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THE LONG RUN IMPLICATIONS OF A TWO SECTOR MODEL

WITH IMMOBILE CAPITAL*

by

Gary Smith

Elsewhere, Smith and Starnes [1977] describe and analyze the short
run properties of a discrete period two sector model with an imperfect
market for physical capital, Used capital was assumed to be completely
immobile, with a Keynesian investment demand for new capital arising from
discrepancies between the commodity market price and the equity market
valuation of capital,

In the fixed wage case, we found that a bond financed government
expenditure increases interest rates and the production of the commodity
which is purchased by the government but has an uncertain effect on pro-
duction in the other sector. The net effect on national income and em-
ployment is also ambiguous. An expansionary open market operation lowers
interest rates and stilmulates production in both sectors. A money financed
government expenditure is also unambigucusly expansionary, when the period
is assumed sufficiently long so that an increase in Income has a positive
effect on the demand for interest bearing financial assets, A money
financed purchase of consumption goods lowers interest rates while a pur-

chase of investment goods raises them.

*The research described in this paper was undertaken by grants from the
National Science Foundation and the Ford Foundation,



In the flexible wage full employment version of this model, a de-
mand induced expansion of one sector necessarily reduces employment and
production in the other sector, even with an elastic supply of labor,

This 1s because investment production in the short run is a positive func-
tion of the relative price of investment to consumption goods, while con-
sumption production is a negative function of this same price ratio,

Bond financed government purchases increase interest rates and tilt pro-
duction toward the commodity purchased. An expansiocnary open market oper-
ation reduces interest rates and slants production toward investment goods.
A money financed purchase of either commodity lowers interest rates and
tilts production toward investment goods.

In the present paper I analyze the stationary state equilibria for
these models and the long run implications of monetary and fiscal policies.
This exercise is in the spirit of the Blinder-Solow [1973, 1974] and Tobin-
Buiter [1976] analyses of the one sector IS-IM model, For comparative
purpose I will here use a continuous version of the Smith-Starnes two
sector model,

In the Blinder-Solow and Tobin-Buiter unemployment models, the
levels of both wages and prices are fixed. Since fixed prices imply a
constant relative price ratio, the two and one commodity models are iden-~
tical, I have consequently followed Smith-Starnes in analyzing an unem-
ployment model in which nominal wages are fixed but prices are flexible.

For both the unemployment and full employment models I find, in
contrast to the Smith-Starnes short run analysis, that the signs of the
long run multipliers in the one and two commodity models are identical,

The stability reaults do however diverge somewhat. The one commodity

model tends to be unstable with static price expectations whi le the sta-



bility of the two commodity model is formidably ambiguous,

The notation used in this paper is described below:

N, = employmgnt in the 1th sector; i = ( (consumption goods), or
1 =1 (investment goods),

K, = capital stock in the ith sector,

8, = rate of depreciation of Ki B

Qy = output of the ith sector,

P, = price of the ith commod ity,

i

m o= rate of change of Pi’

ﬂi = anticipated rate of change of P,
p= PI/PC »

w = wage rate,

Y = real factor Income, measured in terms of the consumption gocd,
W = real private wealth, measured in terms of the consumption good,
M = nominal monetary government debt,

B = nominal interest-bearing government debt,

r = anticipated real rate of return on debt,
G, = government purchases of consumption goods,
gl = GC plus net interest, (1-t)(r+-ﬂ§)B/PC s
G. = government purchases of Investment goods,

t = tax rate,

time derivative of x .

