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PROBABILISTIC GENERALIZATIONS OF THE SHAPLEY VALUE*

by

Pradeep Dubey

1. Introduction

The purpose of this note 1s to consider the set of 'probability-
values" for games in characteristic function form--defined by Blair in
[1]--and to isolate a subset of these which coincide with the competi-
tive payoffs of nonatomic economies. This leads us to the class of "dia-
gonal ;O-values." In the final section, we discuss some open questions

connected with giﬁing an axiomatic support to this class.

2. "Uo-yaluea"

et v : 2V =R , V(@) = 0, be a characteristic function game
on the player-set N = {1, ..., n} ; and let P ve a probability dis-
tribution on the subsets of N\{il , 1 ¢ N . Denote the set
{]UD, . nﬂ by (P . Blair** [1] defined a "P-value" for v,

£(v) ¢ R", as follows:

fem = = PEUDIE -vE) .
S:ieSN

*The research described in this paper was undertaken by grants from the
National Science Foundation and the Ford Foundation. It is a pleasure to
acknowledge the help and encouragement of Donald Brown. He convinced me
that these results should be written up, and made numerous suggestions
that will be pointed out in the text. I am also grateful to L. §. Shapley
and M. Shubik for helpful discussions, and R. Aumann for suggesting the
title of thia paper.

*¥plair's 1s the first general definition, though he confined himself to
simple games. Special cases of P-values have been considered in, e.g.,

(2], (31.
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This can be interpreted as the expected marginal worth of i when coali-
tions of the other players form according to i¢9 .
The familiar Shapley and Banzhaf values can be obtained by certain

choices of F . For the Shapley value [4] define HP on N\{il by

61(8) L s where s = Is| .

n n-lc

For the Banghaf value® [5] let id’ assign equal probability to all sub-
sets of N\{1} , namely /2%,

Our interest 18 in selecting a certain set of (P-values and in
examining their behavior when N has a '"large'" number of individually
Y{nsignificant" piayers in {t.

In order to do so it will be helpful to recapitulate the notion

of "the multilinear extension'" of a game due to Owen [3 ].

3. QEEValues and Multilinear Extensions

Consider the unit cube u® tn R" (whose axes are labelled by
the players 1, ..., n ). Vertices of the cube correspond in a natural
way to subsets of N , Indeed, if the vertex is given by the vector
u (whose components are 0 or 1 ) it will correspond to the subset
§ defined as follows: 1 ¢ 8 1ff u, =1 ., Thus a game v can be

i

thought of as a function from the vertices of o {denoted ug for S CN

henceforth) to the reals. Owen extends this to a function on U™ as
follows:

£(x,, esa, x )= T {0x, T (1-x/)W(u)
1 P SN 1eS FleN\s 17 "e

*This definition is due to L. S. Shapley [ 2]. Banzhaf himself normalized
the vglue, f{.e., set T =1 ,
i
1eN



He showed in (3] that the Shapley value @ is obtained by integrating

the partial derivatives of f along the diagomal of Un, i.e.,
1 i
g, = j‘of (t, t, ..., t)dt

where f1 is the 1th partial derivative of £ . We can think of this

integral as I nfid)s.' where A' 1is the probability measure on u" which
4]

is distributed uniformly on its diagonal. Similarly Owen's result [5]

on the Banzhaf value (B) :
i
By (V) = £(1/2, ..., 1/2)

i
can be written Bi(v) = f nf dA" where N\' is the probability measure
U

concentrated at the midpoint (1/2, ..., 1/2) of the diagonal.
We are tempted to integrate with respect to an arbitrary probability
measure A on the diagonal., [The reason why we restrict ourselves to

the diagonal will be discussed later on.] 1f we do so, we get nh € R" 3

n’i‘- j‘fidh .
U

Is there a ¢~ for which ﬂx 1s a (P-value? We wish to show that
there is. To this end, let (t, ..., t) be a point on the diagonal,
0<t<1, and assoclate with it, for each 1 ¢ N , a probability

distribution P° on subsets of MN[i}l given by

ifat(s) - ts(l_t)n-l-s

where s = |8| . That is to say* 1Pt 45 obtained by picking elements

*This interpretation is from Owen [ 3],



‘independently and without replacement from N\{i1 with probability t .
Pt Pt - (lﬁjt, veu, ROty . Since each i'diz’t(s) depends only on s ,
we can represent th by an n-dimensional vector t(dgt) , where

qj(Pt) - “'1cj_1tj'1(1-c)“'-’i , for §=0, 1, ..., n-1 . For all 1 ¢¥,
vj(cvt) is the probability of getting a subset of size j-1 from N\{i)
under the distribution ipt . Thus #(4*) lies in the unit simplex

n

s" of R" . On the other hand, for any e ¢ s" ;s We can construct a

set of probability distributions 1@(e) on N\{il as follows:

e = e, /M, .

