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AXTOMS FOR FACTOR AUGMENTING TECHNICAL PROGRESS

Fdmund S. Phelps

In much of economic growth theory it is postulated either that technical
progress 1s purely labor augmenting or thet progress is purely capital augmenting.
There is increasing evidence, however, that if progress is factor augmenting
at all, it is both iabor and capital augmenting. Mrs. Robinson [3] and Uzawa [4]
have given a necessary and sufficlent condition (on the relationship over time
between the average and marginal products of capitel) for progress to be
purely labor augmenting. There exlsts an analogous condition for progress
to be purely capltal augmenting. But the conditions on which progress is
factor augmenting, meaning that progress is labor augmenting, capital augmenting or
both, has apparently not been explored. The purpose of this essay is to axiomatize
the general case of factor augmenting technical progress. The axlomatization

produces interpretations of the rates of cepital and labor augmentation.

Consider a production function which makes output, § , & function of
homogeneous capital, X , labor, L (both measured in physical units) and

time, 1t :

(1) Q= F(X, L; t)

il

We suppose that there are constant returns to scale and that the function
satisfies the usual neoclassical conditions of being twice differentiable with
positive marginal products and diminishing marginal rate of substitution

everywhere. Then



(2) q = f(k, t)

(3) £ (k, t) >0

() £,k ) <O

where

(5) q = Q/L

(6) k = K/L

(7) £(k, t) = F(k, 1; t)
and

2, 12
£, = 9f/dk , £, =07/oK" .

There is technical progress when ft >0 .

Technical progress 1s said to be Harrod neutral st a particular capltal-

output ratio or its reciprocal, the average product of capital; if and only if,
when the average product of caplital 1s constant, the marginal product of

capital (and hence capital's share) is likewise constant. Uzawa [L] has showm,
on the above assumptions, thet if and only if progress i1s Harrod neutral for all

capital-output ratios, the production function can be written in the form
(8) F(K: L; t) = G[K, A(t)LJ ’ A(t) >0 .

where A(t) 1s a function only of time. Bquation (8) defines purely labor

aungmenting progress. So far as output and distributive shares are concerned,

it is as if progress "augments" the labor input. The quantity A (t)/A(t) is
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gaid to be the (proporticnate) rate of labor augmentation.

Similarly, Fei and Ranis [2] have studied the counterpart for labor
of Harrod neutrality. (They call it U-neutrallty because they believe it
to be of relevance for the analysis of underdeveloped economies.) We shall

say that technical progress is Fel-Ranis neutral at a given labor-output ratio

or its reciprocal, the average product of labor, if and only if, when the
average product of labor is constant, the marginal product of labor (and hence
distributive shares) is comstant. By & proof similar to Uzawa's of the
previous theorem, it can be shown that if and only if progress is Fei-Renls
neutral for all labor-output ratios, the production function can be written

in the form
(9} F(K, L; t) = ¢GI[B(t)K, L], B(t) >0,

where B(t) is a function only of time. This defines purely capital augmenting

progress. B(t)/B(t) is the rate of capital augmentation. This special case of

factor augmenting progress, llke the previous special case, ils of importance.

Progress is said to be Hicks neutrsl et a given capital-labor ratio if
and only if, when the capital-labor ratic is constant, the average and marginal
products of capital increase proportionally (so that distributive shares are

constant). As is well-known, if and only if progress 1s Hicks neutral for

In a one-good vintage model with ex post and ex ante substitutability alike,
an "aggregate production function representing aggregate output as a function
of aggregate labor and "effective capital” exists If and only if all capital-
embodied progress can be described as purely capltal augmenting.
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all capltal-labor ratics, the production function can be written
(10) F(K, L;t) = G[A(t)K, a(t)L] = A(t) 6(x, L), A(t) >0.

The last equality follows from constant returns to scale. This might be

called iso-factor asugmenting progress.