e
n

With the exception of the closing of the labor market, the dynamic

short run model is described by the following equations:
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(1) PCFCN[KC, N =w= PP (K NI]
+  + + +
(2) QC = FC[KCJ NC] » QI = FI[KI’ NI]
3) Y=Q. + P(QI - GCK " 6IKI)
-+
(F. (K., N.]-p8.) (F
M+B cktc? c C
) We Pc + = K, + o=
-+ +
(5) C[r,Y,W] + GC = QC
(6) 6CKC + E’IKI + KC + KI + GI = QI
. + +
(7) L[r+w§, Y, W] = M/E,
-+
(8) K = L(BeFoglks Nol - P, - Pyr]
. - 4+
(9) Ry = I IF (K, N1 - & = 1]
(10) B = PG, + PG - tP.Y
+2 e
(11) e = B, - ) .
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sector
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(investment
sector
investment )

(government
dissaving)
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expectations)

In the unemployment version, the model i3 closed by the assumption

that nominal wages are exogenously given

(12) wEw,



In the full employment model the final equation is the labor supply,

(13) N, + N, = Nw/e ]

In order to increase the comparability with Tobin-Buiter, I will

adopt their specification of the private demands for consumption goods

and money:
(14) (1-t)6' + EHL) M-P— - s(fY - W)
(15) L= z[(1-t)(r+n§), Y/WIW .

I. Unemployment

The differentiation and solution of the supply side equations (1)
and (2) with a fixed nominal wage (11) imposed shows that sectoral employ-
ment and output are positively related to the capital stock and price

level:
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Total real factor Income from (3) is then given by

=




F
= __EE._ N
BY = (Fop = P& Fopgg ON B+ oFrx ™ 4 F_ KFIN &K

AP 4
+ ...___.. - - ._ _.......
e(Q - &K, 5IKI + +Q1 S -

Near a long run equilibrium with kC = RI =0, equations (B)

and (9) imply F = p(FIK- 8.) =r , and thus

ck " P& D

7+ + o+

Smith~Starnes assume BY/BPC > 0, but that assumption is not needed
here.
With congtant returns to scale production functions, the margiaal

products of capital depend only upon the price levels:

2
F _F.___ =-F F_F
AFCK{K N1 = CKK ENN CKNM{C . CN CKNAPC
CNN PeFom
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Frg = FrxlPql

Steady states are characterized by constant real asset stocks.

when the government fixes the nominal stock of either asset, then the



steady states are stationary with the price level and nominal stocksof
other assets also constant. Thus, using the behavioral equations (14)
and (15) and the supply side results (16) and (18), the short rum equi-

libria (5), (6), and (7) and the stationary conditions

ko= k =B8=1 =0 for (8), (9), (10), and (11) determine the long

run stationary state values of PC s PI y T, KC s ]LI , and B :

+
(19) FrglPp) = 8, + ¢
+
(20) C CK[P ] = PI(BC+ r)
(21) L (1-t)r, /81 GL+PG)) =
+ +
' - =
(22) GC + p(l t)GI tQC[PC, KC]
+ +
(23) Gy + &K, + 8K = QP K]
KC+K
(24) MGL+ 96,) = -P—-+ P
c C
Equations (19) and (20) describe a positive relationship between
Po s PI , and r which is unaffected by monetary and fiscal policies:
d_i! 1 > 0
U
dr FCK
dar PF' + & +r

c_ _LIK™ ¢ S
] T
dr — FoFrx ¥ PFerfik

0.



An increase in r requires an Increase in P_ to raise employment and the

I

marginal productivity of capital in the investment goods sector, Higher
values for r and PI mean higher marginal capital costs in the consumer

goods sector; PC must then rise to increase its employment and marginal

revenue product. The relationship between r and the relative price ratio

p depends upon the relative capital-labor intensities® for the two sectors:

F F N :
2 d CKN IKN c_ 1
PR’ F -I-P F! )-—e = w - ————} = R — .
¢ ¢ CKdr <FCNN 'Fm\D ‘C(C