Denote [ §(e), ..., “4(e)} by #¥(e) . Note that F(§(F%)) = P .
Let CCS" be the set {§((P°) : 0<t <11, and let C be

its convex hull, i.e.,

m m
C={Toe, :c, eC >0, Ta =11%.
o Kk G €0 Re2 O B

Since Q(Oot) is continuous in t , the set [*(ﬁﬁ) :0<t <1} is
compact. Then it is clear that, for any probability measure ) on the

diagonal,

t —
[ (P yane) ¢ T .
™
let A be the set of all probability measures on u" that are concentrated
on its diagonal. For any A e A, let @Ph= [IFDK, ceey RPM gtand

for G[I t(fjt)dx(t)] . When ) concentrates with probability 1 on
n

v
(t, «vey t) , we will=-in accordance with our earlier notation--write

djt for 05)& .



We are now able to assert: 11)‘ is a Pk-value. This will follow

from

A t
pgi = IV'F gidh(t) -j‘ fi(t, cesy E)AN(E) , 1 e N, for any
n n

U U
Ae A

The second equality is immediate if we observe that--gee [3]--

e, o) = T a0 - vis\it)]
S:1idsnN

- P E)ves) - v .

S:idscw
For the first, mote that
t
jf:: g aAME) = ‘{‘U“(s:f‘s(nalcs)-l*sﬂ(o)t)[ Ty
) s:fds(n_lcﬂ)ql[ -run*sﬂ (PE)anE) I ... ]
i s:f(s(n-lcs)‘l*s+1(0>x)[ cen ]

t 1pMNer ...
S:i¢S

A
m pgi "

Q.E.D.

We know, by Caratheodory's theorem [7 ], that any e ¢ C can be expressed
as a convex combination of at most n+l points €1r sees € picked

from C . Hence, for any M ¢ A, there is a A' ¢ A such that



A
“OZ) ) = J‘ n“(pt)dw (t) , where A\' 18 concentrated at most n+l points
U

on the diagonal. From Lemma 1, we then have

A
Pgi-j £, ..., )N (D)
g |

for all 1 ¢ N . Inwords:; to evaluate any @wglue we need to take

a convex combination of the partial derivatives of f computed at most

nt+l points on the diagonal, When )\ is the uniform distribution, the

Ph-value is the Shapley value, and we get a variation of Owen's result.
owen showed in [ 3], that when |N| is large £l can be approximated
at points on the diagonal using the normal distribution. Our result
would facilitate the computation (Owen approximates the integral along
the diagonal by picking many points on it) if we could describe the n+l
points and their weights. We have not attended to this problem as yet.
However see the Appendix.

4. Asymptotic P—yiluea for Non-Atomic Games

The class of probability values that we shall be concerned with
consist of the Cp)\'-values, Ned.

To examine the behavior of pk-values for large pames, we start
with (see [8 ]) a non-atomic game v : @ =R, where B con-
sists of the Borel sets of I = [0,1] . Then, following Kannai [9], we
consider a sequence of fiﬁite games which "approaches" v , and ask if
the PA'-values of these finite games converge to give a ﬁ'-value of v .

For the formal treatment, we quote™ directly from Chapter III in [8].

*We have replaced "Pk-value" for '"sShapley value."



A partition II of the underlying space I
is a finite family of disjoint subsets whose
union is the whole space; a partition II2 is a

refinement of another partition II1 if each
member of II1 is a union of members of 112 .
A partition is called measurable if each of its

members is measurable. A sequence (IIl, 112, A

of partitions is said to be decreasing if L.,
is a refinement of IIm for each m ; and

separating if for all s, t ¢ I with s # t ,
there is an m such that & and t are in dif-
ferent members of IIm . A decreasing separating

sequence of measurable partitions is called an

admissible sequence.
If u 1is a game with finitely many players

we will denote by hg(u) the 0°x-va1ue of u
(8implifying the earlier notation dd; to *g ),

considered as a measure on the set of players
of u.

If v 1is a set function and II a measur-
able partition of the underlying space, let VI

be the finite game whose players are the members
of II, given by

Vi@ = v(U g
jes

for all EC II ., Now let T be a measurable
subset of I, and let II = (IIl, IIZ’ +ss) be

a decreasing sequence of measurable partitions

whose first term II, 1is the partition {T, I\T} .