It mey be remarked that these three neutralities coexist at a perticular

time and capital-labor ratio if and only if the elasticity of substitution 1s
unitery at that k and t . (See [2].) Hence, technical progress is
gsimultaneously everywhere Harrod neutral (purely labor augmenting), everywhere
Fel-Renis neutral (purely capital augmenting) snd everywhere Hicks neutral (iso-
factor augmenting) if and only if F(K, L; t) is Cobb-Douglas -~ where

"everywhere" means "for all capital-labor ratios."

Technical progress 1s sald to be factor augmenting if and only if

the production function can he put ilnto the form
(11) F(K, L; t) = GI[B(t)X, A(t)L] , B(t) >0, A(t) >0,

where B(t) and A(t) dre functions only of time. (If technical progress
is to be non-negative for all capital-lsbor ratios and all production functions
satisfying (2), (3) and (&), then both rates of factor augmentation must be

non-negative: B/B >0, A/ >0 .)

We wish now to axicmatize (11) as previcus writers have done for
(8), (9) and (10). Consider first the following proposition: Given any
initial capltal-ocutput ratlio, there necessarily exists some positive functilon,

say P(t) , such that when the average product of capital changes over time
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proportionally to P(t) , the marginal product of capital likewise changes
proporticnally to P(t) , 80 that distributive shares are constant. This
says merely that there must exist some path of the capital-labor ratio (or
equivalently some path of the capital-ocutput ratio) which will preserve dis-
tributive shares in the face of technical progress. Without restrictions on
the character of technical progress, the function P(t) may differ for
different initial cepital-output ratios. (Of course, if P(t) is constant
for some initial capitasl-output ratlio, we have Harrod neutralify for that

ratio.)

Consider now the following restricticon on the character of technical

progress:

: Condition: For all lnitial capital-output ratios, there exists
a positive function B(t) , where B(t) is a function only
of time, such thaet when the average product of capital increases
proportionally to B(t) , the marginel product likewise in-
creases proportionally to B(t) , so that distributive shares

are' constant.

This condition generalizes the concept of Harrod neutrality everywhere. It

‘is clear that if B(t) is constant, this is the condition for Harrod
neutrality everywhere and hence for purely lebor augmenting progress. If

ﬁ >0, and if this condition happens to be satisfled when the average product
of labor is constant, then we have Fel~Ranis neutrality everywhere and hence
pure caplital augmentation. If ﬁ >0 and the condition is setisfied by a
constant capital-lebor ratio, the progress is everywhere Hicks neutral and

iso-factor augmenting. But these are merely speclal cases.
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The following theorem will now be proved along the lines of Uzawa's

proof [4] of the aforementioned theorem on labor augmenting progress:

Theorem: Technical progress can be represented as factor augmenting,
i.e., the relation (11) is satisfied, if and only 1f the above

Condition is met.

To express the theorem differently, if at time t the rate of change of the capital-
output ratio necessary to keep shares constant is independent of the capital-cutput

ratio, then (and only then) technical progress is factor sugmenting at time + .

—

Proof: Sufficiency is proved first. By (3) and (4), the production
relation (2) may be traneformed into one making output per head, ¢ , a function

of the capital-cutput ratio, dencted by X 3
(12) q=ox, t)

or, without loss of generality,

(13) q = ¢[B(t)x, t],

where B(t) is a function of % only and where
(1k) k =xq .

Differentiating (13) and (1L4) with respect to x, g and k, we have

i

(15) dq ¢, B(t)ax ,

(16) dk = x dg + gdx

f

where ®l denctes the partlal derivative of ¢ with respect to the first

argument, B(t)x .
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Solving (15) and (16) with respect to dq and dk , we obtain

o_B{t)
(17) R s
7 E)k'¢+th¢l

Now if the previously stated Condition is satisfied, then there exists

some function B(t) >0 , such that, for all x , g% i(%)' is constent

when B(t)x 1s constant. Then the right-hand side of (18) below is independent

of the second argument, t , being a function only of B(t)x :

@l[B(t)x, t]

(18) 9 1 _ _
ok B(t) ~ o[B{t)x, t] + B(t)x olTB_(t)x, 1]
That is,
o, [B(t), x]
(19) STB(ENE, £1 + Beya,Ia(es, €] - PUB(e)x],

where h[B(t)x] is a function of B(t)x only.
From (19) we have

2 n[B(t)x}
(20) T T T- B(t)x(h%g(tfx]

