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A NOTE ON A VARIANCE-COMPONENTS MODEL USEFUL IN THE STUDY

OF CROSS-SECTIONS OVER TIME

by

*
Marc Nerlove

1. Introductien

The purpose of this note is to explore the properties of a variance-
covariance matrix and certain estimates which arise in connection with a
model which has been found useful in the study of data on a number of indi-
viduals observed over several periods of time. BSee, for example, [2], [3],
and [4]. Let there be i =1, ..., N individuals observed over t =1, ..., T

time periods, and suppose that there exists a stochastic relationship con-

necting the observations on some dependent variable, Yig 2 with a number
of independent variables, xii), ceny xif) , and certain unobserved random
variables Uil

_ (1) (K) ) L
(1) Yie = ®e Bl + ... + Xie BK + L i 1, ..., ¥; ¢t 1, ..., T.

1f we array our observations first by individual and then by period, we may

represent equations (1) by

*The research on which this note is based was supported by a grant from
the National Science Foundation to the Cowles Foundation for Research in
Economics at Yale University. I am indebted to David Grether and E.J,
Hannan for extremely helpful discussions on the subject. They should not
be held responsible for errors.



(2) y; =XB +u i=1 ..., N,

i}

where ¥y is a Txl vector, Xi is a TxK matrix, P is a EKxl vector,
and ug is a Txl vector. We leave aside, temporarily, the question of

whether there are any lagged values of Yie included among the columns of

Xi . Letting
—
71 X "1
y = . y X = : , uo=
yN XN_j uN

be 2 TNxl wvector, a TNxK matrix, and a TNxl vector, respectively,

we have, finally
(3 y=XB +u

which is the usual form of regression model. The special nature of the pro-
blem, however, is expressed in the assumptions we make about the variance-
covariance matrix of the vector u , since we have assumed a homogeneous
relation between dependent and independent variables over all time periods

and all individuals.

Disturbances are generally supposed to represent the net effects
of numerous individually unimportant but collectively significant variables
which have been omitted from the analysis. Some of these, we may suppose,
are specific to the individuals considered; some are specific to the time

periods; and, some are specific to both. We assume that u,  may be de-



composed into the sum of three independent normal variables, each with zero

mean,
4 =
4 LT P T R
such that

c‘i i=4it

Eﬂiuiu = ¢

0 i#gi

Ui t = ¢!

0 t#t’

[ 2
c‘v i =i' and t = t'
E\Jit\)iitl =

0 otherwise .

W; Tepresents the individual effects, ht the period effects, and Vig 2

the remainder. (For further justification see [4, p. 2-7].) If we let
—

02 = 02 +702 + 02
L A v
(6) Jp={h2

2, 2
w = ckjc
\_

we may write the variance-covariance matrix associated with the vector u

in simple form, which, however, makes use of the Kronecker product notation,

If A is a pxq matrix with typical element aij and B is



an rxs matrix, the Kronecker product of A and B, written A®B,

is defined as the prxqs matrix

The following notation is also useful:

I I, and I 4are identity matrices of orders NTxNT,

NT ’ T N

ITxT , and NxN, respectively,

eyt > o and e, are vectors consisting entirely of ones of

orders NTxl1, Txl, and Nxl, respectively.

Using this notation we may write the variance-covariance matrix of u as

2

(7) Euu' =o°Q = 02{(1 "0 g eIy @ eren) touleer @ 1)} .

Three problems are of interest: First, we need to obtain Q-l )

or better still Q-llz ; 1in order to generate the generalized least~squares

estimate of P and/or the likelihood function. The generalized least-squares

estimates are

(8) A= x'a k1 ke ly

and may generally be found more simply computationally by first transforming

X and y to



x* = o 2%

(9)
-1/2
7 =q 2

and then estimating £ from the ordinary least-squares regression of y*
on X* . The logarithmic likelihecod function, assuming by ~ n{@, Ui) s

2
At.v n(0, ch) , and Vi ™ n(0, 63) , independently and satisfying con-

t

ditions (5), is

(10) LB, b, w czly, X) =

1 “‘1 1 J ‘“1
- N—ZT log 2m + 3 logla 7} - (v - 8’0 (y - XB) .