For each v 1let
T,= {Je1r,: 1} ;

T 18 a coalition in the original infinite game
v, and Tv is the corresponding coalition in

the corresponding finite game Vip = v, 8ay.
v

If the numbers [Kg(vv)}(Tv) approach a limit
ag v —~e , then this 1imit will be denoted

[xg‘fiv)](g) » If the 1imit exists for all ad-
missible II starting with {T, IN\T}_and is
independent of the choice of such II, then



we will denote it by [kg(v)] » If that
is the case for all measurable T , then we
will call the set function ’\'g(v) the asymp-

totic f)h-value of v .

We are now in a position to state our asymptotic result,

Theorem 1. Assume that v = fopu, where y 1s a non-atomic vector
measure, and f is a C1 function defined on the range of 4 (which
is convex by Lyapunov's theorem). Then for any A ¢ A, Kg(v) exists,

and

1
A
[TEM (D) j'ofu(.r)(tu(l))dk(t) ’

where fu('].‘) is the derivative of f in the direction u(T) .

For the proof we first establish a lemma. Denote the members of

v v v v
Hv by {Al, P Am\" , and set u.(Ai) ai » Wwhere u is a non-atomic

scalar measure. For any s¥ c Tlv , let a"(s") stand for T al.

v i
ies
Finglly let a;:ax =  max {av] , and = u(I) .

h|
1i<n”

*
Lemma 1, Fix any t ¢ [0,1} , and choose § C Hv Yat random" accord-

Ve
ing to @t » 1i.e., with probability t;ﬂ(l-t)ln 5. Then, for p and

q in [0,a] ,
1 if ta e (p,q)

1im Prob{p < a¥(s) < q] = .
Ve 0 if ta<p or q< ta

*This 1s a giwple variation of Lemma 3 in [2].



Proof, Omit the superscript " v " until needed. Let Hk denote the

random variable (a(8) : 8 = k) , obtained by summing exactly k of
the numbers Qyy wvey @y chosen at random. Its mean is of course
e = ko/m , and as with any random variable* we have for any d > 0
2
k
b S - 41 S 5

O +d

(s

where 0'12c denotes the variance of l-I.k + Also, we have

2 2
crk < kcl .

since a "sample without replacement'" has lower variance than the corres-

ponding "sample with replacement."** Since

02<-]-'-Ea2<-]=ou ’
1=mn J=m Tmax

we conclude that

prob{f, S w -dl s /d®, for da>0.

Now let q < t&, and consider the sum

*The worst case is a distribution concentrated at two points, namely
p.k-d and the unique point on the other side of M that yields the re-

quired mean and variance ai . For such a distribution it is easy
to calculate that 02 = dde/(l -Pd) , Where Pd 1s the probability of
uk-d ; from this the inequality follows.

**gee Kemperman [10].
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m
Prob{a(s)<q} = T Prob{|s| =k]'Prob{Hk<q'} .
k=0
Choose d ac that q < q+d < ta, define &= (g+d)/a, and split
the sum into two parts:
m < S>> m

L = T + z .
k=0 k=0 k-—<&m>+1

For the second part, we observe that by > & = q+d , so
2
Prob{l-lk< q} < Prob{l{k<u.k a1 < S TVL

and we have

oY m O(Xmax
T < T Prob{|s]| = k¥ <
Ke<lotl = 42 ket = 42’

this goes to zero since (pp. 130-31 in [5]) & .. BOes to zero. For
the first part, we have, trivially,
<fm>
£ < prob{ls| < <ml,
k=0
which goes to zero with increasing m , by the Central Limit Theorem,
gince § 1s a fixed number less than t . Thus, we have establighed

that

lim Prob{a¥(s) < q} =0 if q<ta.
v—ﬂ

The proof for ta > p 18 similar. Combining these two cases the third

limit easily follows.

Q.E.D.
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lemma 2, Let pn be a non-atomic vector measure on I . let U be a
neighborhood of the point tup(I) on the "diagonal" in the ramge of 1y,

i.e., the line segment with end points 0 and u(I) . Let = {ﬂl, HZ’ coel
be an admissible sequence. Pick subsets from Hv as in Lemma 2, Then

for every ¢ > 0, there is a vo

» such that for v > Vg
Prob{u(sv) ¢ U} > l-¢ .

Proof. This is obvious from Lemma 2.

Q.E.D.