The relation {20) indicates that <Dl/d5 is independent of the

argument t ; hence the function ®[B(t)x, t] 1is decomposable:
(21) ®[B (t)x, t] = A(t) v [B{t)x] .
From (13) and (21) we have

-1
(22) B(t)x = ¥ L-(-;‘T] ,

where w_l is the inverse function of V¥ .
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The relation (22) together with (14) imply

B(t)k -1 al
(&) o Ol [K%Fﬂ

Hence qfA(t) = Q/A(t)L is some function of B(t)k/A(t) = B(t)K/A(t)L ,
(21) iy = ¢ [%J

or

(25) Q = MﬂLg[ﬁ%{],

Therefore

(26) Q = G[B(t)K, A(t)L)

where G(X, L) = g(k)L .

To prove necessity, let the relation (11) be satisfied. Then output
per augmented labor 1s some function of the ratic of augmented capital to

augmented labor, by virtue of constant returns to secsle:

(27) q = A(t) g [Eﬁ%ﬂ , say.

By virtue of (3) and (4), the augmented capital-ocutput ratio is a
monotonically increasing function of the augmented capital-auvgmented labor

ratio, so that we may write

(28) a = A(t) v [B(t)x]

for some {B(t)x) . Hence



% ' [B(t)x]

(29) G+ B(2)x 8, ~ VIB(E)x] * B(t)x v IB(E)x] *

which is independent of t , being a function only of B(t)x . Hence, from
8 og 1 .

(18), Sk B(EY is independent of t for constant B(t)x , i.e., for average

product of capital increasing proportionally with B(t) . Hence, when

F(K, L; t) is of the form (11), our Condition is satisfied.

Q.E.D.

It should be remarked that our Condition could have been expressed in
terms of the average and marginal products of labor. The condition would then
be that, for every initial labor-output ratio, there exists a positive
function A(t) such that when the average product of labor increases propor-
tionally with A(t) , the marginal product also increases in proportion to
A(t) , so that distributive shares are constant. It can be proved analogously
to the above proof that technical progress is describable as factor augmenting
if and only if this latter condition is met. Therefore these two conditions are

eguivalent.

The '"necessity" part of the theorem shows that the rate of capital
augmentation can be interpreted as the rete of increase of the output-capital
ratio when factor shares are constant; similarly, the rate of labor augmentation can
be interpreted as the rate of lncrease of the output-labor ratio when shares are

constant.

It is of interest to relate the rale of technical progress and various

measures of the bias of technlcal progress to the (proportionate) rates of labor
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and capital augmentation, A2 and B respectively. The rate of technical progress,

R, 1is defined by
(30) R(k, t) = F /F

The measure of Hicksian bias, B, used by Fel and Ranis [2], Diamond [1]
and others, is the proportionate rate of increase of FK/FL for fixed capltal-

labor ratio. Hence
(31) B(k, t) = (Fe/Fp) - (P /F;)

Both R and B may be functiongs of k and t . At agiven k , capital’s

competitive share will be increasing (decreasing) if B >0 (< 0) . Thus
progress 1s, in the Hicksian sense, labor saving, neutral or capital saving

according as B >0, B=0 or B<O .

Further, we have

(32) a(k, t) = Fy K/F = Gy B(t)K/G
(33) o(k, t) = Fp P /F Fep, = G G,/ G1p

where a(k, t) denotes the capital elasticity of output (capital's competitive share),
o{k, t) the elasticity of substitution, and subscripts partial derivatives of the

functions F(K, L; t) and G[B(t)K, A(%)L]..

Differentiating Q = G[B(t)K, A(t)L] partially with respect to

time ylelds

(34) R=aB+ (1-a) 4
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where X denotes the proportionate rate of change of any variable X(t) over

time, i.e., (dX/fat)/X .

