{u) is the joint density of u' = (ul, e s un) .  Amemiya argues
that:

"the first term on the right side of (1) is zero

because E(h) 1is finite. Therefore, integrating

both sides of (1) with respect to the remaining

n-1 components of u we get the desired result."

(Amemiva [2 ], page 958)
This argument is invalid since the finiteness of E(h) is not sufficient
to ensure that the first term on the right side of (3) is zero. Simple
counterexamples to this argument can be constructed in the present case
using one of the standard examples in analysis of convergent improper
integrals whose integrands do not tend to zero at infinity (see, for example,
#12, page 45 in Gelbaum and Olmsted [ 7]). A complete counterexample to
the lemma itself is more complicated since h is such that both Efh) and

E(Bh/Bui) are finite, Moreover, the use of the lemma in Amemiya's paper

involves setting h equal to certain derivatives of the functions that



that appear in the structural specification of the non-linear model.l Since
the latter are assumed by Amemiya to be continuously differentiable, we
will require the same of the function h . In view of these extra compli-
cations and, since po standard counterexamples seem to be available in the
analysis literature to cover this case, it seems worthwhile to develop a

complete counterexample here.

COUNTEREXAMPLE TO THE LEMMA. It is sufficient to deal with the scalar case

so we set n =1 1in the lemma. A function which satiefies the conditions

of the lemma but not its conclusion 18 then

(4) h(u) = 2{u)/¢{u)
with
(
-1 K (u-k) 2 1,4 2
{1+ (u-k)} “expy- 5 expl— Ek {u-k) },
1 - 4(u-k)
(3) 2(u) = 1 1
k - 5 <us< k + 5 (k=1, 2, 3, ... )

{0 otherwise.

The function £(u) has been constructed so that at u = k it takes

on the value unity and at u =k - %3 k + %— it takes on the value zero.
As k becomes large the function is negligible except at the spikes in
the immediate neighborhood of u = k and the second exponential factor in

2(u) 1is a smudge function which is designed to smudge the function down

to zero at the ends of the interval Ec--lzl, k+%:{ while retaining the con-

tinuous differentiability property. The first factor is included to provide

lFor example, h = = 3fit/3ai in (2) above.
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some asymmetry in the function about

u =%k within each interval.

To verify that E(h) exists we need only check that 2(u) 1is inte-
grable. We have, in fact,
(6) f 2(u)du = f R(u)du = I f 2¢u)du
~e 1/2 k=1 ek
2
provided the series converges. It is bounded by
- 3 o 3
(N VI |swldu< [ 2 exp{- %ka(u—k)z}du
k=1, 1 k=1, 1
2 2
Y
T -2, 22 14, 4
= 2/27 ) ¥ °f {- #k (u-k) }du
- 2m 2
k=1 1
2
TRl K 1,4 2
< 2v21 ) k oo - Sk (u-k)"rd
kzl f_m 2m p{ 7¢ (10 } N
- o/ Y k2 = 22,302,
k=1
It follows that &(u) 1is absolutely integrable. However, #(u) does not

have a limit as u - « (the sequences {#(k)} and {2(k-+%)} , for instance,

tend to unity and zero respectively).

Amemiya's lemma, noted above,
y ’

is zero.

This contradicts the argument in

that the first term on the right side of (3)

Finally, in order to verify that all the conditions of the stated

lemma hold we need to show that

ah/ou = L' (w)/¢p(u) + (u/o)a(u)/¢(u)

is integrable. We have

E(3h/3u) is finite. Now,

so it will suffice to show that &'



ka(u—k)2

(8) 20 (1) = —{1 + (u-k)} Zexpi- .
1 -4Cu-k)

- %kA(u—k)z

4 2 4 2
F 11+ (k) 1O 8" -1 K (uek) —%f@40ﬂ

(1 - 4(u-k)2)? 1-4(u-t0? 2 )
1.4 K- 1,4, 2
= {1+ (u-k)} "k (u-k)expi- — - Ek (u-k)
1 -4 Cu=-k)
1 1 .
for k - Z <uc< k + 5 (k =1, 2, 3, ... ) and zero elsewhere. Using the