The generalized least-squares estimates, for known ¢(}, amount, of course,
to minimizing the last term in this expression and, thus, to neglecting the
second term. Such neglect does not generally matter provided Q 1is actuwally
known, but loss of efficiency may result if (Q is first estimated in certain
cases.

A second problem involves the derivation of Qlf2 » Tf one wishes

to explore the properties of various sorts of estimation procedures by Monte
Carlo experiments, a particularly useful approach when X involves lagged
values of y , it is necessary to generate pseudo-random variables distri-
buted normally with mean zero and variance-covariance matrix Q . Since
this must be done many times and for a variety of different values of the
parameters p, @ , and 02 5 1t is important to achieve computational

efficiency. The optimal approach from this standpoint is to generate NT



pseudo random variables, w,

jp » which are n(0, 1) and "independent;"

then transform them by

(11) u = ont 2w

to obtain the relevant uit's .

A third problem of considerable imterest; but less immediate appli-

cation, is the determination of the characteristic roots and vectors of Q .

We shall examine these problems in reverse order, concluding with
a discussion of the generalized least-squares estimates and their interpre-

tation.

2. The Characteristic Roots and Vectors of (O

The matrizx  has three terms, one in I ., one in 1T ®e. e ;
NT N T'T
and one in eueﬁcb IT . It is therefore clear that any wvector which anni-

hilates both IN'® e and eNeéILT must be a characteristic vector of

¢
T°T
(0 with asgociated root 1 -=p - . let ¢j s j=1, ..., N=1, be N-1

vectors, each Nxl , which are orthonormal and orthogenal to ey ¢

(1) e;fpj = 0 3

0 j#131°, i=1, ...y N=1 .

Let 4, , k= i, ..., T=1, be T=1 vectors each Txl , which are ortho-



normal and each orthogonal to en *

(2) eijk =0
1 k=k'

b =
Tk 0 k#FKk', k=1 .o., T-1.

Note that we can always find such sets of vectors. The (N-1)(T-1) vectors
P, ® eye, are orthonormal and annihilate both Iy®eme; and egey ® I

as may readily be verifled. They are thus characteristic vectors of 0
asgociated with the characteristic root 1 - p -y which is of multipli~
cicy (N-1)(T-1) .

Consider the Kronecker products cpj ® gT and §N® qu where
51: and gN are, respectively, any T and N dimensional vectors. Clearly,
the vector o j®§T annihilates the term containing eNel:I ®IT since the
are each orthogonal to the vector e

vector o Similarly the gN® ¥

3 N

annihilates the term containing IN® eTe,i, « It might thus be supposed that
N-1 additional characteristic vectors of the form cpj®gT and T-1 of
the form §N® ¥ may be found. To determire the form of gT

and gN more specifically, observe that gT and *k must be orthogonal
for k = 1, ....,: T-1, and gN and cpj must also be for j =1, ..., N-1,

since the vectors P; @ ¥ > tpj.® & and §N® 1 must be orthogonal

for any j, k, j' and k', Thus, for example,



0 j#J

@0y @) (@51 ®E) = RO
kT ’

which is necessarily zero only if \h'{g,r =0 . S8imilarly,

o 0 k £k
] N W;gn k = k' )

which implies q);lgm must be zero for j =1, ..., N-1 ., These conditions
in turn imply that the vectors cpj ® gT and §N® *k are all orthogonal.
1f they are to have unit length as well, gﬁgu = 1 and g,i,g,r =1 . Now,
by definition the only vector orthogonal to, and independent of tk 3
k=1, ..., T-1, is a scalar multiple of e, ; hence, the condition g,;:g,r

= 1 implies

Sp = e VT
Similarly,

Ex = eN/fN .

