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Countably additive measures in cores of games

Yakar I<'_.a.111r1.':1.1f'=

1. Introduction. Let Y be a field of subsets of a set X, andlet v be a

non-negative set function defined on X. A necessary and sufficient

condition for the existence of a finitely additive measure u, defined on I,

such that

(1) u(S) > v(s) for all SeX
and

(2) w(X) = v(X)

is well known (see [9]) and may be obtained directly from a general condition
by Ky Fan [6] for the existence of solutions of general systems of linear
inequalities in normed spaces (see section 2). The present paper deals with
the problem of the existence of a countably additive measure u satis{ying
(1) and (2).

This problem arises naturally in game theory. We recall that an
n-person game in characteristic function form with transferable utility is
just a function v from the subsets of a finite set N to the reals, such
that v{¢) = 0. The elements of this set are interpreted as ''players''; the
subsets are '"coalitions’; and v(S) gives, for each coalition S, the
maximum expected payoff it can achieve by its own efforts. A possible
outcome of such a game is an additive function x defined on the subsets
of N, such that x(N) = v(N), i.e., a division of the "'spoils" v(N)
among the players. If v(S) > x(5) for some S({_ N, then the coalition S
may "'block profitably' the outcome x. The core is the set of outcomes
that cannot be blocked by any coalition of players, i.e., the set of x

such that x(S) > v(S) for all sCN.
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It is obvious that the core can be non-empty only if v(N) is not too
small. Shapley [10] and Bondareva [4] proved that a necessary and sufficient

condition for the non-emptiness of the core is that the game is balanced.

This means that if the subsets Sl’ C e Sk of N satisfy
k
(3) ZithXs, =1
i
with positive coefficients Kl’ e, )‘k’ then
(4) =5 \v(S8.) < vIN
i1 V5;) £ vN)

Here Xg denotes the characteristic function ¢f 8.

A game (with transferable utility, in characteristic function form) with
a general set of players X is a non-negative set function v defined on the
field Z of coalition (= subsets of X). An outcome of the game is a non-
negative additive set function u defined on Z satisfying (2). If the
inequality (1) is also satisfied, then no coalition can profitably block u. The
set of outcomes which satisfy both (1} and (2) is again called the core.

Schmeidler [9] proved that such a game has a non-empty core if and

only it is balanced. Here the game is called balanced if
(5) su Zk v(S3,) < v(X)
P aahvisy 2

where the sup is taken over all finite sequences )\i and S5,, where the X,
1 1

are non-negative numbers, the S, are elements of T and
1

<
(6) Zhixs_l < Xy

The interest in countably additive measures in the core is quite
natural. In section 2 we shall show how the general theory of linear
inequalities in normed linear spaces, as given by Ky Fan [6] yields, besides
Schmeidler's theorem, also a necessary and sufficient condition for the
existence of countably additive measures in the core. The resulting

theorem, however, does not seem to be very useful in practice. In



section 3 we shall give several examples of games with a countable set of
players which will disprove certain conjectures that might arise. (In
particular, a question left open by Schmeidler in [3] will be answered. )
These examples will also motivate necessary and sufficient conditions,
proved in section 4, for the existence of a countably additive measure

in the core of a game defined on the subsets of a countable space or on
the Borel subsets of the unit interval. More genefally, we shall prove
in section 4 a necessary and sufficient condition for the existence in the
core of a regular countably additive measure concentrated on a countable
union of compact sets, if the game is defined on the Borel subsets of a
completely regular Hausdorff space.

Games with infinitely many players have not been introduced just
for the sake of mathematical curiosity. Rather, they have been introduced
to explain mass phenomena which could not be treated easily in finite
models. This is especially true for economic applications of game theory
{(compare [2] and [3]). The natural context for these latter applications
is the non-transferable utility theory. Unfortunately, the results for
games with non~transferable utility are much less complete then those
for the transferable utility case. We shall discuss core theory for non-
transferable utility games with a countable set of players in section 5.

