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ON THE EXISTENCE OF AN OPTTMAL FLAN

IN A CORTINUQUS-TIME ALLOCATION PROCESS

Menshem E. Yaari*

The obJect of this discussion is tc investigate the attainment of
& maximum in the set of edmissible plans for a specific class of allocation

problems .

Let C be the set of all real-valued functions ¢ which are

defined on the umit interval and which satisfy the following properties:

(1) ¢ is bounded and measurable

(11) eo(t) 20 for ell t in [0,1]

(i11) ]l e(t)at <a
0

where % 1is some given non-negative resl mumber. Boundedness and
neasurability of the function < essure that the Lebesgue integral in

(111) exists.

The problem is to find a function c¥eC such that

(1) fla(t)sic*(t)]dt 2 Ila(t)g[e(t)ht for all ceC ,
© o

It would be wrong to assert that responsibility for any errors is enmtirely
mine. It lies partly with Joram Lindenstrauss, whose help carrled this
paper over the hump. I have also beneflited from many discussions with
William Brainard and Emmanuel Drandskis. Research leading tc this paper
was undertaken ai the Cowles Foundetion for Research in Economics, Yale
University, under Task NR O47-006 with the Office of Neval Research.



where « is a bounded, non-negative and continuous real function on

0,11, and g is a concave resl function on [O,w=).

To fix the ldees, we may interpret our problem as follows: ¢ 1is
a consumption plen; C is the set of all admissible consumption plans;
2 1is the consumer's wealth; g is & utility function associsbed with the
rate of consumption at every moment of time; and @ is a subjective
discommt function. Under this interpretation, the problem is to find an

optimal consumption plan for a period of unit length, in a world of zero

Yy
rate of interest.

The existenmce of such an optimsl plan c¢® in C is our concern

here.

It is, of course, possible to give the problem which was stated above,
possibly efter some modification, numerous other interpretations. Indeed,
variants of this problem ¢occur 1ln several discussions of optimization over
time. Ag examples, one might mention Arrow-Karlin [1], Koopmens [4]

snd Strotz [6].

Chekravarty .2] has a discussion of the existence of sclutions for
problems of this kind. He concentrates mainly on difficulties which arise
in the case of an infinite horizon (i.e. when the functions ¢ are defined
on [0,») rather thean on [0,1]). However, even with a finite horizon (as

in the present case) the set C of admissible plan is not, in general,

E/ The case where the rate of interest is not zero is considered below.
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compact (in any of the usual topologies) and therefore the attaivment of
a maximm in it is not & metter which goes without seying. Indeed, many
examples involving particulsr shapes for the functions g and a can be

given for which a maximm is not sttained.

Several aspects of the problem are discussed in a well knowm
contribution of S. Kerlin [3, Vol. II, pp. 210-214k]. Xarlin proves the
existence of a (unigue) solution in the case where g is strictly concave
and bounded. The present discussion will take en entirely different
epproach a.mi will gemeralize Karlin's results by dropping the requirements
that g Dbe strictly concave and bounded. On the other hand, our approach
will tell us little if anything sbout the neture of the optimal plan
{whenever one exists) whereas Karlin's approach entails, in effect, finding

a characterization of the solution and then exhibiting its meximel property.

To start the investigation, we point out that without loss of
generality we may teke g as non-decreasing. We glorify this well known

fact by glving it the name --

Lemme 1: Suppose that for some K 2 0, g(x) is non-decreasing for

0 2x <X and strictly decressing for x >K . Let g be defined as

follows:

(2) g(x) g(x) 03x %K

&(K) KSx<o .

n
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ir the set of solutions to the problem

1
(3) max [ oft)glelat
ceC o
is non-empty, then & function ¢ can be picked from this set in a way

that ¢ will also be a solution to the problem

1

(1) mex [ oft)glclas .
cel o

Proof: ILet T be & solution of (3). Define ¢ as follows:
(5) o(t) = min(Et),K) oStf1 .

Clearly, ¢ is slso a solution of (3):

1 1
(6) J o{t)gle(t)lat 2 [ o(t)gle(t)lat  for all ceC .
4] Q .

We also know, since g2 g and G is non-negative, that
1 ! -
(7 [ a(tgle(t)lat Z [ oft)ele(t)lat  for all ceC .
o o

But since, by (5) o(t) $K for sll t , we conclude that g[c) = gI€]

so that
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1 1
(8) J oft)egle(t)lat > [ alt)gle(t)lat for all ceC ,
0 o]

&8 was to be shown.

Next, having teken g to be non-decreasing, we observe that the

set C of admissible plans may now be restricted to & subset ¢' defined

by

(9) ct = {c: céc; flc(t)dt=;.} .

]

This fact may be sumarized as --

Lemma 2: If sup [ ot)glclat is attained in €' , then swp [ ot)glcldt
ct ¢

is ettained in C , sand the function c* which attains the supremum in

C! also attainse itin C.