It follows then that the N-1 vectors cpJ.@eT//T , j=1, ..., N=1,

are also characteristic vectors of (3, and it may be readily verified
that the associated characteristic root of multiplicity N-1 is 1 -p - w

+Tp . In the same way, it may be seen that the T-1 vectors e /N®¥, ,

k=1 ..., T-1, are characteristic vectors of () associated with the



root 1 - p -~ @ + @wN which is of multiplicity T-1 .

The matrix (Q has all together NT associated characteristic
vectors; we have obtained (N-1){T-1) + (N-1} + (T=1) = NT-1 , and only
one further vector and root remain to be found. Consider the Kronecker

product of the twe vectors §T and gN determined above: eNj/Tiéa eTﬂ/T .

This vector is clearly orthogonal to all of the characteristic vectors of

0 previously determined, since the latter all contain either @j or *k

or both, one of which is orthogonal to one of the two terms in the Kronecker

product eN//ng)eTA/T . Tt follows from the fact that the characteristic

vectors span the space of column vectors of () that the remaining charac-

teristic vectors must be simply a scalar multiple of eNA/NC@ eTA/T . Indeed,

it is just that vector, and the associated characteristic rcot is 1 - p -

w + pT + oN as may readily be verified by expanding Q{ENK/N(:)ETK/T) .

We have proved the following theorem, originally suggested by

E.J. Hannan:

Theorem: Let $j ; J=1 ...y N=1, *k s k=1, ..., T=1, o and

ey be the vectors defined in (1) and (2}, and let C be the NIxNT matrix

ey /N @ e /T
ex//N @ ¥

e/ N ¥y

¥ T
o, @ e f/T
(3) c = 1T

’ . 14 5
Oy.1 @ egH/T
P, ®¥;
01 @ ¥,

o1 ®¥poq
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Then C'C = INT and

cac' = Cf(l - p = @)L, + p(Iy @ eper) + aleey @I}

A 0 0 0
0 S5 SN 0 0
=l o 0 N 0 =Dy
K 0 0 M -1y 1-1) |

where hl =21 ~-p-w+oN + pT
Ay =1 =p -+ aN
A, =1-9p -+ pT

Kkﬂl‘”p'w

are the four distinct characteristic roots of () .

3. The Square Root of O

The square root of Q, 01/2 , may be defined simply in terms

of orthogonal matrix C and the matrix D, » defined in the Theorem of

the previous section:

J1/2

= ]
(1 Q C'DAC

where



/11 0 0
oo 0 ,/XZIT_1 0
/A 0 0
/lna
0 0
] 0 jlﬁI(N
Let us partition C in (2.3) above as
- |-
¢
CII
(2) c=| 21,
]
Cs
(]
where
F
=e/‘/-N®e /\/T \/NT NT’ an
C2 =7N [eN@“#l’ . eN®¢T_1] ; an
(3)
fT 1@ep 0 oy ®egl an
04 = [CP1® 11’1: CPI® ¢2J seoy (PN_1®*T_1} » éan
L.
Thus
/11 0 0
A 0
= [€,C,C4C, ] / ZET'l AL
3"N-1
0 0 0

-1)(1-1) _

11

0

0

NTxl vector,

NTxT-1 matrix,

NTxN-1 matrix,

NTx(T-1)(N-1) matrix .

