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ON PRICES, FIAT MONEY, CREDIT AND

TRANSFERABLE UTILITY

(PART I)

Martin Shubik®

1. INTRODUCTICN

Tn this paper it is shown that in a competitive economy the acceptance
of a fiat money, or credit system 1s equivalent to accepting the postulate
that there exists & "utility pill" commodity in which the preferences of
each individual are linear and furthermore there existé g set of weights

which supply the ratios for interpersonal comparisons of utility.

Possibly much of our insight into the abstract properties of money
can be obtained by reflecting upon an old American saylng and a New York
anecdote. The first is: "In God we trust, all others pay cash.” The second
concerns an importer who purchased a consignment of sardines, he in turn
sold them to a distributor and finally they were sold by a grocer to his
customers who almost died of food poisoning. The complaints went up the
line until they reached the importer. Upon being told what had happened
he said to the distributor: "You fooi those were trading sardines not

eating sardines."

* T am indebted to H. Scarf and L. Shapley for their discussions with

me on this topic.

* %
Research undertaken by Cowles Commission for Research in Economics

under Task NR OLT-006 with the Office of Neval Research.



2. The Need for Money or Credit

As long as there are differentials in individusl time preferences
and/or individual producticn possibilities there will be a need for some
monetary or credit mechanism sc that the gains of intertemporal trading can
be realized. Mathematically the existence of credit is equivalent to the

relaxation of the budget constraint every perilod.

Suppose that there are m commodities in an economy together with
a special m+l st commodity called "money" which "is a legal tender at its
face value for all debts public and private™. Suppose that at time t the

prices in the economy are Py 42 Pp 4o and 1 for money. An
3 3

et pm,t

individual Xk trades units of the ith commodity. Without money

k
Ii,¢
or credit the condltion:

m
(1) b
i=1

k
Pyg Yi,4 =0

must hold for every time period. With money or credlt we have the condition:

m
K k
(2) L Py Yig 27 *paat
i=1
where xk is the amount of money or c¢redit held by the kth individual

m+l,t

at the start of the tth time period.

We ignore transactions convenience, risk, uncertainty and other

dynamic features of money. Our interest is concentrated upon understanding
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the intertemporal maximization or "storage of wealth" property of money.

3. Models of Trade with Different Financlal Restrictions

3,1 The General Problem and Some Simplifications

Tn an appropriately general formulation of the market it ls desirable
to consider both production and trade and an infinite time horizon. Apart
from enlarging the strategy space of the individuals aﬁd presenting a consider-
ably more difficult maximization problem the presence of production does not
appear to introduce any extra conceptual problems concerning money. The
absence of a finite time horizon removes certain terminal period difficulties
which might otherwise present themselves; however the infinite time horlzon
requires that care be taken in the selection of an appropriate bounded
utility measure. In the subsequent sections the general model is dlscussed
and is then specialized and several models are constructed to illustrate
different flnancial restrictions.

Tet there be n individuals trading in m commodities. Assume that

th

the preferences of the k individual for the consumption of the m commod-

ities at time t are given by:

Kok K & )
P Wy g0 Yo 0 0 2 Vi,

Suppose that the initial endowment of the k°° individual is

k k )4

310 ¥ For every individual there is & production
k)

2,10 " Xp,1

possibility set such that:

k A S &)
%041 € 8 Ve Yo, 7 Tmt
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We may consider a dynamic model in which the individuals first trade,
after vhich they divide theilr resources into two sets, one of which they
consume and the other they use to produce their new set of endowments for

the next period.