Proof of Theorem 1.* First consider the case where A concentrates on

V_ oY v
the point (t, ..., t) . let H (hl’ ceny hx(v)) be'such that

A::Tv 1iff 1 ¢ H . Then

Fewvpl) = = £ PHEDIvis) - vs\D)

10" S:ﬂ”

- T 5 PPEE\DIEWE)) - £(us\))]
1‘Hv s:nv

- 2t PEEWEDEg wa) .

1¢H“ SEHv

The last equality comes from the mean value theorem. V stands for gra-
dient, =+ for dot product, and Xg is a point on the line joining u(S)

and u(§\i) . Bylemma 3 T jszt(s\i)(Vf)(xS) tends to (VE)(tp(I)) .
scll
v
Clearly T u(Az) tends to u(T) . Thus we have proved that
1en”
t
1lim|[ g(vv)](Tv) exists and 18 equal to fu(T)(tu(I)) .

*We sometimes use 1 to stand for the player A: in H: . No confusion
results.
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Now take any A ¢ A . Note that
) M () = (P8 1T )ane)
) Ll )1(T) = £y (ER(D) for t e [0,1] .

We could conclude, by the Lebesque Dominated Convergence Theorem, that

(v )I(ry) = [£, 0 (Eu(D))arce)

if there existed a A-integrable function H : [0,1] = R such that
[tg(vv)]('l‘\;) < H(t) for all t ¢ {0,1] and for all v . We construct
suchan H, Let M = max|Vf| , where the max {s taken on the range
of u, and' | | denotes the max norm. Now, for all t , and for
all v,

Fevla) = 2 ¢ PR IvExg1-ua)
ich 1‘9‘:11\’

< T Me)u@) T tPNes)
el 1ds=n,

< (Me) (T

( e 1is the unit vector in R" s where Range uC R" .) Put

H(E) = (Me)-u(T) .
Q.E.D.

Remark., Note that Theorem 1 generalizes the result in (8], with a some-

what less cumbersome proof.
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We will use the term* "disgonal L-values" for the ﬂt‘\h-valu_es,

Aeh.
Staying on the diagonal provided us with a simple way of defining

a sequence of VO-Values for the games {vn 1” « Here we develop a de-
v vl

finition of a more general asymptotic value for v , by considering off-

diagonal™* -values of the games {vn1 . Let p\’ = (pr, ceey pvv)
v m

where p;_’ is the probability of picking A: from ﬂv {(and 1 -pl’ is
the probability of not picking it). Now p“ gives a probability distri-
bution iP(pv) on the subsets of IIv\{A;_W if we put

('PEMI6) = 1) T (1-p)), for 5CINAY} . Let us denote
1e8 "1¢8

1pY -y v y £
CPRE", ooy "PGHY by L) . e have a (P(pY)-value, £,

vq for each v . As before we attempt to define a limiting value €
v

v
of the fP(p )g-'valuea by

v
&) = 10 “®eqry
4J=tco
provided the limit exists for all T ¢ C, and is the same for any ad-
missible sequence of partitions. This will obviously require some con-

Va
straints on the sequence {p '_!\_1 .

*Strictly speaking, the word '"value" has been misused by us, because (see
[ 8]) it connotes a function on the linear space of games that satisfies
certaln axioms. Our ¢~-values do not satisfy these axioms (for further
discussion of this point see Section 5), but we condone our misuse by
talking of " (P-values" rather than just "values" to emphasize that our
values are defined probabilistically, not axiomatically.

**This consideration was provoked by Donald Browm.
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To find these constraints we choose as our criterion that
u(sv) tend in probability in some limit, where Sv is a random sub~
set of HV picked according to fa(pv) . For if this happens and
X ¢ Range yu 1is the limit, then the argument in the proof of Theorem

1 shows that

v
1im P )5(T) a £ (x) (%)

o u(T)

for all T ¢ (0, and any admissible sequence of partitions.

Let u, denote a component of i . By the theorem in #22, p. 105

of [11],* ul(Tv) tends in probability to a lhmiﬁ if and only if

m\!

(1) T p:u."(A:) has a limit
i=]

m” 2
(2) izlp;’a -p)lugAD] =0

((1) says that the mean weights should converge; (2) that the variance
should tend to 0 .] We will call (1) and (2) the G-K condition.

Gnedenko and Kolmogorov in fact prove®* that if the G-K condition holds,
v

m
flp:“ﬂ“:) . 8o

then uz(Tv) converges in probability to Xy ™ lim
i

we constrain {pv1:=1 by requiring that the G-K condition hold for every

component of pu . Then u(Tv) will tend in probability to x , where
v .

m
= lim T p¥u£(Ar) ;, and the equation (%) will hold,
1

x
7 1=

*I am grateful to J. A, Hartigan for recommending [11].