same argument as in (6) and (7) above we can establish that the first term

on the right side of (8) is absolutely integrable. For the second term,

we have a series whose kth term is given by

(9) -fl/z (l+z)ql2k4z(822-l)(1-422)—2exp -k _22_2+32E dz .
-1/2 1-4z

As k -+ = the region in which the exponential factor in the integrand of

(9) is significantly different from zero becomes a smaller and smaller neigh-

borhood of the origin. At this point the integrand itself is zero because

of the factor =z ; and the function [22/(1-422)-+22/2} in the exponent

has a minimum. This latter function has a non-zero second derivative at

z = 0 so that, using Laplace's method to represent (9) as k + o (see,

for instance, equation (5-1.21) on page 185 of Bleistein and Handelsman

-3/2 -
[ 3]) we find that (9) is bounded by a quantity of O(ka(k4) ) = 0(k

This series involving (9) as its kth term is bounded by an absolutely

2

convergent series and therefore converges by comparison. It follows that

the second term on the right side of (8) is absolutely integrable. A similar
argument verifies that the third term on the right side of (8) is absolutely
integrable.

This proves that the function h(u) defined by (4) and (5) satisfies



the conditions of the lemma. However, as noted above h(u)é{u) = £(u)

does not approach a limit of zero at infinity and the lemma is false.

il

One apparent way of tightening up the lemma is to restrict the class
of allowable h functions so that the argument following (1) is wvalid.
It is too much to require that h(u) tends to zero at the limits of its
domain since we want to set h(u) equal to the functions that appear in
the structural specification of the model and their derivatives. It will
often be unrealistic to require these functions to vanish at infinity. On
the other hand, we may suitably bound the growth of these functions to ensure
that h(u)¢(u) tends to zero as u + = . This requirement then allows the
structural functions that are present in the model to be unbounded over the
whole space of realizations of the random elements in the model (just as
they are in the linear simultaneous equations framework or the simple regres-
sion model). But the requirement will also prevent the structural functions
from taking on values which become too large for certain realizations of
the random elements relative to the probability that the random elements
actually assume these realizations.

A correct statement of the lemma therefore obtains if we simply add

the requirement that " h(u)¢(u) + 0 as ||lu|| + = ."



3. AN EXAMPLE IN WHICH NON-LINEAR FIML IS CONSISTENT

WITH NON-NORMAL ERRORS

It is not difficult to construct models with minor departures frem
linearity in which non-linear FIML is consistent for a wide class of error
distributions. One such example is given by Malinvaud [11] (see, in par-
ticular, page 732); another by Phillips and Wickens [12] {problem and sclution
6.22), The following example invelves what may be regarded as a major de-
parture from linearity and is based on an example used by Gallant [5 ] ané
Gallant and Holly [ 6] to illustrate the verification of conditions used in

the development of an asymptotic theory for non-linear FIML and 3SLS.

The structural model is
(10a) in Yie + a; = up,
(1003 Yor ¥ B¥1e = Upe

and its reduced form

The concentrated log likelihood (or quasi likelihood)® function is

lWhat would be the likelihood if the errors were normally distributed.



I P | 2, -1
(11) L{ay, b)) = - Sml{7 E(Qn i, *ap) HT Z(th-+b
- {T'IZ(y +b.y. )(&n y.  +a )}2]
y 2t 171t 1t 1
= —-Iﬁn A, ( b,)
2V Apldy. By) Say

and its first derivatives

3L _ _ 1.,-1;,,.-1 -1

8a, TAp 2T g(’m Yy tap) HE é(y1t+b1y1t

10

2

Y1)}

)2}

_l -
- AT E(th'*blylt)}{T lE(VZt'*blylt)(Q“ Yiptap il
t

oL

1 .- -1 -

Y160 ¥1e

}

-1 -1
- 2{T Z(th—+blylt)(Rn ylt-+al)}{T gylt(in i tap

It follows that at the true values ao

1
(12a) plim T Yar(a?, b?)/aa =0
1
T
(12b) plim T Yan(al, b%)/ob, = -
1 1 1
T
where the disturbance vector u, = (ui

., bY

1

t

of the parameters we have

2011E(u2te

-a,+u
3

1t

) —2012E(u1te

) in (10) is assumed, as in (1),

-—al+ult

to be independent and identically distributed with zero mean and covariance

matrix z = (Uij) for all t ; but not necessarily normal.