The author wishes to thank Professors L. S. Shapley, N. Z. Shapiro

and H. Scarf for some very heipful conversations and suggestions.

2. An application of a theorem by Ky Fan. The following is a fundamental

result by Ky Fan {(Theorem 13 in [6]) concerning systems of linear inequalities
in normed linear spaces.

Theorem. Let {xv} be a farnily of elements, not all 0, in a real normed

vel

linear space B, and let {uv} be a corresponding family of real

Vel
numbhers. Let

n
. a

(7) g = sup 21:1)\.l v,



when n=1, 2, 3, ..., V.l el and )\.l vary under the conditions
8 > < i : n =
(8) N>Oo@igan T x|l =1
1
Then:

(i) The system
{9) f(xy) > u,y (v el

of linear inequalities has a solution fe B*, if and only if o is finite.

(ii) If the system (9) has solutions fe¢ B*, and if the zero functional
is not a solution of (9), then ¢ is equal to the minimum of the norms of all
solutions f{ of {(9}.

(Here B::: denotes the conjugate space of the normed linear space B.)

Consider the Banach space B(X, Z)} which consists of all uniform
limits of finite linear combinations of characteristic functions of sets in X.
It is well known [5, p. 258] that the conjugate space B*(X, Z) is
(isometrically isomorphic to) the space of all bounded additive set functions
defined on Z, normed by the total variation. Hence, one may bring the
system of linear inequalities (1) to the form (9) by letting X be the indexing

family, the family of elements, {V(S)}SEZ the corresponding

Uslsex
family of real (actually non-negative) numbers. Thus we are looking for

an element f of B=r(X, Z), which is a solution of the system
(10) fxg) 2 viS) (5 e Z)

of‘linear inequalities. We consider, therefore, finite collections of sets
S,1 € Z, 1<i<n, andpositive numbers )\i, 1 <i<n, which satisfy the
condition (8). This condition is nothing else than {6), and the number g,
defined by (7), is the sam; as the left side of (5). Since v is non-negative,
# has also to be non-negative. Hence the norm of a solution { of (10) is
equal to f(xX) = u({X), so that (by (ii)) (2) can be satisfied if and only if (5)

holds. Thus Schmeidler's theorem may be derived from the general Ky Fan



theorem.

The set of all countably additive set functions on Z 1is, generally
speaking, a proper subset of B*(X, Z) which is not closed in the w*—
topology on B*(X, Z}. Hence one cannot apply directly Ky Fan's method
to the main problem of the present paper (see remark 3 in [6]). It is
possible, however, to proceed somewhat indirectly and to prove the
following
Theorem 1. A game has a countably additive set function in its core if and
only if there exists a non-negative set function w{S) defined on ¥ such
that w(¢) = 0 and such that for each decreasing sequence {Si} of elements

of £ with empty intersection w(S,)—> 0, and
i'i—co

(11) sup(Z]_\ V() - z;fflujw(’rj)) < v(X)

. .. n m
where the sup is taken over all finite sequences {)\i}i-l’ {,u.j }j—l
numbers and {Si}?—l' {Tj };le of elements of X, such that

of positive

(12) |Z)Lixs.(x) - zquT_(xn <1
1 J
for all xe¢ X.
Proof. If a countably additive set function u satisfying both (1) and
(2) does exist, set w(S) = u{S) for Se¢Z. Let f be that element of

whe
B

B (X, ) which corresponds to u. Then the systems of linear inequalities

f(xs) > v(S) Se Z
and

f(-xp) = “W(T) 2 - w{T)  TeZ
held both, so that
n m
- T) <
ZiahvsSy) - BT <

n m
< f(- <
< zizlxif(xsi) + 23-:1“3 (-xp ¥ <

n m
< 1€l I izl)‘ixsi ) 2j:l“_iXTj”B(X, x)

B (X, )



for all positive )\i and ,uj, 1<i<n, 1<j<m, and the only if part of

theorem 1 follows.