Collecting these results,

+

PC = PC[r}

+
(25) P, = B[r]

p=plr], 920 as NC/KCZNI/KI-

The longrun IM curve (21) also describes a relationship between PC ,

P and r . Using (25) to make this two-dimensional,

1 2

- T = - ~oy ~
£t I&Cmc Aip 86, = & (1-t)Whe + 4G AP, + ey,

dPI/dr
- 1 S ———
£ (-t)War + H(G; + Gp 32 _/ax P -

An Increase in P (and from (25) PI )} raises income and the demand for

c

Writing the production functions in intensive form with F [Ki’ N ]
- £ R "
(K /N ) gives FiKK £ /N1 and FiNK K f /N so that

/F - -Ni/Ki

1KN/F1NN 11KK iNK
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money, requiring an offsetting rise in r . This longrun IM curve (LIM)

thus describes a positive relationship between r and P_ which shifts

c
downward as M increases, G, falls, or G, falls:
Cagse 1 Case II
IM
T Pc[r] r Pc[r]
LIM
or G +
I
Gy
4,64 LM )
Qf
PC PC

This curve may be either steeper or flatter than the relationship
Pc[r] in (25) that results from the marginal productivity conditions., As
the interest elasticity of the demand for money approaches zero the LIM
curve becomes vertical., Wwhen the IM curve is steeper than Pc[r] s an in-
crease in the money supply increases the steady state values of r , P

c

and, from (25), P_ ; an increase in Gé or G_ lowers r , P and

I I c 2
PI . The opposite is true when the IM curve is flatter than Pc[r] .
Equations (22), (23), and (24) now recursively determine Kt » KI ;
and B :
(22') t axcm(c &G, + P(l-t)aG, - ¢t BPCAPC + (1-t)G Ap

231 =% - s\AK. = AG_ + 8 -ﬁap
(23) e i 1t &% #1
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1 1 -~
(24%) 'I;EAB = "I';'C'M - pAKC - pAKI - (KC+KI'p.GI)Ap
3 c
1
+ t(mC+ pAGI) + (}H"B)—;T .
c

If Ap/APC >0, then all of these remaining multipliers are ambiguous.
If NI/KI > NC/KC so that Bp/BPC < 0, then by inspection® the multipliers

are as displayed in Table 1,

TABLE 1
Stationary State Multipliers with Fixed Nominal Wages

Two Commodity Model

CASE I CASE IT
(IM steeper than PC[r] ) (IM flatter than Pc[r] )
t '
AGC, AGI fi 0 AGC, AGI M
A - + + -
- + -
APC +
- + + -
API
AI% + - ? +
+ - +
AKI ?
AB ? 7 ? -
One Commodity Model
AG M A5G a ol
Ar - + -
AP - + + -
AK + - ? +
AB ? ? ? -

*1o sign AB , I also need the reasonable assumption that KC+ KL > GGI s

which states that capital is a larger fraction of wealth then net invest-
ment 18 of income.
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The stability of these long run equilibria 1s quite uncertain. The
characteristic equation of the system (5)-(l1) is a 7x7 determinant which
becomes a very long and complicated fourth order equation., Despite many
hours of struggling, I have been unable to find sufficient conditions which
were not so specific and eevere as to be uninteresting.

The character of this ambiguity can be seen Iin a two step stability
analysis for the special case of static expectations (B = 0) . The three
short run equilibrium equations (5), (6}, and (7) can be used to determine
T, PC , and PI as functions of KC s KI s and B , These can then
be substituted into the dynamic equations (8), (9), (10) to give kC , kI s

and ﬁ as functions of KC » K and B . For the first step, substitut-

I 2
ing the supply conditions (16) and (18) into (5), (6), and (7) and differen-

tiating gives

— ar - — L ar -
811 %12 B3 || 8 0. s TES || %
31 T2 T8y (| BFp T "% 25 0 ARy
1
837 83 "8y || & 834 T835 T ply || OB
L —t b b C By —
where each aij on the left hand side is a positive parameter defined in

Smith-Starnes, and
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814 = (L=CFrp= 08 - FoyFong/Fony) + (% =Gy >

15 = Pyt CyFrp = 8- FronFinFon? > 0

a = F - &

25 "8 P/ 0,

INK FINN >

[+
[

34 = LylFoyg = 0% ~FonFong/Fopy) + My >0, and

[
L]

