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ON THE FEASIBILITY OF TARGETED GROWTH THROUGE TAXATION
AND THE SOCIAL VIRTUE OF PRIVATE THRIFT

*
Edmumd S. Phelps

We celetrate here the twentieth anniversary (almost) of Professor
Evsey Domar's clas_éie paper, “The *Burden of the Debt! a.nd.;the National
Income " 1/ That paper dis;peiled ‘the feé.rs of wany that an economy which
supported agé:reas?_e demand by mea.ns of a budgetary deficit vould eﬁntmuy
sink under the welght of the ta.;es neceasary to service thé rapidly rising
publle debt. Doma.r showed that if the deficlt required for full exploywent
is proporticnal to the natioral income and the full-employment :l.ncoﬁe grovs
| at a constant relative rate then the debt as a ratio to national income will
approach & finite limit; and if, further, the interest rate is constant then
80 too will the debt service as a ratio to income. Horeovei, if interest on
the public debt is a part (but not the whole) of "tmble :anome"-“then the
debt gervice as ai;‘r_a.tio %o taxable ihcome Will spproach a limit which 1s less
then 100%.

However, the bebavior of the tax rate, as dletinct from the debt
service-incocwe ratio, was neglected by Dowar. This note repairs tha.t omission

and proceeds to study the feasibllity and determinants of the income tax rate

¥ I am grateful to T. N. Srinivasan for contributions to this paper.

1/ American Economde Review, 34 (1944), 798-827. Reprinted in Readings in
Fiscal Pollcy (Irwin, 1955), 479-502, and with & new foreword, in B. D. Douar,
Essays in the Theory of Economle Growth (Oxford, 1957), 35-69.




an proportlionate algebrale deflclt required to walntain the economy on

the targeted full-employment path, Our chief findings are described at the

conclusion of the paper.

The model.

(1)

(2)

In the splrit of the Domar paper we postulate the following:

l. There is & full-employment path of money national income, 'ft ’

(poseibly the only full employment path or one among many)
ha.ving the property of a constant rate of growth, A :

= At
Yt - Yo e
To insure that sctual income, ‘It s takes this path is the

objective of fiscal and monetary pollcies.

2. To realize this income path, invesitment expenditures must
be some constant proportion, k , of targeted incowme:
Y’h mk Y‘b
3. JAssoclated with this path 1s & constant rate of Interest, (. )
which the government pays on the public debt. This is the
interest rate that the monetsry authorities find necessary to

bring about the required path of investwent demand,

4, Desired govermnment expenditures, Et , are a constant proportion, 7 ,

of targeted national income, and desired non-interest transfer payments by



3.

government, B , (“benefits™) are a constant proportion, P , of

targeted income:

G, = 7Y,

By = PY,

We assume that ¥ + kX <1 so that resources &re left for

private consumplilon.

Private consumption expenditure demand is & constant proportion,

x , of dlsposable income. Ietting D

" denote the debt, T,  taxes,

t

and Yt actual money Income:

"“(It'“'nt"'pt - 1;) R

Ct 0<u§ l.

Taxes are proportional to taxable income, Yt + "Dt s T

being the proportional tax rate:
T‘t o 'Et(rt + l.Dt)

Any shortfall between texes and governwent outlays

- 1s financed by the issue of Interest-bearing debt. Hence

(3)

(%)
Je

(5)
6.

(6)
7.