G O o 6
FAFAT AT AN

I e 1y (1-1) |
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= ] ¥ ) 1 - | ]
/MCG1C1 +/MCoC +/MgCaC5 +/NChC,
Clearly
L 1 t
(5) C.C. =~ g @& .
Consider the product

1] = [ ] 1] [} [ ] =
(6) c'c clc1 + C,Cy + c303 + 0404 INT

o ] . .
Premultiply (6) by eNeN®IT Since

]
e
' 1 o T NT NT
(eNeN ® IT)C].C1 NC,Cy =~

] ] = 1
(eNeN &® IT)czc2 NC,C, ,

(eNeI:’® I,-',;,)CBC:'3 = [(e;‘cpl)eT/fT, coey (el:‘q:;n_l)eT/\/‘l']C:'3
= 0 (because eﬁzpk =0, for k=1 ..., N-1),

and
(eyey @ 1pC,C; = [(ew ¥y ooes (opg ¥y ]
= 0 (for the same reason),

it follows that

e.e e e
'a___,_
(7) CZC2

In the same manner, premultiplication of (6) by Iﬂ®e shows that

|
T
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¥

e_ e

T T

(8) c:,‘c3 N@ e

Combining (5), (6), (7), and (8), we obtain

eel ]

)

ee e

Vo . KON 3 1 | Swrtnr
) CC =Iyp - "N ®Lp - @5+ -

It follows that an explicit representation of 01/2

is
1 t
L2 e1~U:‘“"m: Neﬂ _ SnréNr
(10) \/7\»1 + sz @ i, NT
e e
+A31‘ ® HT NT
e e' e e e
N N _IT T NT NT
+ ‘/).4-< INT N ®I -1 ® T NT .

Let Vi i=1 ,.., N, t=1, ..., T, be NT independent,

zero-mean, unit-variance, normal variables. Arrange these variables into

1
an NTxl wector w = (wn, sery Wip eces Wiy eces wm,) . The vector

v 1
1/2 . - N -
(11) u=00""w o/kl..e“,r+c\/7\,2 e ®| w..em:&
Y.T
~
- et
W
to/hgl 1 [@ep - Weey
N.
.
- - —_
Vi Y1.
+q/)~._,3w-eux : T @eT+w..eNT*
vor N
\_



14

is distributed according to a multivariate normal distribution with mean
zero and variance-covariance matrix 0'20 . The barred expressions in (1l1)

are defined as follows:

{ N

V.. = = ¥ T w, , over-all mean;
NI j=1 ta1 1t
Js .18
(12) LA Ewit , t=1, ..., T, period means; and
* i=1
- 1 T
w, == ZTw , i1=1, ..., N, individual means.
_ io T tﬂl it

Thus, for a Monte Carlo experiment, we generate the numbers u i=1 ..., N,

it ?

t =1, ..., T, from NT "“independent" pseudo-random numbers w,, ~ n{0, 1)
3 it 3

according to the formula:

A=y g v NN T

(13) u, =g Y Tw
it NT {ml tel it
/3\2 =M\ N /7-3 =) T
+c—~———'—N Ewit+cr—-——“—-—-,r }:wit
i=1 t=]
UGN

4. The Inverse of (} and the GLS Estimates of B

Knowledge of the characteristic roots and vectors of Q, also

. -1 :
permits an easy determination of 0O . Since
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(1) Q= c'nlc ,
(2) al=c,,.c
1/n?
where
I~ “
/A 0 0 ]
1
0 1/7\,21,]:_1 ] 0
D = ,
1/ 0 0 1/"’311:-1 0
0 0 0 : 1/7\,&1(N_1)(T_1)

since C-l = ¢' . By exactly the same reasoning as that used to deduce

91/2 in the previous section, we obtain
I NNRS NN IS S
(3 Q = 5= CC8] +5- C,C, +37 C,Cu + 5 C,C,
1 2 3 4
e e! e e! e e ee'l e e
L NINT  LUNNo, _ NUNT| 1), o TT _NINI
A NT A N T NT A N T NT
1 2 3
e e’ ee!l e_e!
sl N, o g-LT, NINI
A& NT N T N T NT :