Proof: By the fact that C'C C , we have

1 1
(10) sup [ oft)glelat : sup [ oft)gleldt .
Cto ¢ o.

Now, for each ceC , define l.c ag follows

1
(1) Je(t)ar = a S
0



By the monotonicity of g :

1 1 :
(12) ] o t)gle(t)lat S [ oft)ele(t)r-r Jat for a1l cec ,
o )
1 1
(13) swp [ oft)ele(t)lat S swp [ oft)ele(t}n-r Jat .
Co. Co
But by construction --
(14) sgp .f oft)gle(t)Hr-x Jat = gu;p f o t)ele(t)lat .
(2]
This implies that
1
(15) sup [ of t)gle(t)lat £ sup fa(t)e[c(t)]dt .
co Cto.

Inequelities (10) and (15') say that the two suprems are equal. Since
C'T ¢, if c™C' attelns the supremum in C' , then c* also attains

itin C .

It suffices, then, to investigate the existence of a solution when

g 1is non-decreasing and the set of aimissible plans is C' .

As is well known, in maximization problems of this kind, the
function g is arbitreary uwp to a linear translation. Therefore, the

discount function «a may be normalized in such a wey that

(16) flm(t)dt =1
. Q
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We may now proceed to the main pert of the investigation. One
result is reedily obtainable:

Theorem 1: If «a is constant then an optimal plan always exiwis.

Proof: Set oft) =1, 0StS51. By coneavity of g, one obtains

1l 1
(17) [ ele(e)lae S gl [ o(t)at) = g(a) ,
o o
for sll ceC' . However, setting c(t) = LA for all t , we see

immediately that the level g()\) 1s actuelly attained:

1
(18) J g(r)at = g(n) .
Q

Hence, & maximm is attained in C' and the function ¢ such that

e(t) =1 for all t in [0,1] is & solution.

The important case, of course, is one in which @ 1s not &
constant. We proceed now to the éase vwhere o i& assumed to be non-
increasing on [0,1]. The results which one cbteains in this case spply

with certain modifications to other shapes of & as well.

Having assumed that a i1s non~increasing, we now proceed to show
thet the cless C' of sdmlssible plens cen be restricted further without
loss of generallty to the set of non-increasing members of C' . This

requires a somewhat lengthy argument, which 1s summsrized as Lemma 3 below.
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Before stating the lemma, it will be convenient to define & functional

U as follows:

1
(19) U(e) = [ oa(t)ele(t)lat .
[»]

Lemma 3: Let C* be the set of all non-increasing members of C' .

If « 1s non-lncreasing then for every ceC' there exisis c*eC* such

thet U(c*) > u(e) .

To prove this lemma we need the concept of a monotone re-arrangement
of & function ceC!. This concept is used quite often in the econamic
litersture (e.g. in the explanation for the negative slope of the ma.rgina.l-.
efficiency-of-investment schedule) but it is rarely glven a rigorous
definition. As might be expected, the ILebesgue integral provides & natural

framework for such a definition.

Consider & function ceC’'. By definition, c¢ is measureble and
bounded. O Se(t) <M for a1l t in [0,1] =and for scme real number M .
Let us divide the interval [0,M) dinto 2% sub-intervals of equal lengths,
wvhere n is a non-negative integer. We enumerate these sub-intervals

starting at the right of [0,M). Let the k-th sub-intervel be denoted In k
2

n n
2 - 2 wictl n
(20) In,k = "'2"% M » 2n k = l, 2, seey e .
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A family of 2% gets fram the unit intervel may now be defined as

follows:

= <t ' L : n
(21) sn,k = {t. c(t)eIn’k} K=1,2, veey 2 .

By the fact thet ¢ 1is a measursble function, the sets Sn are

Sk

measursble for any n and for &l1 k=1, 2, ..., 2, For any n ,

the sets S and S are disjoint<i if k # J and we have
n,k n,J
213.
(22) 1:21 S, x = [051]
211
B P

where p denotes Lebesgue measure.

Define 2741 points in the unit interval, to be denoted b

for k =0y 1, +ee, 4 &8s follows:

(23) t 4= 0

X1
tn’k-tn’kﬂl - ’ﬁn,k k = 1,2’ o -,2 .

For each non-negative integer n , define two functioms, 'é'n and S, 2

both on [0,1), in the following manner:
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- 2% ]
- < . - n
(24) c (t) > M for tn,k-l St < tn,k’ k= 1,2,,,4,2
2%k < n
e (t) = = M for by SESt 8 E=1,2,00,20 .

We define 'é'n(l) and ¢ (1) as follows:
(25) ¢ (1) = inf ¢ (%
‘n tef0,1) *ul®)

epl2) = te‘%gfl) (%) »

£0 that En snd ¢ = are now defined on the closed unit interval.