**Their result immediately implies our Lemma 1, We have nevertheless
given a different proof of Lemma 1 because it is self-contained and simpler.
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v
More generally let A ¢ A, and 1elt: £Y . [0,1] = "  be a se-

quence of functions such that
(¢) £’ 1s measurable on [0,1] w.r.t.A,

(d) {fv(t)]:_l satisfies the G-K condition for all t ¢ [0,1] .

Define a probability distribution 1PV on the subsets of H“\{A:] by

1
PV - Iolib"(f”(t))](s}dx(t)

v
[(c¢) ensures that this integral is well-defined). Denote [103\’, cees TPV
v
" v
by #Y; and 1inm TE)(t)u(A)) by =(t) . Then, {f x : [0,1] = Range
v {=]

is measurable, the arguments in the proof of Theorem 1 show that

1im P’g (Tv)

()
e

exists for all T ¢ (® , and for all admissible partitions, and in fact

is given by

1
fofu(T) (x(t))dr(t) .

When the set f{t ¢ [0,1] : x(t) ¢ diagonal in Range p' haa positive A-

meagure, then we will call the limit in (*%) an "off-diagonal F-value"

of v .
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4., P-values and Competitive Payoffs of Non-Atomic Economies

The main result that we wish to establish is: diagonal P -values

coincide with the competitive payoffs of non-atomic economies, Further,

we give an example to show that this does not hold for off-diagonal &7-
values Iin general,

Consider a non-atomic, finite type exchange economy with trans-
ferable utilities of the type described in Ch. 6 of [8]. There it is
shown thﬁt the game associated with the economy may be written as
vefou, wherel 4 is a non-atomic vector measure and f is a homo-
geneous function on Range p . If we assume that the utility functions

1

are C1 ; then f can also be gshown tobe C~ . 1In this case the

Shapley value # of v 1is given by
1
g(T) = Iof”'(T) (tu(I))dt .

Moreover (Proposition 31,5 in [8]) @ coincides with the core of v s
hence with the competitive payoff. But since f is homogeneous of de-

gree one, fu(T) is constant on the diagonal. Therefore

1
J Fucmy (ERDIE)

is invarlant of AN e A, 1i.e., the diagonal ﬁb-values also coincide

with the competitive payoff.

We would like to establish this without the finite~type assumption.
To avoid repetition we shall quote rather freely from [8} and recall re-
sults upon which our arguments are built, Let A be a subset of

BV ( BV is a Banach space of non~atomic games endowed with the
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vgriation norm--84, Ch, 1, in [8)) which has the properties:

(c) for any v ¢ A, and any A c A, Ai(v) exists (as an asymp-
totic limit),

(d) for any v ¢ A, Ag(v) = @o(v) , where ¢ denotes the Shapley
value, i.e., corresponds to the case where A 1is the uniform distribu-

tion on {0,1] .

Lemma 4, Let A denote the closure of the linear span of A . Then

properties (c) and (d) hold for any v ¢ A .

Proof. It is obvious that if A 1is any set satisfying (c) and (d), then
the linear space of A (LS[A]) also satisfies (c) and (d). We must
show that (c) and (d) hold on the closure of LS[A} .

Consider the sequence [vk :k=1,2 ...} in LS[A] and sup-
pose ||vk ~v|]| =0, where | || denotes the BV-norm. By Proposition
18.1 1n (8], |lo@O| < |[v]| . Since (c) holds for all v ¢ LS[A] ,
we have ||A'§(vk) | < ||vk|| for all A ¢ A . But then
{Lg(vk) :k=1, 2, ... 1 1is a Cauchy sequence in BV , and hence it
has a limit ( in the BV-norm. We now prove, exactly as in Proposition
18.4 of [8), that ( 1is the asymptotic limit ™ME(v) . For the sake of
completeness we repeat the argument of Proposition 18.4.

For given ¢ > 0, choose v® so that both ||vk-v|| <g,
and |Pee®y-gfl <e .

let T be an admissible sequence (Ill, Il.z, +es )} 8tarting with

{1, 1/T}, and for each v let T, " {3 ¢ U j<TY . Then*

*The BV-norm, |[v|| , for a finite game v is defined in the obvious
way. _
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Mg ) - M rapl < My vl
v v v W

A
<
'
o
A
=

hence
I"!.(vnv)(rv) - U < l"zcvnv> ) - "g(v‘;lJ Tl
+ Pepay - Mee*ym)
v

+ ey m - o
< 2¢+ My - M) .
v

But v ¢ LS[A] , and (c) holds on LS[A] , therefore

lim sup |Mgvy )T - CD] < 2 .
A e v
This proves that ( 1s the asymptotic limit kg(v) » 1l.e., (c¢) holds
for v . But note that kg(vkj is the same for all A ¢ A, since
wk ¢ LS[A] , and (d) holds on LS[A] . Consequently the limit ( is
the same for all A e¢ A . This proves that (d) holds for v .