For the expe

tations in (12b) to be finite, we also require that the moment .generating

function of ut

c—-

)]
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s'u

(13) mgf(s) = E(e  ©)

exist for certain non-zero values of the vector s' = (s 52) . A precise
region within which we will require (13) to exist will be specified later.
In (12b) A is given by A = plimT+mAT(a?, b?) = det Z .

To prove that non-linear FIML applied to (10) gives consistent esti-
mates it will be sufficient to show that, setting o' = (al, bl) , the
following two conditions hold:

(i) plimTﬁm(T-laL(ag, b?)/aa) =0 ; and

(ii) plimT+m(T_13L(a?, b?)/aaaa') is negative definite.
If (i) and (ii) hold and the convergence in (ii) is uniform in a neighborhood
of (ag, bg) » then it follows from the argument in the Appendix of Amemiva's
[ 2] paper that the non-linear FIML estimates are consistent.

To establish (i) and (ii) we need to make explicit distributional
assumptions so that the expectations that appear in the limits can be eval-
uated. It is easy to verify (i) and (ii) when u, is multivariate normal.
Since we are interested in specifying a non-normal error distribution for
which (i) and (ii) continue to hold a convenient point of departure is to
specify a class, such as the following mixtures of the multivariate normal,
which includes the normal as a special case., Specifically, we consider the
class of probability densities given by

Y

1/2 1 -1
(14) pdf(u ) = f (27w) (det Z) [- Euéz ut/w}dc(w)
where G(w) is a distribution function supported on the half line [0,=)
A,
and Z = (gij) is a positive definite matrix. One immediate restriction

on G(w) is that the moment generating function (13) exist and since
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s'ut = %ws'%s
(15) wgf(s) = E(e ) = [ e a6 (w)
0
we have
1 A"
© EWS'ZS A
(16) amgf(s)/3s = {f we dG(w)}Zs
0
and
2 " "lé“s"is 2 %’”S' s
(17) 3°mgf(s)/3s3s" = {[ we dG(w)}Y*—{f we dG(w)}iss'% .
0 o

b "
We deduce that E(ut) =0 and E(utué) = {f de(w)]z . For compatibility
0

with (1), we then require that
G "

(18) {f wdG(w)}] =7 .
0

Non-linear FIML will now be consistent for every error distribution
in the class (14) for which conditions (i) and (ii) hold. From (12b), we

see for the present example that condition (i) requires that

u

2 1t e,
(19) E(ult)E(UZte ) - E(ultu2t)E(ulte )y =0 .
That is
r l ﬂu
3/3s 1] = Lo
1 . 2711
(200 (-0,,, 0,;) mgf (s} ;= (=95, 0,1 [{f we* “Tdeew)}
3/3s, 1 o| ©
J
=0 \
r } 1 "
LI = %oy *
= (*olz, 011)5 {f we dGCW)}/{f wdG(w) }
OJ 0 0
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provided G(w) is such that the integral

(21) [ e dG(w) < = ,

Taking the restrictions (18) and (21) together we have a whole class of
non-normal error distributions given by (14) for which condition (i) holds.
Condition (ii)} imposes only a very mild additional restriction on G{w)
as we will see in the special case we consider below. This procedure there-
fore provides a very natural way of determining a class of non-normal error
distributions for which non-linear FIML is consistent.

We end this section by illustrating a non trivial non-normal member
of the class prescribed by (14), (18) and (21) for which non-linear FIML
is consistent. We take the continuous exponential distribution for G(w)

with density

(22) glw)y = G'{w) = Ae_kw s A >0 .

We deduce from (14) that the corresponding density of the error vector

u is
t

(23) pdf(s) = 2(2n det DT v lexplonw - 8(u ) fwda
0

m-
where B(ut) = %uéz lut . Let v = v and transforming variables in (23)

we get
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- ’L — = -—
(24) r2m " Hdet )) Uzj v lexp{-v-xe(ut)/v}dv
0

= 2 (2m "H(det f)‘lfzzxo(zwﬁéd

-1/2

-1 v
An T(det )) UKL )2

0 2

where Ko(z) is the modified Bessel function of the third kind.l We note

N
from (18) and (22) that A lz = ) so that we can write the density of u, as

1 2

w7l

K_|2|-to—t
0 2

(25) pdf(u.) = 7 der 72

In the general case, where u, is an nx1 vector the corresponding density

is given by

-n/2

(26) pdf(u) = 2(2m) (det I)‘l/zxn pJ L.