Suppose that (11) holds. Then the system of linear inequalities

f(xs) > v(S) SeZ
(13)
f(—xT) > - w(T) TeZ

has, by the Ky Fan fundamental theorem, a solution fe B*(X, Z) and

Il £l < viX}. Let u' be the measure defined by u!'(S) = f(XS) for SeZ. It
follows from the first family of inequalities in (13) that u' is non-negative
and cannot be blocked by any S ¢ Z. From the second family in (13) it
follows that u'(S) < w(S) for all Se¢ £. Hence ru'(Si)i?'OOO for every
decreasing sequence {Si} of elements of £ with empty intersection,
which proves that u' is countably additive. Noting that u'(X) = [ {| < v(X)
we can easily find a countably additive measure u which satisfies both (1)
and (2).

Remark. While it is probably true that the usefulness of theorem 1
is limited, the method of its proof may be applied to the solution of
problems like: Suppose that a game has a non-empty core. Do there exist
points 4 in the core such that u(S) < a for a given S and a? (In

particular, the set of players may be finite and S may consist of one

player.}

3. Several Examples. In this section we shall present several simple

examples of games with countably many players in order to exhibit some
of the phenomena which take place in the infinite case. Note that all these
examples may be translated to the context of the Borel subsets of the unit
interval.

We denote by (k, o), for k positive integer, the set of integers
greater than k. In the following examples X will be the set N of
positive integers.

Our first example is the game defined by



v((k, o)) =1 k=1, 2,
viN) =1
v{S) = 0 for all other SCN.

This game is obviously balanced. The existence of many finitely additive
measure on N which vanish on the finite sets and which assume the value 1
on the sets which have finite complements is well known (see e.g. [7] and
{I11]). In fact, each ultra-filter which refines the filter of all sets with finite
complements yields such a measure. On the other hand, there is no
countably additive measure in the core, since a countably additive measure

is (induced) by an element x = (x, x_, ...) of El, so that for some

1 2

o)
k, zi—kxi has to be smaller than 1 and so the coalotion (k, @) can block.
For any game v in a general space X define bv(S), for any

SCX, by
n
(14) b (8) = sup Z, |\, v(S,)

where the sup is taken over all finite sequences of )\_l and Si’ for )\i
positive nurmbers and S.1 € Z, Si t X and E?:lkixsi < Xg- {We exclude v(X)
from the sums in (14) because of the special role played by (X} in (2).)
Note that according to our definition a game is balanced if and only if
vi{X} > bv(X). We shall delete the subscript v 1if no confusién will be
caused by this.
A simple generalization of the preceding argument yields the following
Theorem 2. A necessary condition for the existence of a countably
additive measure in the core is that lim b(S_l) = 0 for every decreasing
sequence {Si} of elements of Z with empty intersection.

Proof. If the measure u is countably additive, then ,u(S_l) —> 0
: i—oo
for every decreasing sequence {Si} of elements of T with empty inter-

section. It is easily seen that, for any measure u in the core,

#(T) > b'(T) for all T e Z. In particular, ,u(S.l) > b(Si).



Note that if the condition of theorem 2 is violated then, no matter
how large we set v(X), there will exist no countably additive measure
satisfying (1) and (2).

The following simple example demonstrates that the condition of

theorem 2 is far from being a sufficient one. Define the game v by

vi{i u (k, oo)})=-1— for k>i>0,

viS)= 0 otherwise.