Q.E.D.

We now establish a variation of Theorem 1. (Compare with Propo-

sition 10.17 in [8].)

lemma 5, Let f be a continuous, non-decreasing real function on R_l: ’
vanishing at the origin, such that, for each 1{ , Bf/axi exists and

is continuous whenever x, >0 . Also assume that f 1s homogeneous
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of degree one. Let u be an m-dimensional non-atomic vector measure.

Then v = foy satisfies (c) and (d).

Proof, Let e denote the vector u.(I)/|u.(I)| . Define f6 : R:-oR_l_

by

& x+ fe ) _ be

£0) = (1+ 25) f(1‘+ za) :
Since f 1is homogeneous of degree one, Vf(tu(l)) is constant (say c )
for 0<t <1, Moreover VEX(tWI)) = (1/1+28)cfor O<t <1, and

5. g8

§>0 . Llet v op . Then as shown® in Proposition 10,17 in [8]

v6 tends to v “in the BV normas &8 tends to 0 . Now take any

A ¢ A . By Theorem 1, hg(vb) exists and is given by

1
Cee ) - Iolvf“ctu(n)]-ucr)dut)

1
= 'i'4'-1§'5 j‘oc-u(r)dx(t) .

This integral is independent of A ¢ A . Thus v6 satisfies (c) and
(d). By Lemma 4, v then also satisfies (c) and (d).

Q.E.D.

With the aid of these two lemmas we can get rid of the finite-type
assumption. Consider an economy--no longer finite-type--as described
in Ch, 6, pp. 182~183, of [8]. Then, as is done there, we can approximate

it by a sequence of finite type economies which have associated with them

*There e 1s taken to be the unit vector, but the same proof works for
our e .
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2 k

games {vl, V', «ee; +es } . Each v ig of the form mentioned in Lemma
5 and thus satisfies (c) and (d). But vk converges to v in the BV

norm (Ch, 6 of [8]). Then by Lemma 4, v satisfies (c) and (d). Now

p(v) coincides with core and the competitive payoff of v (Theorem J

in Ch. 6 of [8]), hence so do “B(v) , A e A .

Given a non-atomic economy in which utilities are not transferable,
we may define Diagonal P -value allocations exactly as the (Shapley) value
allocations were defined in [12]. The foregoing discussion shows that

they coincide., Then the result in [12] tells us that Diagonal ﬂ3-va1ue

allocations coincide with the competitive allocations,

From the integral representation of the off-diagonal F-values it
is clear that they will not in general coincide with the competitive pay-
offs of non-atomic economies. We give a specific example of one such.

It is based on example 33.3 in [8]. et {I,(§A} be the underlying mea-
sure space of traders, where = [0,1] , dgssthe Borel sets of I ,

A = the Lebesque measure. Suppose there 1s only one commodity. The
utility function of all traders is the same: u(x) = /xtl ~ 1 . Their
initial endowment is given by a : I ~R , a(s) = 8 . Then, as shown
in [8], the trading game v arising from the economy can be rep:eaented

by:
v(s) = g(A(S8), u(s))

where wu(S) = }'Eﬁk , and g(y,z) = /y(y¥2) -y . We shall comstruct
's )
an off-diagonal asymptotic value for v . Let nv be any admissible

sequence of partitions, and pick pv as follows:
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t 1
1 if TMa) <3
v J=1 3

Pi =
0 otherwise
Clearly pv satisfies the G-K conditions, and (A,u)(Tv) [where T' 1is
a random subset of Hv picked according to 13(pv) ] tends in probability
to the point (1/2, 1) . ([This 18 not on the diagonal in the range of

(M) , because the diagoral joins (0,0) to (1,4) .] Now the asymp-

totic value ¢ defined by {pv1:=1 is

B(T) = (V&) (1/2,1) (A w) (T)

- (273' - 9x(r) + Z7Ru(D) .

On the other hand--see example 33.3--the Shapley value @ is given by

#(r) -(732- - 1)ch) + (D

The two clearly do not coincide.