35 = Pyt Py (Fry = Ap - FroeFone/Fopd >0 -

Although a1, is formelly ambiguoua, it can be reasonably assumed positive,

The solution is then given by

- a T - A
AP, 8983378598,  8)38397815893 8,,8,518,38.51] 814 "85 'F&Cw
-|al|&py 89383, 7851833  "8y,83378138,,; 8 8,%a 8,00 "% 8y O
1
& 8518397895837 811835781583 alzazl‘“u“zzj "33, 835 F(;Lpﬂ
- J - .

The oniy one of the nine complicated elements in this matrix product which can
be signed is A&r/AB > 0 , with the Smith-Starnes assumption that
8,185 " 81985 >0 ., With so little information about the other effects of
stock changes on the equilibrating variables, very little can be said about
the stability of the system.

The analysis for the one commodity model is similar though simpler.
(since the long run implications of this familiar wodel have not been pre-

viously analyzed, they are themselves of interest.) The dynamic IS-IM model

with a fixed nominal wage can be summarized by

I
O;]
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s (B[P, K] - W) + we(‘if) = R+ 6 - tQ[R,K]

L[ (1-t)(r+ ), QIP,K]/WIW = M/P
(26) K = I[F[P]-1]
B = G' - tQ[P,K]
L [3(ﬂ-ﬂe) .
The stationary state values of r , P, K, and B are then given by
r = FK[P]
PA{ (1-t)r, 1/(]06" = tM
(27)
G' = tQ[P,K]

36! = tK + t (M+B)/P .

The first two equations in (27) gives two positive relationships between

P and r , with the relative slopes ambiguous

3 '
— =
(aP)F (2 K

(él:) 7,
BPLm -(1-t)£1w

(28)

A8 3L/> approaches zero, the LIM curve becomes vertical, The remaining
two equations in (27) then recursively determine K and B . The signs

of the multipliers are displayed in Table 1. It is striking, and surprising,
that they do not differ qualitatively from the long run multipliers for the

two sector model,
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For the stability analysis, I will now define

o
H

. +B
. (t+su)—§+ I'FL + 8 MPT - }lsFI'()

o
]

1
12 1"+ 8K/r >0

b13 = (t+sﬁ)-§% -8

M M+B FI.(K
b, =4+ g R (WE_K
21" 2" e 2T

- k=]
boy =Ly * by ¢ >0 .

The conventional assumptions that b11 and b21 are positive state
respectively that an increase in the price level raises saving relative to
investment and raises the demand for money relative to supply. A positive

sign for b states that an Increase in the capital stock raises saving

13
relative to investment; a sufficient condition for this is that the marginal
propensity to consume out of income is less than one.

The characteristic equation for (26) for P, r, K, B, and

e
v can now be written as
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11 12 13

a1 bPap by LR -(I-t)A4W

= et -1! -
0= 1Fy -I n 0 0
+30 R
% 0 x 0
AP O 0 0 -1-A/8

= k3[(1-t)£1W/P+b22(lH-B)/P2+ (b byt byobyy ) /B]
+ )\z[bllbzz-t- b12b21+ I' (b23 (M+B)/P2 - b13 (1-t)£1w/1>)
+ I {by g (g Fy b))+ bys by Fpt+a;;)1/8]
' t Q
+ AI'[by sy = byibog ¥ byoby3) = =5 gLy OFB) + (1-t)s 4y W)
P
t ' _
" BP ﬁ(%(b11+b12FK)+s(b21 byoFi))]

- (tx'%:-i/P)[Lw(bn“‘blgF{()*S(bzl'b22F1'<)] .

This is in general ambiguous, With static expectations (B8 = 0) ,

however, the characteristic equation is dominated by

0= "B[bnbzz*bm"zﬂ + A (sl tlw)<%>(§ %)

. b13(}1/P2+ (1-6) 4 WF)] + x(:x'-g-%/z)l}zz(%%)

+ Lw((t+sﬁ.)-g—§ - I'F;(>+ a(—fi+ (1-t)£1WFl'(>] .