& endowments before trade in
i,t period t
EJ/ k k
Zi,t = X5 4% Yy, after trade
k Q/—I k
production set v T— W consumption set
li,t 1,t
gl-.{(vk ) @k(wk_ ) utility gained in
i*'i,t it
i pericd t
k
X endowments before trade in period <+l
i,t+1

If we consider an infinite trading period, the individual may attempt

k
v

o t) if it is bounded. Failing that it may be
L

to maximize X ¢k (Wk
1 t 1

,t, L
possible to maximize the average utility flow. We limit ourselves to a
finite horizon T , hence the individual may attempt to maximize:

I X , k% k
z
(3) o Py (wi,t s eee s wﬁ,t)

At the end of the last period we way wish to specify a rule for the
disposal and/br evaluation of any remaining intermediate goods which have no
immediate velue in consumption. If we abstract from production, the only

intermediate goods with which we will be concerned are money and credit.
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We abstract from production by assuming thaet at the start of each
_ k k k
period a new endowment of the m goods xl,t’ xz,t, ‘es xm,t appears for
each individual Xk . All of the goods are assumed to enter directly into
the utility function of each individual, and as a further simplification we
assume that they have a life of only one period, i.e, they cannot be stored.

During each perlod the individuals trade, then consume.
3.2 Barter

A strict barter economy inplies the lack of exlstence of not only fiat
money end credit, but also forward contracts and other eredit devices.
Exchanges must be settled simultaneously with no further contractual agree-
ments on the individuals once the exchange has taken place. If we assume the

existence of a competitive market with prices Py 4 In period +t , the
3

individual maximization problem can be expressed as:

T
k , k k k
Maximize (3) ™ ez Py (“i,t’ LAPRIERY wﬁ,t)
=1
B k
subject to @ (1) = p ¥ =0 for t =1,2, «.0 7T
g Tt ULt

This is equivelent to a series of 1 independent maximizations as

no opportunities are afforded to take advantage of intertemporal trades.

3.5 Porward Contracts

A natural relaxation of the barter conditions is direct barter arrange-

ment through time in the form of a forward contract. Suppose forward contracts
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were only issued for a duration of r periods and only at the start of a
nevw stretch of r periods. For example we might consider 90 day contracts

issued only at the start of every new quarter.

The maximization model 1s the same as that for barter except the

-

single constraint (1} is replaced by l‘%] + 1 constralnts where [%:} is

the integral part of this number. These conditions merely state that every-

one's books must balance every r periods and also at the end at period « .

This scheme allows for a limited advantage to be taken of trading
through time. For example if the period were a year, the preferences of all
indivliduals, the same, but there were seagonal production financing needs,

the one year forwerd contract would suffice.

3.4 Fiat Money in Finite Supply

In order to introduce fiat money we specify the rules of a game for
the n players. For the m commodities entering into the utility func-
tions we assume the same supply conditlons as before. However we introduce
an m + 1 st commodity, fiat money which is given to all of the players at

. 1
the £irst perlod in quantities xm+l,l’ R L mil,l

players are ingtructed that the fiat money is legal tender, there is no
credit and no method for writing forwerd contracts available. At the end
of the T time periods, the players are each responsible to turn back to
the referee as much fiat money as was issued to each. During the game fiat
money is neither created nor destroyed. The referee defines the unit for

the money and sets its price, by definition at 1 . Thie is in keeping with
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such splendid prdse as appears on various currencies; for example: "The
United States of America will pay to the bearer on demand five dollars"
is the Inscription on a five dollar United States note.

The individual maximization problem becomes:

T
k, k k
ME.X = e
imize (3) Uk Z (Pt (wl,t.’ WE’t) ’wm t)
t=1 ?
Tk k
subject to : (2) iil Vi, P1,e > - LS t = 1,2, veey T
T m X ‘
(h’) % % Vs, P =0,
£l =l it Fi,%
where xk 1s the amount of flat money held by individual k at time t .

m+l,t

There is also an upper bound for the left sgide of the inequalities in (2)
this 1s given by

m n

J k

Py “ol,t T Cml,t

This states that the inflow of money cannot exceed the total avallable supply.
3.5 Credit

Credit is usually assoclated with individual trustworthiness, risk and
other probabilistic features. Nevertheless it ls possible to model it In a
game context as follows. All individuals are gilven a credit rating which
they maintain throughout the game. All their names are assumed to be

equally prime. We assume however that at the whim of the referee he sets the
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size of the credit line which esach may obtain. For example, he starts each

1 2 n
player with an upper limlt on credit of: xm+l,l’ xm+l,l’ e xm+l,l .