5. Concluding Discussion

We will launch into a (desultory) discussion of some open questions.
Having nailed down the set of diagonal {f*values as those {P-values which
will coincide with the competitive payoffs of non-atomic economies one
is led to wonder if they can be characterized axiomatically, i.e., shown
to be precisely the set of values which satisfy certain intuitively plau-
sible properties. Regarded as functions over the vector space of games

(for a fixed player-set) they satisfy the symmetry, dummy, and linearity

axioms, but the efficiency axiom breaksg down. To discuss this brecisely,
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we recall some definitions.

Definitions. bN will denote the set of all games on N . It is a vector
space of dimension "1, 'CN will be the finite subset of HN which
consists of simple games on N » Ll.e., those v which take on values
0 or 1, which are monotonic [ v(S) =1, and SCT ==> v(T) =1 ],
and for which v(N) = 1 .,

For any permutation w of N , ad v " ‘UN’ let m be the
game given by (w)(S) = v(ﬂ-I(S)) for all SCN . Given any v and

w in C!N define vWw and vAw as follows:

. 1 if v(8) =1 or w(8) =1
(vww)(S) =
otherwise

1 if v(8) =1 and w(8) =1
(VAw)(S) = :

otherwise
Note that C’N is closed under the operations Vv, A, w; and ;JN
under 1.

We will say that a real-valued function f from _?JN (or (")N )
to R 1is symmetric if, for any permutation w of N and any v 1in
.UN (or () £(w) = £(v) .

Finally we define symmetric and dummy players. i 1s sald to be
adummy in v {f v(s U {1}) =v(s) for all ScN . i and j are

called symmetric in v if v(S8 U {4}) =v(8 U {j}) for all sc N {1,j}.

Theorem, Let £ : ‘ﬁu = R be linear and symmetric. Then there is a
unique ¢ : /&N ~R" which satisfies the following axioms (for any per-

mutation w, and any v and w ):
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(Al) If i 1s a dummy in v , Gi(v) = 0
(A2) If {1 and j are symetric in v, ¢, (v) = Qj(v)

(A3) b Ui(v) = £(v)
1eN

(44)  Pv+w) = P(v) + P(w) .

Proof. Obvious modification of the proof in [ 4].
Any diagonal p-value (f.e. such that t({f-)) ¢ C ) can be generated

as above 1f we put

EW) = T T 1pEve U ith - v .
1eN 145N
Question: Is there a meaningful way of characterizing those f (or some
subget of those f ) that arise from diagonal P-values?
| Lookmg at the matter in a totally different, and possibly simpler,

way:
Question: Is there a meaningful characterization of the sget
(P: 9(P) eTY 2

Clearly the 0:) here will be symmetric, i.e. i'6()(8) = iﬁD(T) if
|S| = |T| . But this alone does not suffice. Consider the probability
distribution if'a which gives (for all 1 ¢ N ) equal probability to
all subsets f N\{il1 ) of a fixed size s < n-1 and zero probability
to all other subsets. iﬁDs is symmetric but t(ﬂ-’s) éC .

The values obtained by considering arbitrary symmetric f are not as
arbitrary as may appear. Indeed they consist of linear combinations of
(P-values, whgre F s symetric (L.e, (P (§) = 00('1‘) 1f |s| = |T| ).

To see this, let j: be the vector space of all symmetric linear functions

from /g

N to R ; & the vector space of all functions from )(9N to
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Rn_ that satisfy (A2) and (A4)., Our theorem gives us a mapping M from
F to & 1if we put M(f) = the unique # ¢ % that satisfies (Al) and
(A4), It can be easily checked that M 1s linear, and that the dimension
F =n . Now let fs ¢ J be the f in the theorem réquired to gen-
erate the .Ps-value, where (P° = (IFB, veoy nps) « Then
(£, : 0<s < n-11 is a basis of .

There 18 an analogue of the above theorem in the context of CN .

is the game in a

Define BN - (vs : S CNY, where v N

S defined by

1 if scCrT
vs(T) =
0 otherwise.

First we state the following purely mathematical lemma.

leima . let £ : ‘BN --'Rk be any function. There is a unique exten-
sion £ of £ to C’N such that f(v Vv w) + f(v Aw) = f(v) + f(w)
for all v and w in (”N . Moreover £ is the restrictien to (”N

of the linear extension of £ to f%‘ “

Proof. This is essentially contained in the proof of Theorem 2 in [ 13],

Only changes in notation are required.