It is easy to verify that in this case, b{{i, o)) = T Since b(S) is a
monotone set function, it follows that b(Si) :‘* 0 for all decreasing

i»w
sequences {Si} of subsets of N with empty intersection. Suppose, how-

ever, that the vector x = (xl, Xyr o .)€ 21 satisfies the inequalities

1
z xiiv(S) for all SCN. If X, <i— for some 1 then Z x. has to be
ieS i>k !

greater than % - X, > 0 for all k, so that x cannot be in El. If X, zi—
for every i e N then Z)xi diverges. Hence there is no countably addi-
tive measure in the core,

Schmeidler [9] proved that if b(Ti) —> b{X) for any monotone in-
creasing sequence {Ti} of elements of Z, the union of which is X, then
every measure in the core is countably additive. He gave an example show-
ing that this condition is not necessary for the existence of a countably addi-
tive element of the core, and raised the gquestion whether this condition is

necessary for the stronger conclusion that every element should be countably

additive. The following example answers this question negatively. Let

1 if 1¢ S and S 1is infinite

vis) = 0 otherwise

It is easy to see that the only outcome in the core is the one which gives
1 to the player 1, and this is a countably additive cutcome. However,
b({l, 2, ..., n}) = 0 for all n.

Finally, consider the game defined by



v({l} v (k, o)) =1 k>2
vi{2}u (k, o)) = 1 k>2
v(S) = 0 for all SCN, S # N.

Here b(N) = 1, so that if we set v(N) = 1, the core will be non-empty.

However, a vector x ¢ El satisfies X x. > v(S) for all sC N, if and
ies !
only if X, = 1 and X, = l. Hence the minimal value which has to be set

for v(N) in order that there should exist countably additive measures in

the core is 2,

4. The main theorems for a completely regular set of players, In this

section we shall give a characterization of games which have countably
additive measures (which satisfy also some technical assumptions) in
their cores, if X is a completely regular Hausdorff space. This charac-
terization differs from that of theorem 1 and may be motivated partly in
the following way.

If one considers closely the last example of section 3, one cannot
help feeling that this game is related to the game defined by v({l}) = v({2}) =
v(N) =1, v(S) = 0 otherwise., A precise concept of '"'relatedness' of
games will now be formulated.

Definition. Let v, and v, be balanced games defined on a field £ of

1 2
subsets of X. The game v_ is called an extension of v,  if VZ(S) _>_vl(S)

2 1

for all Se £ and VZ(X) = vl(X).,

It is easily verified that the pairs of games mentioned above share
a commeon extension, while none of them extends the other. We need one
more concept in crder to be able to formulate ocur main result.
Definition. Let F be a subfamily of ¥, X¢ F . The game v is said
to be generated by F i

(i) viS) = 0 for S¢ F v {X}

{ii) v(X) = b(X).

The extension w of v is said to be restricted if w(S) S-bv(S) for all Se =,
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Theorem 3. Let X be a completely regular Hausdorff space and let X
be the Borel field of X. The balanced game v (defined on Z) has in its
core a regular countably additive measure concentrated on a countable
union of compact sets if and only if there exists a game which is both an
extension of v and a restricted extension of a game generated by the com-
pact subsets of X.

(We recall that the Borel field of a topological space X 1is the
o-field generated by the closed subsets of X. A measure u is said te
be concentrated ona set Y if Sn Y = # implies u(S) = 0..)

Proof, Assume that the regular countably additive measure u is

in the core of the game v and that there exists an increasing sequence
{Ci} of compact subsets of X such that u is concentrated on Uf:lci,
Define a game w by

w{S) = u(S) if S is compact,

wi{S) = 0 if S# X and S is not compact,

w(X) = p(X)

Then w 1is clearly generated by the compact subsets of X, Let S be any
Borel subset of X. For any ¢ > 0 there exists {by regularity) a closed set

FCS with u(S) < F)+e. But u(F) = u(ule(Fn C)) = lim u(FnC)).
i—o

Hence there exists an integer n such that p(Fn Cn) + 2e > u{S). Since

Fn Cn is compact, it follows that wu(S) f_bw(S) for all Borel S. Thus u

is both an extension of v and a restricted extension of w.