There 1s no further method for the creation of credit beyond the initial
authorization. The referee informs all players that at the end of the < th

time period there is to be no credit outstanding.

In this formulation credlt and fist money are operationally the same,
as can be seen immediately if each individual were to issue i.0.u. notes to
the extent of his credit line and to use them as flat money. Perhaps the prime
difference between flat money and credit 1s that the first involves faith and
trust in the government, while the second calls for faith and trust in lesser

institutions and sometimes even individusls.

Were each individual allowed a credit line of unlimited size, but had

to balance accounts at the end, the individual maximization would become:

1’
Maximize (3) *Fax @i (wﬁ g2 e wﬁ t)
t=1 g ’
T m x
subject to: (b)) & = Yi g Pyg = 0o .
t=1 i=1 ? ?

The inequalities of (2) and (5) would not be relevent.

3.6 Transferable Utility

We agsume the exlstence of an abstract m + 1 st commodity which is

valued by the players for its intrinsic worth. Say:

*k , k X k , k
(6) P (Wi,t’ e Vi) = % (Wy g oees W g
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We may look upon the m+l st commodity as consisting of "utility pills"
which cannot be produced, but can be consuwed by the players i1f they so wish.
They are issued to the players at the start of the game in quantities

1 2 n
xm+l,l’ xm+l,l’ oo xm+l,l’ they can be stored at no cost, and have thelr
price fixed by the referee at 1 . There are n f{ree parameters
ak, k=1, ..., n which are the exchange rates for "utility pills" between
the players. The interpersonal comparisons are fiXed by these exchange rates.

The maximization conditions for the individual player now become:

T T
(7) Maximize I cpk (wli s eee wﬁ t) + &z w§+l %
t=l ’ ? t=1 ?
gubject to:
e
k k
(8) i§1 Pit Vit > - Xl b t =1,2 ... 7T-1
m n
k 3 X _ i
(9) o Pit Yie s 321 Xpil, b " Fmil,t Tl cee TL
T m+l
(10) T D Pyy Feo =0
=1 121 ¢ it

The equality for the last period implies that all trades including

trades in "utility pills" where p = 1 must balance.
m+l,t
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4., General Equilibrium Conditions

4.1 Barter and Forward Contracts

As our mein purpose is to compare fiat mbney, credit and transferable
utility we do not go into mathematical detall for barter and forward contracts.
As hag already been noted, barter can be regarded merely as an iteration of
the one period problem. If forward contracts have no limits on length or
on periodicity of lssue then it is easy to observe that they can serve as
nedia of credit or as fiat money. The dlfference becomes one of law
and the enforceability of contract. In our simplified models here these
differences do not matter. They are of importance, however in the design of
financial institutions in a world with theft, dishonesty and other threats

to property and contracts.

.2 TFiat Money and Credit

In Sections 3.4 and 3.5 we noted that in our “games" when there is
no risk of the violation of individual or national trust, the models of a
system with credit or with fiat money may be treated in the same mathematical

framework.

We will agsume convexity and twice-differentiability for the
preference systems of the indlviduals. We further assume that initially
for all individuals x:+l,l >0 . In other words all individuals start
with a positive amount of fiat money or credit. This implies that all the
inequelities given in (3) and (5) can be satlisfied by a sultable selec-

tion of a scale factor for any price system which is selected. Thig can be
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done as the price system 1s homogeneous of order zero. In these games where
there are no probability features and fiat money or credit is used, any
positive holdings are enough, or optimal to facilitate intertemporal trade.
Money supply presents no problem. As the conditions of (2) and (5) do
not constrain the optimization problem we may solve for the competitive
equilibrium price system and trades by maximlizing (3) subject to the
single condition (4) for each player k . Introducing the lagrangian

Multiplier Lk the problem becomes:

T T m
(11) Maximize G =7 ¢t (wﬁ Py wﬁ t) N 1 (xf & wf t)
=1 g ? t=1 i=1 ’ ?
From this we obtain the following equations:
a"’]: X
(12) — = A D nmT equations
Bwk i,¢
i,t
T o m Xk K
(13) LD by (xit - wit) =0 n equations
t=] 1=1
and then we have the material balence and the accounting equations:
oy Bk K
(14) Ly =2 (x -w, ,) =0 (m+l) v equations
k= i,t k=1 i,t i,t
a g X + X 0 neT equations
an Pig Vg ¥ Tma1,t
i=1
from which we can determine the nm Tt quantities wk which are consumed

i,t
k
together with the m T prices, the n values of X and the n 1 cash

balances.