With the help of this Lemma and the previous Theorem one can easily

prove:
Theorem, ILet £ : CN -+ R be a symetric function which satisfies
f(vvw) +f(vAw) = f(v) + £(w) (1)

for any v and w in C’N . There is a unique @ : qq - R® which
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the following axioms (for any w, and any v and w in CN )

(Al) 1f 1 15 a dummy in v , Gi(v)no
(A2) If i and j are symmetric in v , then Gi(v) =0j(v)

W) TH@ = £
ieN

(A'4) POvVw) + (v Aw) = p(v) + @)

(A'4) could be replaced by another requirement? to state which we
shall first make a few definitions.
Let (vl, asey vz) =V and (wl, seey wk) = W be two sets of

gsimple games; and think of vy (or w, ) as being played with proba-

]
bility a:l. (or Bj ). We are interested in the case when a player will
be indifferent between the choice of V or W .* Let us define the dis-
tribution qu of U,

N -ﬁ"—a R, by:

L

A, (8) = 1fla1vi(s>
for all S <N, Thus aDV(S) ig the probability that S$ will be a
winning coalition in V ., ("OW is defined in the same way.) If
(@V = ‘QW we wish to say that 1 ¢ N will be Indifferent between the
choice of V or W sime his expected value (or "paver' in this case
as we are in the context of 'voting" games) in either set is the same.
This is tantamount to the assumption that a voter's power depends solely
on the probabilities of winning coalitions. The expected power of J

L
in v is T8 . (v,) . Thus we have the axiom
1=1 i"301

*For yet another version of (A'4) see [2].
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(A“ll') If ﬂv - UOW ’ then for all j [ N F}

J 2 k
Taf (v,) = T 8.w) .
=1 T10L g 9%

(A"4) implies (A'4) because for V= (vVw, v Aw) and W= (v,w),
of)v o o@u if we consider the probability of each game in V or W to
be 1/2. We could have replaced (A'4) by (A"4) in the theorem.
Finally let us consider an imaginative approach to values spelled
out by A, Roth in |14, 15]. He obtained the Shapley value on CN (ﬂN)
. as the utility function that represents players' preferences on the mixture
set generated by the set CN XN (’UN x N) of strategic positions.
( (v,1) is the prospect of being player 1 in the game v .) Ome of

the conditions that Roth imposed on the preferences was:

B""[ﬂ’ 0 (1 - %)(vo, 1)] ~ [(vp D]

for 1 ¢R, where r = |R| and v, is the game in which all conditions

0
have zero payoff. We get M(f) 1in Roth's framework if we replace this

comlition by

E(vp) £(vp)
rf(v{j_")(v[i], i); 1 - W(‘lo, D ~ [(VR, i) .

For this to make sense, however, in the context of GN ’ f(vR)/rf(v{i-')

must be a probability, i.e., we must have
f(vR) < rf(v{i.}) ,

which gives ua* a nice restriction on £ .

*This observation is due to Donald Browm.
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APPENDIX

(This 18 an outcome of suggestions made by L. S. Shapley.)

Since C is connected we can improve upon Caratheory's theorem:
any point in C 1is the convex combination of at most n points picked
from C . But in fact* [n+2/2) points from C would suffice. To
see this observe that the set of functions (uo, ovay un_l) ;

u

(0,1} 1 >R , gilven by

n-1 n-1-1i

u (6) = ctt(1-t) for t ¢ (0,11
forms a Tchebycheff System (p. 1 of [16])., Then by Theorem 3.1 in [16]
the assertion follows.

It would be nice if we could find a simple formula which describes
these [m+2/2] points in C --i.e. [nt2/2] points in (0,1] --and
their weights. We have not succeeded in this as yet.

However wWe note an alternative method for computing the Shapley

value: Let ¢t seay tn be points equally spaced“'on [0,1] . We can

1’
find weights 61, vvey Bn , not necessarily non-negative, such that

ug(ty) 1/n

n

TR . = . .

iﬂ i L] L)
un-l(ti) 1/n

This is because the matrix M given by

* [n+2/2] is the largest integer less than or equal to m2/2 ,

** Any set of distinct points would do.
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*
L]
L]

un_l(tl) are un_l(tn)

has a positive determinant. We can see this by observing that if we

divide each ¢oclumn 1 by (1- ti)n‘1 » and then divide each row 1

n~l
AT

solution (Bl, vesy Bn) can be found. But then

we get the familiar Vandermonde determinant. Thus a

n
3. (v) = Zﬁifd(t

J f=1 v

where £ 1is the multilinear extension of v . This involves approxi-
mating f'j only at the n points t;, ..., t . The numbers B, can

be computed without much difficulty because inverting the matrix M
involves computing Vandermonde determinants.
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