Using the vector y and the matrix X defined in section l, the
generalized least-squares estimates of £ are found by solving the normal

equations
(4) x'a %8 = x'a’ly

oY
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1 2
B ] 1 1
+ L e (@I x X enreNr™
A N T NT
3L
L ] ] t
Xe_e
L ety _ NN 1 °r® NT NTX 2
+ A4 XX X (; N & IT X X IN ® T X + NT B
L
L} 1 1 t 1
_Ja X enTeNT N 1 < eNeN®I i X em,em,y
A BT * N )Y NT

e e e e X'e e y
Lo oo 5N°N e T°T NTONT
+X4 X'y X(N ®IT y-X IN® T y + NT

Suppose that the relation (1.1) included only two independent variables

2) _
it 4

x for all 1 and t, and X/ Xip ® ﬁl may then be inter-

preted as the constant term; Bz is the slope of the relation between Yie
and Xi¢ If x.. and y.. denote the over-all means of X . and Yie >

respectively, ;i and ;i. the individual means, and X and ;

t t

the period means, the normal equations reduce to particularly suggestive

form:
— T _ - N _ -
6) %T-x?.»f% G, -t et $ G -xa?
1 2 t=]1 ° 3 i=l *
, T N _ _ - o\
+=— T I x X x, + x..) p
M ogal a1 1EeE T 2
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T
N[ = = N = -
1> x..y.. +7 D (x_-x.)(y - ¥..)
7\,1 )\2 t=1 t .t
T N _
+ 3 b (xi - x..)(Yi - y..) +
3 i=1 ’ '
, T N _ _ _ 3 _ 3
= ¥ D(x, -x_-x +x.)y,, -y _ -y, +y.)
7‘.4 t=1 iwml it - L i. it . £ i.
and
(7) ﬁl + x..B2 =vy.,

5. An Interpretation of é and Its Asymptotic Distribution”™

The form of the normal equations in the simple case of one inde-
pendent variable and a constant term, exhibited in the previous section,
suggest an interesting interpretation of the generalized least-squares es-

timates. Let us write the relation to be estimated as
(1) Yie =P+ PoXye tuy F AV
Taking deviations from the over-all mean annihilates Bl :

(2) yit-§.. “‘Bz(xit';"“‘“i*"‘t*"it’ i=l, ..., N, t=1, ..., T,

N T
1 1 1
where we set X .Z wy = o, T T Kt =0, and WT vy, = 0, their ex
i=1 t=1 i, t

pected values. The ordinary least-squares estimates are given by solving

*This section was inspired by a similar treatment of the two-component model
contained in an unpublished paper by G.S. Maddala.
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the equation

- - OLS - 2
(3) _E (yit - Y«»)(xit -~ X)) = b, E(xit - x..)°,

i, t

but, even in the case in which x is non-stochastic, this estimate is in-

it

efficient, although it is, in this case, unbiased.

To see how the inefficiency results, take means in equation (2)

=3 =
=

over t and set z ht = 0 and T Vip = 0, their expected values:
t t

"

(4) yyo- V.. = bz(Qij - XK.} + b =1 .., N

Equations (4) suggest still another estimate of BZ may be obtained by

solving the normal equation

K N
RN ¢ S
(5) ,E (Yi. y.,)(xi' X..) b2 'E (xit X..)" .
i=1 fes]

This "regression" makes use of the variation in the sample across indivi-

duals but not over time. Similarly, take means in equations (2) over in-

Y4y, =0 and

dividuals and set by = 0, their expected values:
i

-
2

L Ve
1

(6) Y, - Ve mby(x -X.)4A , t=l ..., T.

It

Equations (6) suggest an additional estimate of BZ may be obtained by

solving the normal equations
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T _ - _ - T _ -
(7) E (y t o Yaa)(x £ = Xoo) = bét) E (X t - xoc)z o
t=l ° ’ t=l °