(n

L]

dp
the rate of change of the debt, D

te = equals the

"dericit":

D= (7 +B) Y + LDy = 7 (¥, + LDt)
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If the target national income is 40 be reallzed then, by virtue of

the income ldentity C, =¥, - I, - G, , the required consumption

expenditure at time %, C, , is
(8) C, m¥.(1-X-7)

t t

. Equaticns (5) and (8) imply what disposable income must bhe in order
that consumpticn demand meet the requirement. Using the btufget identity,

T, +aY = (y + ﬁ)Yt + 4D, where a,  denotes the deficlt as a proportion

t

of vatlonal lncome, we can express diaposﬁblé incoms -in terms of 8 It
) .
and ¥
(9) Y, +¢D, +B - ‘I‘t - Yt(l +8, - 7?
whence, by (5),
(10) Ct wx{l + a8, - 7_)Yt

Therefore if ?t 1s to be realized, meaning Y, = Tt and C, = Et' ,

then a, wmust satisfy the equation, derived from (8) and (10),
“(l+at'7?“l‘7-k

or

(12) on (Lm)7) -k

S
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Az Domar knew, the required proportionate deficlt 1s constent
over tlme, It wlill be positive if =, 7 and k are small. As
approaches unity a approaches -k ; as = approaches zero a increases without
limit. However for every = , 0<x <1 there is an a, ~k<a<w, which

will eatisfy (11).

Becognizing that the proportionate defielt is constant over time we

can write

*

(12) D, = a.ft , & = constant.

Finally, we can derive from the budget equation (7) the required tax

rate at time t , as a function of ¥, , D, and the required s :

t? 7t
LDy (y +8 - a.)i’-t
(13) T + —
Yt + LDt Yt + (.Dt

The tax rate will bave to be revised continuously if Dt/ft changes

over time.

Domar's resulis

Domer showed that 1f a > 0 a kind of steady state 1s approached

(1£ the initial state is different from it) in which thft and

"Dt/ﬁt + "Dt) are congtant. To prove this he substituted (1) in (12) to
obtaln the differential equation (writing ¥, 1n place of 'ft for neatness).

hd At
(1%) D, =aY e ,



the solution of which 1=

a At
% %o (e.

(15) D, =D + - 1)

vhere D is the (inltial) emount of debt at t =0 . It is limediately
clear that the debt tends eventually to grow at the rate A , no faster than
output. |

From (15) we obtain

D D
t o _=Ab a _ & -t
(16) Yt = Yo e + X x e
Hence
D
t a
(17) lin & = 3

trree '
As a matbter of notation, let the limiting value of any variable, X s

be denoted x . Hence xhalim x,b .
] Lohoe

Continuing, we also obtain from (17)

I.D“
(18) §— = &

b A

and

tD LDJY.. .
(19) Y, +iD, =T+ Y, =8| S va




-7 -
Domar points out that, provided X >0 , this last "debt service™

ratio -- which he ldentifies as a measure of the debt's burdensomeness --

is smaller than 100%. .

It is curlous however that Domar repeatedly terms this ratio the
“tax rate." If it is the tax rate that Dowar was concerned about -- will
d.eficits today necessitate incentive-crushing tax rates in the future? --

he should have examined the behavior of the tax rate, =

A Iet us do thie.

The behavior of the tax rate.

From (13) we have

LD

) 0
T-—'“'_“'+(7+5'8-) V.. .
- I, + D, Y, + D,

which, upon substitution of (19), yields

@ s e SR

Now if the tax rate ghould equal or exceed 100% there would be no
incentive to work in which case the desired growth path would become
infeasible. Even if the limiting tax rate should be less than 100% but
very large it would be deelrable to reconstruct the model to make the
targeted growth path a function of work Incentives which may in turn be
affected by a steep rise of income tax rates. We hope the readery in the

spirit of the Domar model, will settle for an analysis of the following
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question: On what conditiona wlll the limiting tax rate, Ty ! be smaller

than 100%? That 1s, assuming work incentives are unimpaired by tax rates
up to (but not including) 100%, on what conditions will the targeted growth
path be feasible?