On the other hand, assume that u is a game generated by the com-
pact subsets of X and that w is a restricted extension of u and an
extension of v. Let BX be the Stene-Cech compactification of X. Con-
sider the system of linear inequalities in C{BX) ({the space of continuous

functions on BX):
L(f) > u(S) if fzxs s

for all Borel subsets S of X, where L is a continuous linear functional
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on C(BX), and f and Xg are defined on PBX with { continuocus. Let

7\1, e ey ?\n be positive numbers and let fl, a5 ey fn be continuous functions

in C(BX), S, ..., S_ Borel subsets of X, such that [|Z N <1 and

fi(x) > Xg (x) for xe BX. Then E)\ixs {x) < Z?\ifi(x) <1 for xe X. Since
i i

u is balanced it follows that X )\iu(Si) <u{X}. Since u is generated by the
compact subsets, it follows by Ky Fan's theorem {which is recorded in
secticn 2) that there exists a linear functional L on C(pX) with
(LIl = wX) = v(X) and L{f) > u(S) for fe C(BX) such that f(x) > X g{x)
(x € BX). By the Riesz representation theorem, there exists a regular
countably additive fneasure 4 ' defined on the Borel subsets of BX such
that
L{f) = [ {fdu'
BX

for all fe C(BX), We note that a compact subset S of X coincides with
its clcsure in BX and therefore is also closed in the topology of BX.
Hence the o~Ring R of subsets of X, generated by the compact subsets
of X, is contained in the Borel o-field of BX. We note next that
p'(SY > u(s) .for all compact subsets S of X. Assume, on the contrary,
that u'(S) < u(S) for some compact SC X. Itfollows from the regularity
of p' that there exists an open subset U of BX with sC U and
u'(U) <u(S}. Since BX is normal, we know, by Urysohn's lemma, that
there exists a function f e C(BX} such that 0 <f <1, f(x}=1 for xe S
and f{x) = 0 for x¢ BX - U. In particular, f{x) >_'Xs(x), so that accord-
ing to the construction L(f) > u{S), but Jfdu' <u'(U), a contradiction.

We proceed now to prove that for every positive integer i there

1
exists a compact set CiC X with u'(Ci) > vi{X) - T Since v(X} = bu(X),

there exist compact sets Sl’ ooy Sn and positive numbers )\1, ooy )\,n
1
such that Z X, x . <1 and ZXu{S.})>v(X}) ->~. Set C.= S uS_uv...uS . Then
] Sj_ J 30 - i i 1 2 n
1
' = > . = ZhuSY> Zxru(S)> viX) -~ —
u(C,) L(xci)_L(EKstj) Ju( J)_ Ju(J)_V( ) :

{we use the fact that L is a non-negative functional)., Using the non-negativity
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of L once again we find that the measure u' is concentrated on U ;J:lci = D.
It is easily seen that for every Borel subset F of X, DN F is an element
of R. Hence we can define a measure u on the Borel subsets of X by
p{F)} = u(Dn F). Clearly, u is a countably additive regular measure con-
centrated on a countable union of compact sets, Moreover, u(X) = v(X)
and u(S) > u{S) for all compact subsets S5 of X. It follows that for any
Borel subset T of X, up(T) ibu(T)' But w is a restricted extension of
u. Hence u(T) ZW(T). Since w is also an extension of v we conclude
that u(T) 3V(T), i.e., u is an element of the core, and the theorem is
proved.

In several cases theorem 3 may be sharpened. Consider first the
case where X is the set of positive integers N. Under the discrete
topology N becomes a completely regular Hausdorff space. However, a
simpler argument yields
Theorem 4. A balanced game v defined on the subsets of the integers has
a countably additive measure in its core if and only if there exists a common
extension of both v and a game which is generated by the finite subsets
of N.

Proof, If x = (xl, cees X, cea) € 11 is in the core of v then the
game w defined by

w{3) = = x,
ies *
is an extension both of v and of the game u defined by u({i}) = X
u(N} = v(N}, u{S) = 0 otherwise., The game u is clearly generated by
the finite subsets.