The following facts ebout E‘n end gn are immediate:

(1) En(t) - gn(t) = n/én for 811 t in [0,1];
(11) o (¢) S epp(®) S () ST (£) SM  for a1l t in [0,1]
end for all n ;

(111) En and ¢ are integreble and non-increasing for all = .

It follows from these observations that the sequences En and S both

converge uniformly. For any ¢ > 0 , pick N such that “/211 <eg. It

n2N end m2 X then e (t) - e (t)] <e for all t in [0,1], and

similerly for ¢ . Furthermore, 'c':'n and ¢ clearly converge to the



same functlor.. Call it c¢* . ¢ is necessarily non-increasing and

measursble. Furthermore, since the sequences E:'n and ¢ = ere uniformly

bounded, we have, by & theorem of Lebesgue on the integrability of the

limit of & sequence of functions, that

1 1 1
(25) JScX(t)t = um S En(t)d.t = 1im [ gn(t)d.t .
o] nm 0 N O

But ‘En and g, &re constructed precisely in such & way that

1 1 1
(26) iim f En(t)d.t = 1im f Eﬂ(t)dt = fe(t)dt = .
N O _ e 0 ]

Hence, c* is in the set c* . Tt remmins to be shown that U(c*) 2 U(e) .
To show this, let x be any bounded measursble function on [0,1] and let

x* be the non-increasing re-arrangement of x according to the procedure

of the foregoing persgraphs. We wish fo show that

1
(27) Ila(t)x*(t)dt 2 Jofe)x(t)at .
0

o]

*

It follows from the comstruction of x  that for amy t  in [0,1],

t 1
(28) ! ° (x*x)at = = tf (x*x)at 2 o .
o o



To prove (27) we write

1 to 1l
(29) Jo{e)(x*=x)at = [ oft)(x"-x)at +tI a{t)(x*-x)at ,
o o
fo)

and since @ 1is assumed to be continuous, there exist two points too

in {0,1‘.0] end t, in [to,ll such that

1

1
1
a(too)o f o(x*-x)dt + os(tol)t j (x*-x)at
' (¢}

fl

1
(30) J o £)(x"-x)at
o]

Il

T
CORPSMYFRES

But a is non-increasing amd t < so (27) is proved. Now gl[c*]

1s the non-increasing re-arrangement of g[c], because g i1s non-decreasing.

Hence, the proof of Lemma 3 is complete.

The upshot of the foregoing srgument is thet we may now restrict
the search for a function c¢* which maximizes the functional U to the
set C* of all functions ¢ on the unit interval which heve the following
properties: they are bounded, non-increasing and satisfy fedt = A .
Actually, it is easy to see that we can restrict the choice even
further, to those members of C* which are, say, right-continuous. Any
function in C* can be transformed into = right-continuous function by
changing at most a denumerasble number of values of the function, and this
does not affect the value of the funetional U , nor does it affect the

integral fedt .
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At this point it might be well to note that the assertion that a
maximum is alvays attained in C* 1s clearly false. For consider simply
the case where g(x) = x for all x 0. If a is anything but a
constant, & maximmm of U is not ettained in C¥ . Hence, we must now
seek specific conditions under which & maximum is attained. Theorem 2

provides the general framework in which such conditions might be sought.

Theorem 2: For the maximum of the functional U to be sttained in the

set C* it is necessary and sufficient that there exist & real mumber K

such that for sny ceC® there is & c¥*eC® such that c*(t) SX for

all +, and U(c*) 2 u(e) .

In other words, the maximm is attained in C* 41f and only if the search

for the optimal plan can be restricted to & uniformly bounded subset of C* .

Proof: (i) Necessity: If no such K exists, then it 18 clearly possible
to pick a sequence c from ¢* which will not converge in C* and such

that the sequence U cn) will be strictly increasing.

(11) sufficiency: By concavity of g and monotonicity of « , we have

1

L
(31)  U(e) = J oft)gle(t)lat S el [ oft)e(t)at] S glra(0)] for all cec® .
[+ Q

Hence, sup U(c) is finite. ILet e, be a sequence of functions from

¢* such that
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(32) lim U(cn) = sup Ule) .
Do cec¥

Bince the functlons of the sequence ¢, are all monotone and uniformly

2/

bounded, we can apply Helly's Theorem vwhich states that & subsequence

of ¢, can be found which converges at every point of the interval [0,1].
In other words, Helly's theorem says that there existe a sequence o
vhich is a subsegquence of c, such that

(33) lm e o(t) = ¢*(t) for all t iam [0,1],
n e

where the limit function c¢* is non-incressing and bounded. To show
thet c*eC® , we need only prove that [c*(t)dt = A . But by the theorem
of Lebesgue mentioned aborve'j'/ we have

1

(34) J e*(t)at = lim flcn.(t)dt =:

0o nise o

so ¢* isdn C* . Finally, by applying the ssme thecrem of Lebesgue

to the functional U , one cbtains

g/ See Natanson [5, Vol I, pp. 220-223]

2/ Lebesgue's theorem states that the integral of the limit equals the
Limit of the integrals given convergence in messure. However s in the
present case pointwise convergence implies convergence in messure.
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i 1

(35) sup Uc) = Mm Ule ) = Lm [ oft)ele ,(t)]dt = [ oft)alc*(t)]at = U(c*).

ceC* n ' n'lae o o
Hence the maximum of U is attained at c* . This completes the proof.