2 !
J

and the moment generating function of u is simply

1 -1
(27) mgf(s) = E - -is'Zs:l )

This can be viewed as a multivariate generalization of the Laplace distribu-

tion and we note that in the case n =1 (26) reduces to

1See, for example, Lebedev [10] and, in particular, equation (5210.25) on

page 119 of [10] for the representation of the integral in (24).
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ul

-1 Y 2
28 d = (2 =
(28) pdf(u.) = (2v) e s Y 011/2
which is the univariate Laplace with variance equal to 272 = 011 and moment
2 2,71

generating function equal to [1-+v 5]
The tail behavior of the density (26) can be determined from the
following asymptotic expansion of the function Kv(z) tor any real v

/2 _,

w
(29) Kv(z) N {5;) e

as |z} >« ([10], page 123). We deduce from (26) and (29) that

_ —(ne _ _ —(n+l)/4+1/2
(30) pdf(u) ~ 2 n/2_-(n 1)/2(det 7 1/2[%u;2 1ut]

o 1/2
rexp(-(20! ] Mu) )

as [|utH + = . Thus, although (26) has exponentially thin tails as described
by (30) these tails are thicker than those of the multivariate normal dis-

tribution.
We now return to the verification of conditions (i) and (ii) for the

density (25). For condition (i) to hold it remains only to check (21).

We have

A 1
g e AR
f we lldG(w) = af we2 11 ¥y
0 0

which will be finite provided 0y < 2 . This condition can also be obtained

directly from the moment generating function (27). Setting -= 0 in

52

(27) we require, for the moment generating function to exist,
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2
(31) $1917 © 2
Y1t 1
and if E(e ") 1is to be finite this requires o,, < 2 as stated. This

11

verifies condition (1i).

For condition (ii) to hold we need plim +m32L(ag, b?)/BaBu' to

T

exist and be negative definite. Calculations show that the probability

limit will exist provided

2u
(32) E(e 1Y)
that is, from (31), provided T 1/2 . If this restirction on var(ult)
holds we find
. { _
' T8y, Y1t
1
BZL(aO, bO) Opq ! 01,8 E(e =)
. 1* 71 -1 '
plim —— = =(det }) " {-=—m=mm—mmmmmme RS-
T Pada -a; u 1 -2a; 2uy 2a uy 2
ty | ty 1 t
C1q E( ) | 018 E(e ) (E{e ult))
| I
V— a T
€1
) 2012e
22 2-0
1 11
(33) = -(det }) .
20_.e 1 -2a o 4o 2}
12 o 1 11 11
2-0 1-20 2
11 11 (2-011) [
- '

which is certainly negative definite for a range of values of o < 1/2 .
This verifies condition (ii).
it follows that non-linear FIML applied to (10) will be consistent

for the non-normal error density (25) provided 0)q < 1/2 and (33) is negative

lNote that this condition is also needed, at least as far as the proofs in
[1] and [5] are concerned, for the consistency of the non-linear 3SLS estimator
as some simple manipulations will show,
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definite, The inequality constraint 91 < 1/2 1is really innocuous because
it is just a necessary condition for var(ylt) to be finite when the errors

driving the equation system (10) follow the distribution (25).1

4. FINAL REMARKS

The example of the previous section shows that normality is not neces-
sary for the consistency of non-linear FIML and the analysis suggests a
general procedure for constructing non-normal error distributions for which
the consistency of non-linear FIML is maintained. The analysis also demon-
strates that there is an intimate relationship between the form of the non-
linear functions admitted into the structural specification of the model
and the tail behavior of the error distribution which is permissible if an
asymptotic theory is to be developed. This compatibility between the non-
linearities in the structure and the probability of outliers in the error
distribution prevents the influence of outliers interferring with the
operation of the law of large numbers and is, in large part, independent of
the estimation technique that is being used. This is not to say, however,
that non-linear FIML and 3SLS will be consistent for an identical class of
error distributions. On the contrary, it does seem likely that the asymptotic
properties of the non-linear 3SLS procedure will be more robust than those
of non-linear FIML, but this has not been the subject of investigation in

the present paper.

1Moreover this condition is also needed in justifying the asymptotic nor-
mality, although not the consistency, of non-linear 3SLS according to the
proofs of [ 1) and [ 5].
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