Simple arithmetic shows, assuming A > O , that when &l + A >0
then 7,<1 ifandonlyif a>7+P - 1. This states that 1f the

proportionate algebrale deflcit, & , is greater than - %

then the limiting

tax rate will be under 100% provided that the algebraic deflcit 1s also greater
thax 'y + B - 1 (vwbich may or may not already be lmplied by the former
inequality). When &t + A <O then 7,<1 ifandonly if a<y+f -1.

b o

This states that if the proportionate surplus, - & , 1is greater than

then the tax rate will be under 100% provided that the surplus is greater than
1 - y -5 (which may or may not be implied by the former inequality). Equivalent-
1y, there are two "safe" (feasible) zomes in which the limiting tax rate is less

than 100%: one zone in which the algetraic deficit is larger than

max|y +p -1, -1—"-] {vhich will be & little negative) and another zone in

which the algebraié deflicit is smaller than win [7 +p -1, '%] -- that

18, there is & large surpius. The zone between these two is infeasible.
A dlagram would probably be illuminating but before we can draw it we need

to know in what direction % changes with changes in a .
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Suppose that x (the propensity to consume) were to decrease so
that a larger a was required to Pulfill the consumption demand requirement
of the targeted income path. While this would certainly call for an initial
reduction of the tax rate (to produce the larger deficlit) would 1t also
permit a lower limiting tax rate (and hence a ;pemanentl} smaller tax rate)
despite the eventually higher debt service? Taking the derivative of T,

in (20) with respect to a we £ind that, 1f it exists (implying A +& 40 ),
its algebraic sign 1s the sign of '

t ~M=t(y +8) .

This expression is negative, and hence an increase of the required a will

reduce both the initial and eventual tax rate, if and only if

(21) %(1-7-s)<1 or -%<7+s-1.

Both those reasders who belleved that an increase of thrift spells an

aventual rise of tax rates (simee it leads to a higher debt-income ratio) and
those readers who believed that it spells & fall of tax rates (since it .
perzits a reduced algebraic surplus and therefore, for & glven debt ratio,
lower taxes) will be surprised to find that neither result is necessary.
Evidently tﬁe rige of the debt service ratic will be insufficient to waintain
by iteslf to generate the larger deficit -- so that a yermanent.ly sma;uer tax
rate will be required (though not as small as in the early years of the larger

deficit)-- provided the interest rate is not too large.
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And now the promised dia.gram Figure 1A illustrates our results

when % <7 +B -1 end Flgure IB illustrates the case in which

'%—)7-}5-1. The only feature of these diagrams which has not yet
beénexplainedcan'bededucedfrom (20): As a+ te, -g“-rl-%_so

that v, 1s asymptotic to the line 7 =1 -2, 2/

Tﬂ

Fgure 1A:
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The diagrams describe our results better than words can but let us
attempt a brief summary: First, concerning feasibillty, should a constant
proportionate deficit be required to achleve the targeted full employment
income path the ratio of debt service to taxable income will reach sowe
upper limit, less than 100%, rather than increase without limit, as Domar
showed., We have demonstrated that the same 1s true of the income tax rate.

But ehould & surplus that is between 1 - 7 - B and % (as a proportiorn to

n.g.tiona.l income) be required the tax rate will eventually reach 100% at which
point, presumably, incentives to work will bresk down and the targeted full

employwent growth patterpn will cease to be feasible.

Second, concerning the effect of private thrift, should & proporticmate
deficit be required, an increase of private thrift, by increasing the ”
proportionate deficit required, will raise the limiting ratio of debt
service to income, as Domar showed. But despite that rise, the increased
:deficit will permit & permenently smaller tax rate if the foregoing condition
‘on L , M, 7 and B expreszed in (21) is satisfied. Should & surplus be

required, the results are less certain: - If the foregoing condition is

2/ (From preceding page 10)