This '"regression" makes use of the variation in the sample over time periods
but not across individuals. TFinally, consider estimating both by and

ht as parameters in the relation (2). Doing so amounts to running a mul-
tiple regression involving both individual and period dummies. Alternatively,

think of estimating by from (4) by replacing b2 by an estimate of 62 ,
and ht from (6) in the same way. Insert the resulting estimates of My

and ht in (2) and obtain
(8) (ge = g, " ¥, ¥ Yeed =bylxy, =%y ox X)) vy,

i%l, uua, N, tgl, ouu, T @

Equations (B) suggest estimating B2 from the normal equation

& Zlyge m vy, vV Y x Xy - X Hx)
i, C
L3C — - — 2
&= bz iﬂt(xit X, x . + %..)
s

This estimate is denoted by superscribing LSC since it corresponds to

the estimate obtained by treating by and ht as constant parameters and

estimating them as well as the slope and over all intercept of (1) by or-
dinary least squares. This "regression’ makes use of the variation of the
sample observations about their individual and period means, but not of

the variation among individual means or period means. In addition, note
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that an estimate of BZ , of sorts, may be obtained from the ratio of the

9

overall means of Yie and LI

Now consider the normal equation (4.6) of the preceeding sectiom.

Ifweset p=m=0, we find A, =X

) . ™ L3 = hﬁ =1 and equation (5.6)

OLS

yields the ordinary least-squares estimate of ﬁz » b2 « In effect, the

ordinary least-squares estimate weights the various bits of information

contained in the sample about ﬁz strictly in proportion to the number of

observations used in constructing them; thus, the overall mean is weighted
by NT , the sum of squared deviations of individual means about the over-
all mean by N and so on. Common sense, however, would dictate weighting
each bit in inverse proportion to the amount of misinformation or error

about 32 likely to be contained in that bit. This is, of course;, just

what the generalized least-squares estimates accomplish by weighting inversely

to the characteristic roots A A My, and A, . In a sense, this

1’ 2’ 3 4
is the underlying rationale behind the greater efficiency of the generalized

least-squares estimate of 52 in comparison with the ordinary least-squares
estimate.

By the same token, least-squares regressions introducing dummies
for both period and individual are also inefficient; for such estimates
give all the weight to the last term in the expressions occurring within
both sets of curly brackets in (4.6). It is interesting, however, to note

that when N and T are very large, as long as p and @ are not zero,



21

LsC

2 will be

this term does indeed dominate and the estimates éz and b

very close. The reason is easy to see from the expressions relating the

characteristic roots of () to the parameters p and  :
AM =1-p-mw+eN+pT,
kzﬁiwp"m-i-wN,

A, =1=p=9 + pT,

Only kﬁ does not depend on N or T, as long as @ #0 # p, and thus

1/11 , Lm2 , and 1/h3 all tend to zero as both N and T increase,

irrespective of the manner in which they increase and irrespective of the

value of p or of @ as long as neither is zero. Indeed, this is the

essence of the theorem proved by Amemiya [l] for a slightly simpler case.
His statement, however, contains a minor error, since the values of »p

and @ are irrelevant only if neither are zero.

A rigorous statement of this result requires also that something

be said concerning the values of the moments appearing in (4.6), or more
generally in {4.5), It is sufficient if i% times each of the three terms
on the left tends to a finite positive-definite matrix.

It remains something of a puzzle as to why treating thy and Lt

as parameters, rather than as random variables, should become asymptotically
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unimportant. After all as N, T = « there are an infinite number of such
parameters; their numbers increase just as fast as the number of pieces of
new information available as the sample size increases. The solution to
the puzzle is simply that we are not, in fact, estimating them but only

g when we solve the normal equations

(10) 4X'X - x"(" ) Q @ x eNTeNTx
( ®1>y-x'( ) NTN‘I‘Y ’

which corresponds to the relevant portion of the normal equations obtained

by treating By and ht as constants to be estimated. Indeed, it is clear

by examining the likelihood function (1.10), that p and @ are not iden-
tified asymptotically, although they are in finite samples. While the maximum-
likelihood estimate of £ does exist asymptotically, and does correspond

asymptotically to bLSC s, maximum-likelihood estimates of p and ¢ do

not exist asymptotically.
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