L.3 Transferable Utility

Unlike the “game" with fiat money or credit, the economy which uses
"utility pills" to settle accounts does not have a price éystem which is
homogeneous of ordef zero in the prices of the first m goods, it does how-
ever have a price system which is homogeneous of order zero in the prices of
the m+l goods which includes the "utility pills". This implies that even
though everyone may start with a positive supply of the "utilify pills" we
cannot merely select a scale factor for the first m prices to ensure that
the satisfaction of the boundary condition (10) will automatically take
cara of the inequalities of (8) and (9) . For the inequalities to cause
no interference with the maximization problem we require a sufficiently
large supply of "utility pills". As the pills are an embodiment of stored
value and release the same amount of utility any time they are eaten, there
is no incentlve to eat them before the Tth time period and there may well
be an intertemporal trading incentive not to eat them but to use them in
settling accounts each period. Suppose we have given each player a suffi-
ciently large supply of “utility pills"that the inequalities of (8) and
(9) will not interfere with their individual maximizations, then we wmay
consider that each maximizes (7) subject to the single condition (10).

Introducing the Iagrangian multiplier kk this hecomes:

T
*k k , k k k 2 x
= cie W + Q,
(15) Maximize G t§1 v, (wl’t, m,t) til Vael,t
X T m+l
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where Pm+l,l =1 by assumption, as we can arbitrarily fix one of the

m+l prices. From (15) we obtain the equations:

S_E = A pi’t nuw Tt eguations
Y1t
7 mtl e X
(17) I I p (x, - w,, ) n equations
£=1 1=l i,t ‘it it
and
(18) ak = Lk n equations
The material balance and accounting eQuations glve:
2k Toox K
(19) T oy =L (xi R t) =0 (m+l) T equations
k=1 7’7 k=1 ? ?
and
m
X k 0 n T equations

ZoP g Yy Y Ve T

i=1

We observe that equations (16) are identical with (12); (17) differ
from (13) only in the presence of the m+l st commodity; (18) have no
counterpart, but immedistely determine the values for the parameters ak and
(19) end (14) are identical. It follows immediately that any solution to
the optimization problem with fist money satisfles the conditions for optimiza-
tion with transferable utility with the added specifications that (17) and
I .k

(13) are satisfied by the values from (13) if Z ¥
fel m+l,t

=0, i.e. over
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T time periods side payments bhalance ocut and furthermore the price system
for the m commodities is no longer homogeneous of order zero, but 1s fixed

in relation to the measure of the unit of transferable utility.

4.4  Joint Maximization with Trangferable Utility

It follows immediately from 4.3 that if we normalize the utility

functions of the individusls so that:

“k .k k 1 k .k X K
(20) Py (W gy vor s wﬁ+l;t)"hk O (7 grere Vo) * Voaa e

then the competitive equilibrium solution to the market in L,3 is equivaleht

to the period by period jointly maximal solution to

n

1 k , k k n k
(21) g o= @ (¥ ., .. W, )+l W
o1 2k Tt Lt mt! T2 Ymee
gubject 'to
n
k k k
(22) kil Yie Ve T MLt 1=1, ... ml
which gives:
n n
- 1 k , k k
(23) Maximize G, =T @ (Wo _, seey N L)+ D W
CHRIS S m,t/ T2 T,
m+l (n
k K )
Eoopy BB O gty Xy g
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from which
L 1 aq’t
= AT P P=1,
it
and
(25) L Pm+l,t

Hence we may say that the competitive functioning of an economy with fiat
money yields the sﬁme results as if the individuals were jointly meximiging

with & transferable wtility available for side payments.