- In discussing (11) we showad that a need never be smaller algebraically
than - k . But this lower limit on the Tequired a does not avert the
possibility that the required a wmay fall in the infeasible zone. We assume.
only that L -9 -k >0, hence K<1l-% or -k>y-1. Even if B = O
this means that the required & could be swaller algebraically than
"2 | Anasiase B >0 is possible, a can aleo be smller algebraically
than 7 +8 - 1 . Therefore nothing precludes the required a from falling
in the intermediate Infeasgible zone of elther Figure lA cor 1B.
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satisfled and the initially required surplus was sufficiently small that the
economwy is on the upper curve of Figure 1A; then a psrmament reduction of

tax rates will be possible if botfn the old surplus (hence also the new) is
feasible; if the old suwrplus ls not feasible, the increase of thrift my make
the (new and smaller) required surplus feasible, and hence prevent the tax
ra.teafrom reaching 160$; but 1f the new surplus 1s also infeasible, tax rataé
can be lower only temporarily as the inevitable approach to a 100% tax rate is
merely postponed a little. On the other hand, 1f the old required surplus was
50 large as to place the economy on the lower curve of Figure 1A, then the
increase of thrift, by reducing the surplus to & level in the infeasible

zone, will eventually cause the tax rate to be positive rather than negative
and even to reach 100%; but if the reduction of the required surplus is large
enough to avoid this zone, the tax rate will escape the latter calamity and
merely rise from its initial (posaibly negative value eventually to some
nigher (possibly positive) limiting value. (A sbift from a negstive to a
positivé $ax rate ls dus to the government's‘move from & ereditor position

so strong that 1t must levy negative {taxes o a creditor poslition suffliclently
weak that T, the limiting net tax rate, is poeltive and possibly very large

due to the requirement of a surplus over outlays.)

There are very many cages here so that the following emplrical
observations may help the reader in deciding which case 1s the most

interesting. In the United States, very roughly:



y =
B =

04
«05
=20
05
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(nominal interest rate on long-term government bonds)
(nominal growtk rate, i.e., growth rate of money GNP)
(government expenditures as a ratlo to GNP)

(government noninterest transfers as a ratioc to GNP)

8o that -;-:(1-7-&) = 60 < 1.

The U. 8. 1s therefore "in" Figure 1A. Indeed, even the most "capital starved®

(bigh t) axd-least “publicly needy® (low 7y + B) of real-life capltalistic

economies surely satlsfy thils condition. Further since even the most

aggressive U. 8. growth targets (high A) are unlikely to require a surplus

in excess of .75 a8 & ;pm'opm'tion-of natioral income; 1t seems certain that we

are on the upper curve of Figure 1A and safely in the feasible zone!

Conclusions

We have found tha% in the Domar wodel an increase of the propensity

to save, by increasing the proportionste deficit reguired to maintain the

econowy on 1ts target full employwsnt path, will permlt & permanently

smaller tax rate, despite the concomitant rise of the debt servise-income

ratio, if the rate of interest on governmeat debt is smaller than the

rate of growth of money national income. The necessary and sufficient

condition 1s weasker If the government makes non-intersat outlays.

If origivally a very large surplus was required to meet the growth

target, the increase of thrift, by reducing the required suwrplus, may so
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reduce the govermment's creditor position (bence goverament interest
receipts) that the tax rate will eventually have to be ralsed above what

1%t would otherwise have been. Indsed, if the new required swplus lies

in & eritical intermedlate zone, the tax rabte may reach 100% at which point
(1f not before) the full-ewployment "growth target® -~ by which we include
the mix 'betweeﬁ public and private e:tpenditurea -- wlll have to be scrapped.
On the other hand, the reduction of the required surplus dictated by the
increase of thrift may remove the economy from this zone and thereby make
possible the targeted growth through lower tax rate less than 100%.