Assume, now, that u is a game which is generated by the finite

subsets. Then
i e = b
n1—1-z;100bu({1, n}) = b (N)
since every S with S # N, u(S)> 0 is contained in one of the segments

{1, ..., n}. Since w is an extension of u, lim bw({l’ ce., n}) = w(N).
n—>»oo
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Since w is balanced, its core is non-empty. Let u be a measure in the

core of w, Then lim u({n, o)) = 0 and therefore u is countably addi-
n—> o
tive. But w is also an extension of v. Hence u is also in the core of v,

Consider next the case where X is the unit interval I. Every
countably additive measure on the Borel subsets of I is regular since 1
is metric [5, p. 170, exercise 22]. Since 1 is compact, every measure
on 1 is concentrated on a countable union of compact sets. Hence the condi-
tion of theorem 3 is necessary and sufficient for the existence of just a
countably additive measure in the core of a balanced game which is defined
on the Borel subsets of 1 --or, indeed, on the Borel subsets of any
o-compact metric space,

Finally, let us observe that a theorem analogous to theorem 3 may
be obtained for normal '"spaces'' in the sense of Aleksandrov [1] (i.e., spaces

in which uncountable unions of open sets are not necessarily open).

5. Remarks on games with non-transferable utility. Core theory for games

with non-transferable utility is less developed than the corresponding theory
for the transferable utility games even in the case of finitely many players.
Consequently, one cannot hope (at the present) for a detailed theory in the
infinite case, and the results are necessarily fragmentary,

We recall the definition of an m-person game with non-transferable
utility [8]. The set of m players will be denoted by M. For each
coalition SC M, ES will mean the Euclidean space of dimension equal to
the number of players in S and whose coordinates have as subscripts the

players in S. If u is a vector in E = then uS will be its projection onto
. S . , o

ES. With each coalition S a set VSC E” is associated, {Intuitively,

VS represents the set of possible utility levels that can be obtained by

that coalition.) We require that

1. For each 8, V_ is a closed non-empty set.

S

2. If uce VS and vy € ES with y <u, then ye VS.

3. The set of vectors in VM in which each player receives

no less than he could obtain by himself is a non empty bounded set.
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Let us note that in the transferable utility case VS consists of the

vectors u e ES such that = u, < v(5).
i€ S

L S . C e
Let u be a point in VM and u its preojection onto ES. The vector

u is blocked by the set S if we can find a point y € V with y > us, or in

S
other words if the coalition S can obtain a higher utility level for each of its
members than that given by the vector u. A point u e VM will be in the
core if it cannot be blocked by any set S.

It is obvious that unless VM is large enough the core will be empty,.

A game is balanced in the sense of Scarf if for every collection 8 S

1o Sy
of coalition such that there exist positive numbers 7\1, 0oy ?\k with

the vector u must be in VM if u i € VS, for all 1 <i<k., Scarf
succeeded in generalizing the sufficiency plart of the Shapley-Bondareva
theorem and proved [8] that a balanced m-person game has a non-empty
core, (The proof goes considerably deeper than just linear inequalities
theory.) -

We shall assume from now on that each VS contains the origin of
ES° Then by 1 and 2 and by the definitiocn of the blocking concept, it
suffices to consider the intersection of VS with the non-negative orthant

of ES, and we shall denote this intersection by V Then V_ is compact.

S’ S

In trying to generalize this theory, even for the case of countébly
many players, the problem of choosing a topology on the cutcome space
is of utmost importance. On one hand, the blccking relation is not
continuous in the usual {Tychonoff} product topology if S is infinite,
On the other hand, you do not get encugh compact sets using other
topologies.

Let us define a topology P cn the linear space EN of real
sequences by requiring that the set {x ¢ EN; a; < X, < bi} will be open

for all vectors a, b with a < b. We replace l by assuming that for each
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5, VS is a closed subset of the non-negative orthant of ES, where closed
means ''closed in P'", The assumption 2 is left unchanged except for re-
placing ES by the non-negative orthant of ES.