Using (32), (33) and linear homogenelty of G , one can derive the

following:

& l-a ,2 ~
(36) Fo/FL = A+ % (B - 4)
Hence
(37) B =2 (& -8)

Thus progress which is predominantly labor augmenting (A - B >0) will be
Hicks-labor saving (B > C) , neutral or capital saving according as the elasticity
of substitution is less than, equal or greater than one. Factor augmenting progress

is always Hicks neutral when o = 1 .

I shall define the Harrodian bias of technical progress, H , as the
(proporticnate) rate of growth of the marginal product of capital (equivalently,
of capital's share) when the capital-output ratio is fixed. Then, as can be

seen from Fel and Ranis, 1 H is related to R and B as follows:

(56) Hk, t) = (DR + (1-2)B

Technical progress is Harrod neutral at given k and © , 1f H=0 . If H >0

2

1 Tei and Ranis use D as a measure of Harrodlan bias, where D 1Is defined

as the rate of increase of the capital-output ratio at a given marginal
product of capital. From their equation (2.3), it can be seen that D = oH ,
so that the two measures will have the same algebraic sign.
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the marginal product of capital is rising for given capital-output ratio, so that
capital's share i1s rising; such technical change will be called labor saving in
Harrod's sense. Bimilarly, H < O indicates capital saving progress in

Harrod's sense.

Finally, I define a measure of blas in.the sense of Fei and Ranis. Let 2
be the (proportionate) rate of increase of the marginal product of labor
(equivalently, of labor's share} when the labor-output ratio is fixed. Then, as

can be seen from Fei and Ranis,l
(39) Z(k, t) = == R - aB

Progress is Fei-Ranis neutral if Z =0 . If Z >0, labor's share is rising
and so progress is Fel-Renis labor using (or cepital saving). If Z <0 »

progress 1s Fel-Ranis labor saving.

Using the expressions for R and B in terms of A and B that appear

in (34) and (37), we find that

g-1 2
(40) H= = B
g=-1 =
(41) Z= — A

Hence, if technical progress is factor-augmenting and if o # 1 , then
Harrod neutrality requires zero capital augmentation whlle Fei-Ranis neutrality
requires zero labor augmentation. Suppose that, as is widely believed, o <1

in the relevant range, and suppose further that both rates of factor augmentation

Fel and Ranls use U , the rate of increase of the labor-output ratio for a
fixed marginal product of labor. From their (4.3) we have U = oZ ,
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are positive (for which there is some evidence in studies which postulate factor
augmentation). Then technical progress is capital saving in the sense of Harrod

and it is labor saving in the sense of Fel and Ranis.

Let us sdopt an aggregative model -- with purely disembodied, factor
augmenting progress -~ of growth in the United States business sector over the
past five or six decades. The special character of that growth allows us to
compute the average rates of factor augmentation without knowledge of the
elasticity of substitution. The previous theorem permits us to identify %
as the rate of increase of the output-capital ratic, and K as the rate of
increase of the output-labor ratio, when factor shares are constent. Since
factor shares have shown little trend in the U. 8. while the capital-output
retio has declined over the past fifty years at roughly .5 percent per annum
and output per unit of labor has ilncreased at roughly 2.5 percent per amnnum, we
may conclude that,on average, ﬁ = 005 and K = .025. If these estimates are

correct, progress has been predominantly labor augmenting, but not purely labor
augmenting.

Unfortunately, it is not possible to read from the data the elasticity
of substitution. L We require statistical technique (using time series exhibiting
variability)-- involving assumption of constant substitution elasticity or of some
relationship between the elasticity and the ratio of augmented capital to

augmented labor.

We have only two independent equations -~ one for the growth of output and
the other for the growth of one factor price (or share) -- containing three
unknowns, A, B and o .



- 14 =

When such statistical analysis of production models has sdvanced
considerably, we will be able to make some appraisal of the empirical
convenience of the factor augmentation hypothesis. But we will never be able to
refute it for it will always be possible to give a factor augmentation
interpretation of any past growth path, even if the path of the substitution
elasticity is prespecified. That is perhaps the charm of the hyfothésis. But
it ma& not be -- undoubtedly, it is not -- a correct hypothesis. The theorist
1s wise to use it sparingly, only for the sake of more general theorems which

1ts use may suggest.
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