The expression (t+—sﬁ)%§ - I'Fk is the part of b that describes, neglect-

11

ing wealth effects, the effect of a price increase on saving relative to



investment. This will usually be positive or small, if negative.
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From (28)

the expression M/P2 + (l-t)LIWFk is positive if the LIM curve is steeper

then r = FK[P] , &nd negative if it is flatter., Thus, when 3L/ is rela-

tively small and the LIM curve relatively steep, the characteristic fum

will be of the form 0 = ak? + bkz - ch, where a and ¢

and the system is therefore unstable.

I1. Full Employment

are positive

The differentiation of the labor marginal productivity conditions (1)

and the labor supply (13) gives

1 “Form 0 A(w /PC ) FCNK
1 0 X - o, =] o0
§' 1 AN 0

with the gsolution to this system given by

Aw/Ey) P Nk P i o
1 s'
(29) BNy | =y Fonk T Fod ) “F vk
- s'
| Ay L Tomx e Fom®

Sl
where = FCNN + ﬁFINN(l- FCNNN ) < 0., Qualitatively,
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+ + o+
30 w/PC = w/PC[p, Kt, KI}
- + -
31) No = NC[P, K.» KI]
+ - +
(32) N = Ni[o Ky K]

An increase in p = PI/PC increases NI , decreases NC , and raises aggre-
gate employment by increasing w/PC . An iIncrease in either industry's capi-
tal stock will increase that industry's demand for labor, the real wage and
aggregate employment while reducing the other industry's demand for labor.

In addition to these labor market conditions and the behavioral assump-
tions (14) and (15), the long run equilibrium is characterized by the short
run equilibria (5), (6), and (7) and the stationary conditions for (8), (9),

(10), and (11):

(33) FrglPpl = &+

(34) PoFoplPe] = Pr(8+7)
G3) Gy + &K * 4K = Q4
(36) tYy = GC' + oG,

(37) 4 (1-t)r, 1/G)0Y = M/P,
(38) SRR wRi Sl

Differentiating the capital marginal productivity conditiomns (33)

and (34) gives
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2
o Fex || & Foxg O BK, PFogpn O
= +
1 o AP 0 o || 8K 0 Fo
Subst ituting for ANC and ANI from (29) and solving gives
] s' c.2 .8 7]
{" Fonf e mnf okt Fomy) P o P oI Fomy)
i -1
B+ nFornf trefonk FerFrmfonk! T F mFern rref o " Forf i omy |
Ap -ap?'{F -F_F .V apz{F -F 1
° i IKN' CNK ™S NN CRK CKN INK T IKK CNN 1

[}
where B = aszIKNFIN(l -Ns FCNN) - azFCK + OPFINFCKN < 0 ., Therefore,

39) r =1k, K],

?

p= pIK,, KI] , bo/bk; 20 as N /K ZN/K .

(40)

The aigns in (40) follow from the earlier footnote. The substitution of the

actual equation for (40) into (29) now gives

+ +
w/PC = w/PC[KC, KI]
+
(41) NC - N [ 1([]
+

Np = Nplke Kl

where the signs of the partial derivatives in (41) are determinate despite

the ambiguity in (40). Thus, an increase in the capital stock of either

industry will unambiguously increase real wages, aggregate employment, and

employment in that sector and decrease employment Iin the other sector. It
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follows directly from (41) and the production functions (2) that each industry's

output is positively related to its own capital stock and negatively related

to the other industry's capital stock,
+ -
+
K., KI] .