For any game V we define the balanced cover of V with respect to
S, BV(S), to be the closure (in the topology P of ES) of the set of vectors

5,

S . . .
u€¢ E- which satisfy u e v 1 <i<n, for all collections S5, ..., § of

S’ T —="= 1 n

subsets of $ (with Si # N) for which there exist positive constants

A, ..., A such that
1 n

n
Zio1hXs, T Xg -

i=11
i

A balanced game W is said to be an extension of the balanced game V
if for all SC N, VSC WS and VN = WN. It is called a restricted ex-
tension of V if in addition the inclusion WSC BV(S) holds for all SC N.

#
A game V 1is generated by the finite subsets of N if VS = {0} for all

infinite subsets S of N other than N and VN is the closure (in the
product topology) of BV(N)a

We can now state our (rather weak)} only main positive result {in
non-transferable utility theory).
Theorem 5. A sufficient condition for the non-emptiness of the core of a
balanced game V is that

(1) There exists a restricted extension W' of a game W

generated by the finite subsets of N, such that W' ig

also an extension of V.

(ii) The set VN is compact in the Tychonoff topology.

Remark. An outcome in VN is obviously analogous to a countably additive

measure. There is no very natural analogue of firitely additive outcomes.
Praof. We shall prove first the existence of an element of

VN (= WN) -which cannét be blocked (in the W game) by any finite

coalition. Define FSC WN to be the set of all vectors u ¢ WN such
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that for no y e W one has y > uT, T S, Since W__ = BW(N)DBW(S)

T N
it follows from Scarf's theorem that the sets F_ are not empty. Moreover,

S
F.nF_n...anF. JF # 8. The sets F_ are closed in the

S1 SZ. Sn Slu '“USn S

product topology and therefore compact by (ii). Hence the intersection

M FS (|S| denotes the cardinality of S} is non empty. Thus there
8] <oo

exists a vector y ¢ W__ which cannot be blocked by any finite coalition.

N
We prove that y cannot be blocked by any coalition T # N whether |T1

is finite or not, in the W' game. Otherwise, there would exist a vector

. T

X € W'T with x >y~ . But W,'IC BW(T)g Hence there exists a vector

T . T iy
ue E° with u >y~ and a system Sl’ ooy Sn of sets such that positive
constants )\1' e ey )\n exist with

n
Zi= 1% s, - XT

Si S.1 Si

and u "€ WS - Thus u >y , butthis is impossible (by the construction

i
of y)if |S,| isfinite. If |S,| = oo then W

i i S,

Si i

cannot block vy (since y is contained in the non-negative orthant).

= {0} and the zero vector

Since W‘S contains VS for all SCN we thus proved that y cannot be
blocked (in the V game) by any proper subset of N,

If there exists no vector x in VN with x >y, we are through.,
Otherwise, consider the set D= {x ¢ VN X _?_y} The set D is closed

in the product topology, and is therefore compact. The series

=%
i=

X
1 2i
converges uniformly on D to a continuous function f(x} {in the product
topology), Let z be an element of D which maximizes f. Then =z
cannot be blocked via N, and since z >y, it follows that z is in the

core of V.

To illustrate theorem 5 consider the game V defined by
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..., L
= 0<%, €1 -~ — < -
V{l,...,n} {x¢ E ’O_Xi_l o lf_l_n}. VS {0} for all
other S N, If we define V__ by V.= (U V_. we get a balanced game,
N N S
£ sCN
#

where, however, no point y exists in VN which cannot be blocked by a
finite subset. Defining VN by VN = {x¢ EN; Oﬁxi <1 for all i}, we

may find lots of vectors y in VN which cannot be blocked by any coalition

S # N, but for each y ¢ VN there exists an x ¢ V _ with x >y. Only by

N
letting Vi be equal to the set {x ¢ EN; 0<x <1 for all i} we geta

non-empty core.
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