Moral: Private thrift is surely virtuous if 1% lg necessary to
the feasibility of the targeted growth path. But if 4t 13 not, thrift may
yet bave a virtue: Where the above condlitlon on the rate of Interest is
satlsfied, thrift pay be virtuous not because 1t releases the resources for
targeted capital formation ~- for in thls cass taxation can do that --
but becgusge 1t permits the growth target to be achieved by lighter taomtlon
than would ctharwise be required.
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ALTERNATIVE FISCAL FOLICIES FOR TARGETED GROWTH
Te N. Srinivasan o

Phelps considers an economy whose targeted full employment output
Y(t) grows exponentially over time. Constant proportion k of Y(t)
needs to be inveated at each + 1f the growth path Y(t) is to be
sustained. Postulating that (a) government expenditures and transfer
payments form a constant propdrfion of incoms and {b) coasumers save a
constant proportion of their dlsposable incoume, Phélés derives the required
budget deficit to close the gap between ex acte paving and required invest-
went slong the patk Y(t).

We shall drop the assumption that government expenditures form a constant
proportion of income and derive the get of alternative cowbinations of budget
deficit and government expenditure that will maintain the equality along
the path ¥(t) of savings aud required investment. A subset of thls set
vhich will include Phelps' csse will be exsmined.

Using Phelps' notation we have:

(l) Ct s 5 (Yt + 0D % B‘b - T‘t)
(2) D = G +B, + tD ~T,

For a somevhat slmilar apzslysis on the basgls of a differant model
see John Cornwell, "Three Paths to Full Ezploymwent Growth,” . Quarterly
Journal of Economicas, February 1963.

This paper reports on research carried out under a grant from the
National Science Foundation.”
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Now private saving equals (1 - =) {Tt +1D + B, - 'rt) and public

saving equals -]3 « Total saving 8, wlll therefore be given by

t t

(3) St-(l-u) (Tt+LDt+Bt-Tt)-I.)t

Bubstituting for T, from (2) in (3) we bave,

(%) St-(l-n)(Tt-Gt)-ﬁf)t

Now the required investment along the path Tt is Xk 'ft . Equating 8,

with required investment we have

(J,-x)(rt-t)—nDtnkYt or

(5) % l'Jt + (1-%)G, = (1 -x - k) Tr't

Equation (5) will yleld the set of "fessible” combinatlons of

]31; and Gt vhich will sustain the full employment path of income, provided

the following nomnegativity conditions are met:J-'/

(6) C, 20
and
(7) G 20

y For feagibility one might also require that the ratlo of taxes %o
taxable income is bounded above. We bave mot imposed this requirement
in wbat follows. -
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Since C, along the full employment path is given by (1 - 1;)?t - G,

we oan cowbine (6) ard {7) into

(8) 0g6 < (1-1;)?1;

e

Thus (5) together with (8) ylelds the set of feasible combinations of

and Gt + The following disgrem iilustraies this set:

Any combipation on the segment AB iz & feasible combination.

We first note that along AB ; & unlt imcresse in gowermment

sxpenditure 1s equivalent to a dserease of 1‘%) unlts in defieit,. This is as

it should be for & uwelt incresse in government expsapditure can be accommodated
-along the path Tt‘only by a unlt decreaze in consumpbion. If the defielt
remained unchanged, taxes will go up by one unit yielding only = units of
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reduction in comsumptlion. Hsnce taxes will have to go up by % units

thus reducing the deficit 'by(l

L. 1-8
- l)- p unlts.

Iat us conglder some speclel cases:

Case I: DBalanced budget situaticn i.e. fnt =0 forall t .

It can be seen f£rom equation (5) that the required government expenditure
l-x-k \=

(9) Gy = <—1:;r) Y

Using (2) and the assumption that B, =B ?t we get’

_ (L-={148) ~ k|3
(10) T, = [ o Y, D,

From (9) and (10) it is obvious that both G, szd T, are decreasing

functions of x . EBence, an increase ln private thrift (i.e., a decrease
in =x) will neceseitate highsr texes and goveroment expencﬂimms it

budgét balanes is to be maintalned along the full employment path. It is also

ﬁeén that az tiwe goes to infinlty, the limiting debt saryice ratio
: T
- \ v (1)) -k
is zero and the limiting tax rate ‘:‘.‘H e =0 = %

e L +
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Cage II: Taxes form & congtant proportion T of taxable income, i.e.,

(11) T, = % E‘h + "Dt]

Substituting (11) in (2) we get

G =-p8Y, "Dt""‘(Yt*"Dt) + D,
(22)

« - (B-0), - v (1-7)D, + 51-.