As for aggregate income, from (3)

BN aNI

dY n -
dK; Feg = P8 * Fey BKC * N K 3K, + Q- Kl)axc

S
- ¥ - . 20
pr + T + (Qp- &K, - 8Kp) 3,

aN N

¢ I 3
- &) + Foy W * o E +(Qp - &K - csIKI)'a'I%

dy _
ax; = P
=Ety KI -+ Q- Bk - GIKI)BI(I

I will assume that these are positive, which is unambiguously so 1if there

are few government purchases of investment goods (GI = () or if the invest-~

ment goods Industry {s relatively labor intensive so that ap/BKC, ap/aKI >0,

+ o+
{43) Y = Y[RC, KI] .

Now differentiating (35)-(38), with (39)-(43) substituted in gives
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2, 2, - 4 T -
BC -'SK—C- 61 --é-l-(-; 0 0 AI(C -AGI
oy €9 0 0 AKI AG&+—pAG
€3, 39 %i-:- 0 APC ad
“C41 “Co !P—;I}- -1 i AB } I & i
where
Cpp = tpr + t-—— BK: (1- t:)(;I -39%
c te + ad 20
227 FF T TR (1-66; 3K,

€31 1 BKC C axI
dr ~ 3Y
Cig ® P (1-t).!1W-§-iL-+ P.L& K >0

I will assume that €51 and €,y are positive, which states that an

increase in either capital stock increases government tax revenue relative

to expenditures, With these assumptions, the Jacobian determinant
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xQ N
M 1 1
ol 2@ )

is negative and the long run multipliers are given by

—AK(: | Con - Xy 5. L 0 0_ [
22 B 3, 1 B I
Q
M I M
., g -—L M 0 0 ||ae'+onc
B 21 ¥, Qs 3K, P> o P
Fe
-leljagl= | ca1e37eg00s Kc KI 8 -iclsf o B
MB M+B M
P, T (€21932731%22) (1 BKI C31°F, Tt Q)
8 7 -le=R fel||  m
- - M ( Xy M+B . - .
M
= w=(C,,C, =C.C, ) =5 - == —+c,,o
[ Fo“22%1721%2 ¢~ 3K, Kazp, * 2 PD |

The multiplier AKC/AGI is positive since

pg &, AN +N,)
-{c|=2 —= = plF +t: - (1-t)¢
HM 86, K~ mach te KI Iach

= (l1-t)r + (1- t)P aKI + (1- t)G

PBKI KI

This result also directly yilelds APC/AGI < 0, Some lengthier but straight-
forward manipulation shows that sufficient comditions for AB/AGC': and AB/AG
to be negative are that the supply elasticity of labor is small (Ns' - 0)
and either there are few government investment goods purchases (GI - 0)

or the capital goods sector 1s not labor intensive (NC/KC > NI/KI) . The

8igns of the remaining multipliers displayed in Table 2 follow by inspection.
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TABLE 2

Stationary State Multipliers with Flexible Wages

Two Commodity Model

1
AGC aGI M
AKC + + 0
AKI + + 0
Ar - - 0
APC - - PC M

&
[v5]
4

One Commoditv Model

AG! &
AK + 0
ar - 0
AP - P/M
AB - B/M

Monetary policy is neutral in the long rum. Expansionary fiscal poli-
cles increase the capital stocks in both sectors, while reducing real interest
rates, the price level, and government debt.

The stability of these multipliers is again quite uncertain, The
characteristic equation of the system (5)-(11) using (1)-4), (13)-(15),
and (30)-(32) is a 7x7 determinant which becomes a very long and complicated
fourth order equation. As with the unemployment model, it seems to take a
number of very specific assumptions to make the system unambiguously stable

or unstable,

The Tobin-Buiter statiomary state multipliers for the one commod ity
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model are reproduced in Table 2. As with the unemployment scenario, the
agreement between the one and two commedity long run multipliers is strik-
ing. The stability analysis for the one commodity model is not quite as
tedious (a 5x5 determinant which becomes a cubic equation), but the stability
of the system is generally uncertain. However, in the case of completely
static expectations (B = 0) , the one commodity model is unambiguously

unstable.
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