4.5 The Effect of the Infinite Time Horlzon

Tn Section 1 a story was told concerning trading and eating
sardines; the difference between the fiat money case and transferable utility
is given in the difference between "trading sardines" and "eatiﬁg sardines”.
At the end of T periods the trading chips were returned to the referee in
the first case, in the other case; they are eatén. In an iﬁfinite model the
final return or destruction of the chips does not enter in. This does how-
ever have an effect on the price levels in the fiat money case, it brings
sbout a multiplicative correction so that there will be "just enough"” money
for the price gystem. A éimple example will illustrate this. Suppose two

individuals trading in two goods X and y ‘have the following preferences:



period 1

At each period the players have supplies of one of the commodities which each

have a life of only one period and camnct be stored. Suppose that the first

player has 10 - (1-1/t) units of the first commodity at periods 2t-1 or 2t

for t+ =1, 2, ... . This gives him a supply gradually decreasing from

10 to 9 . The second player has 10 - (l—l/t) units of the second commodity.

Hence supplies are:

(10, 0)
(10, 0)
(9-1/2, 0)
(9-1/2, 0)
(9-1/3, 0)

-

(0, 10)
(0, 10)
(0, 9-1/2)
(0, 9-1/2)
(0, 9-1/3)
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We agsume that prices are always II = I

= 1 for both commodities

2,t
at all periods. Suppose the initial distribution of fiat money is

20 units to the first player. Suppose that the "game" is to last for

4y periods at the end of which the first player must return the 20 chips
t0 the referee. We can see that any price system where

I =1, , <20/(10-(2-1/t)) for 2t-1, or 2t where t = 1,2,
1,t ~ 2,t ~

will be in competitive eguilibrium. For the U4 periods under consideration

we have:

Period Price Money holdings Money holdings

—_— of 1 of 2

1 1 <2 10 10

2 1<2 20 0

3 < 2.105 10 10

i < 2.105 20 0

end 0 0

If there were no end to this process, the first player would not need
to balance his budget with the 20 chips at the close of period 4 . This
being the case, he would be motivated to use any spare fiat money to
purchase more of the commodities and prices would rise to their upper

hounds.

5. The Supply of Money, Rigk, Frictions and Institutional Features

5.1 Institutional Features

Tobin has surveyed the many special features which must be covered by
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an adequate theory of money&/, This paper touches on only a very few of the

1/ Tobin, James "Money Capital and Other Stores of Value"

cogent points raised there, Howevé? it is the aim here ;o devige a method
for constructing a geries of closed dynamic mi;ro—economic models which
separate out several of the different features of the monetary and financial
system. A natural next step is to introduce the government as crestor of

fiat money and banks and other institutions as creastors of credit into a

model as explicit players. These institutions, however are primarily
mechanisms designed to cope with the risk aspects of finance and with diffi-
culties of transacting business. Hence it appears to be desirable first to
construct models i;wolving the different types of risk, failure, default,
dishonesty and ill-fortune which create the rneed for the laws and institutions
which constitute & financial system, then to consider the types of institutions

needed to make the "game" have desired properties.

Even &t the level of abstraction of the models in Section 3 it may be
worthwhile to introduce a rudimentary Government Plﬁyer with a policy goal
and a well defined strategy set, in order to investigate the feasibility of the
policy and to solve for the optimum policy. For example suppose we describe a
game as follows, the govermment is the only player permittaed to issue or call
flat woney. Taxes must be paid in fiat money, there is no credit in the

system. The government mwust state its goal and publish its strategy. Fiat



- 19 -

money must be used for all transacfions; there are no frictions and there
are no risks or uncertainties. All individuaels are constrained to act

as meximizing pure competitors. For example let the government policy be
t0 equalize (money) income using only gradusted income tax and direct

equal subsidies, for the next T periods.

For the individual, his maximization problem becomes, modifying

Section 3.k4.