Ist us assume for & moment that © is such that the combination (G, , 13,5)

obtained by solving (12) and (5) siwultaneously is feasible in the sense

trom (12) 1a (5)

that 1t does not violate (8). Now subatituting for Gy

we get:

(13) 131; -t (L-=){1-%)D, = { (1) (14B=7) - k}ft

Since Tt " io e.m' we can solve (13) for D_ and get
A - = et
(1!;? D= dY_ + (ao - d)Yo e
vhere
(15) a - '(l-m?(l-ﬂ-i-'r) -k ,
D
(16) d = 2
° 3
°



and
(7) e = ¢ (1-=x)(2-1) .

Hence the combinstion (G , f)t) which will simultenecusly satisfy (12)

and (5) 1s given by:

- A - Lo ot
(18) D, = m T, + e(ao-d)yo e
1 vz a6t
(19) G, =1 (l-zt-k—axd)rt - xe(do-d)fo e J

We can now exsmine the conditions under which G, glven by (19) wix1

satisfy the feasibllity conditions (8). First we note that since

?t L] -Y—o ext , It 9\> » then Gt glven by (19) will violate either the

. o 'S
lower or the upper limit given by (8) for large enough % provided d, £d.

If the initlal condltions do result in 4, belng equal to d then the
feasibility conditions take the form (I-n)}(1-k) 2 l--k-md 3 O.

after some slmplification we can write thiz as:

(20) (14p) 2 2 (up) - L3k

The debt/income ratio is a constant 4 for all + . The deficit/income
ratio is & constant Ad . The government expenditure/income ratio is a constant

1-n-k-nAd

- 1-k-x(148-%) . It 1s also obvious that all the three ratios

increase as 1rivate thrift increases (i.e., =x decreases). Thus |
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an increase In private th;'irt would necessitate a larger deficit, debt

and govermment expenditures relative to 5’1nc6ma§ if full employment is
to be maintalned indefinitely. 1/

Ist us now drop the assumption that do =d +« Then & necessary

2/ A
datti -
con on for feasibility of Gt glven by (19? is < L or >1 m—y .

This is only a neceszary condition. The set of necessary and sufficlient cénéi-
tions can be obtained as follows: Iet us assume that e(do-a) <0.

Then G, Wwill le in [0, (1-1:)21] for all t if and only if:

(20) (1% -k-x\d) - x0(a -8) S (1-x)(1-k)
and
(21) 1-k-md 2 0

It e(ao-a) >0, then the conditious become

(22) (1=x-k-12d) - =@ (d.o-a) 20
and
(23) 1w-k-ind S (1ew)(1l-k)

-‘}Lj It is worth remewbering that we are waintalning the assumption do =4 .
Since 4 depends on x , the above discussion is valld only wvhen do is so
changed &s to maintain equality with & . The same qualification applies to
the other cases algo.

-g/ The case 6 = ) wlll require special treatment since the differential
equatios (13) will then bave & solution different from (14). This is left
for the reader to work out.



In either case the three ratios (debt/incowe, deficit/income and
government expenditure/income) converge to a R M and l-k-x (148-%)
respectively. The behavior of these asymptotic i'atioa with respect to changes in

x bas been dlscussed already.

Cape ITI: . Government expenditures are a constant proportion y of lncome.

This has been discussed by Phelps.

Case IV: Advocates of constant government expenditures over time way work

out the case G = Go for all t . We shall state the asymptotic results:

)
“%

T

(14-::«1:) -2
=

TE
ik
H“I" T /u-

ik
/N

p
1+

t - 1-x
I‘h At
4 =

& + I.Dt