T ok .,k k

Maximize (3) =z P (wi g 0 ¥ t)

t=1 ’ ™

subject to :
] m
k k k .k

(26) ? Vig Pig 2 - {%m+l,t - by ? Pyy X34 * &é} <0

where the right hand side of (26) comsists of cash holdings minus income
tax plus subsidy. For all individuals the extra (n-l) equations (27)

must hold each perlod:

k, = K J o J

5.2 Risk

The type of risk run in a financial commmnity depends heavily upon
the specific laws coﬁcerning debts, liens, contracts, liabilities and so
forth as well ag dlifficulties and costs of collection, the honesty of the
population and the aceuracy in prediction of markets and estimation of the

success of processes.
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One simple example modifying the model of credit in Section 3.5 is
given. If thers ware né risk of default or fallure there would be no
difference between fiat money or credit, providing the rules of creation of
credit and fiat money were appropriately fraﬁed. In Sections 3.4 and 3.5

equivalent models are comstructed.

We now consider a credit model with risk. A%t the start of the game,
the referee issues each player with a stack of notes which each player signs.
They represeﬁt the extent of the credit extended to him. Each player is
required to return his notes, or an equivalent sum (this calcﬁlation wili be
specified) to the referee at the end of the gama. The refereelannounces
that there is a probabillity of I per period that the noteg of player k
will he devalued. The noteg are all issued with the same face value; if
there is a devﬁluation of k's noteg, at the end of the game, he must return

his own notes or xk

k
m+l,l/b of any other notes where x

mil, 1 was the orig-

inal face value issued to him, and % gives the factor of devaluation.
The devaluation is announced at the gtart of any period if it is to take

place during that period.

The type of rigk described here might he termed as financial default.
We can see immediately that if there were some sort of seéurity in the form
of transferable utility, gold, a useful intermediate good, valuables or
fiat money which could be posted against the possibility of devaluation, the
effect on trade could be amelicrated. This type of finsncial default will

bae examined further in Part II.
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6. An Example

6.1 The Money Economy

Consider two players with utility functions

2 2 1 2 2
Uy=logx; | %51 %3108 X5 X530

Each period their endowments of the (perishable} commodities are
(10,0), (10,0) and (0,10), (0,10) respectively. Player 1 starts with
10 units of fiat money, which must be returned at the end. In competitive

equilibrium Player 1 will maximize:

subject to

1 1 1 1
(29) Py (10 -%) 1) =Py g Xy P (10 - x) ) =2y %5 5, =0

this gives

el oy
ko
,_.l
|
>
e

(30)

o
I..l—‘
|

>
-

(31)




ol

(32)

(33)

Pof

; 2
L o>
(5 ) lot_‘l xl,l
subject to
(55) = Pl,l X
this gives
. L
(36) 2
1,1
. 1
(37) 2
2,1
P 1
(38) =
2 xl,2
. 1
(39) 5
2 X2,2

Il

1,2
= Kl H2,l
2 1
2,1 T2

+ (10 - x
M T
A Ty
N Ty o
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At competitive egquilibrium

2 1 2 1
- - ! = -
(40) X311 10 X1 (41) %51 10 X
2 1 2 1
(42) xl,2.= 10 - X],0 (43) X 0 = 10 - X3 2

1 1 2 2
X1 =% " 10/3 ¥ 1% 1 = 20/3
1 1 2 2
X 2 =%0 "= 20/3 X120 = %0 "= 10/3
M = 1/2 Ay = 3/20

ORIy y =0y p=My; =T, ;<5 -

We may easily check that if we had assumed that the utility functions

of the players were

2
and U, = log 2% X + % 1log <= %? (x? 1t X
>

the same solutions satisfy.
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We may make a third transformation, defining

N 1 '
Ul=2(|xl,lx2,l * 21 22) (31 32)

. 20 2 2 1 2 2 2 2
U, = 3 (log X1%,1 %3 log x1,2 xé,e) +(%5,1 + x3’2)

With these utility functions let us assume that the players attempt to

maximize Ul + U2 subject to the conditions that:

(4h) xJJ;l Xy g 10
(45) xé,l + xg,l = 10
(46) xie + x‘ie - 10
(47) X ot x5, =10
(L48) = .+ 2= x .

3,1 351 5,2 3,2

The same solutions satisfy.