With the aid of Theorem 2 it is possible to determine conditioms
on g, a and )\ wt{ich would ensure the atieimment of & maximm. Before
proceeding along these lines, let us recall the differentiebility properties
of the function g . As is well known, the concavity of g implies that
€ has a derivative at all but a denumerable number of points. Furthermore,
whenever a derlvetive fails to exist, left and right derivatives exist end
the left derivative exceeds the right derivative. We may therefore define
a function g' to be equal to the derivative of g wherever it exists and
to the right derivative of g whenever no derivative exists. With this

definition in mind, we shall refer to g' simply a8 the derivative of g .

The derivative g' is a non-negative and non-increasing function

on [0,#) . Hence, lim g'(x) must exist. Call it simply g'(«) .
Xoo

Theorem 5: Under the hypothesis that o is non-increasing, & sufficient

condition for the maximm of U +to be attained in c* ig ==

(36) A(0)g' (=) < m(t*)a'(«?-‘;-;> for same t* in [0,1].
+

In other words, a sufficlient condition for the existence of & solution

is that the quantity o{t)g'()/t) not have a maximm st £ =0 .
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Before going on to the proof of Thecrem 3, we note that the
condition of this theorem;, condition (36), generalizes Karlin's result,
mentioned sbove. Specifically, if g is strictly conceve and bounded,
8s in Kerlin's case, we see immediately that condition (36) is satisfied,
because then o(0)g'(w) = 0 . We note, however; that condition (36) is
satisfied in a great many other cases. For instance, whenever g 1is
ubounded but g'(x) = 0 , o meximm is alweys attained. Finally, there
is nothing in Theorem 3 to require strict concavity of g . When g is
weekly concave but condition (36) is satisfied, & solution will exist,

although it may not be umique.

Proof of Theorem 3: Suppose condition (36) holds. Tt is then possible
to find & real number K and a point t* in [0,1] such that

(37) A{0)g* (k) < a(t*)g'(l;-> .
t

We shell show that for every ceC* +there exists c¢*aC® such that
¢*(t) $K for a1l t in [0,1], and such thet U(c*) > y{c) . Theorem 2

will do the rest.

In the first place, select K in such a wey that X > A/t* . This
is clearly possible. Let ¢ be a function in the set C* such that
e(t) >K for some t >0 . By monotonicity of ¢ s there exists a point

t, in [0,1]) such that
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(38) e(t) >k for 05t <t

<K for 1;°<-b§l .

Furthermore, there also exists in [0,1] a point t, such that
(39) o(s) > for 05t<t
t
<% for v, <1 .

t

Bince K >2/t* , wehave t St . Nowdefine the function c*

as follows:
(40) c*(t) = x for 05t < t,
= ¢ <
= ¢(t) for t,ot <ty
A <
=% for 1 St<4,
t
= ¢(t) for t2§t<1
where t, is determined so &s to have [e*(t)dt = A . In other words,
1:2 is determined from the equation
t X3
o 2 A
(#1) Jo(ew)Bas = (A c(t)) at .
o tl t

Note that t, S t* . This is true because c*(t) Za/t* for 05t <t

2= 2

and 1f we bad t, > t*, then we would have to have [c*(t)at > whick

is & contradiction (see Figure 1).
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Figure 1

To show that U(¢*) 2 U(c) one proceeds as follows:

t2 t
(1)  wHUe) = ] m(t){g(l';)- ste(e)} s - £ a(e){le(e)]l-am) et .
tl t o

Consider each of these integrals separately: For t in [tl,tel

monotonicity of « implies oft) £ oft*) and conecavity of g implies

g(n/t*)-gle(t)] 2 g (W/t*)(5/t*) - ¢(t)] . Hence

ta o
(43) A a(t){s(f;) - g[c(t)]} at 2 a(t*)s'(f;) J(E- c(t))fu: :
1 1
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Next, for t in [O,to] s monotonicity of o« implies oft) 5 o{0) and
concavity of g implies gle(t)] - g(k) < g'(K)(c(t)-K) . Hence,

to 4;0
L - - < ' c - .
(44) of a(t){s[c(t)] g(x)} at < of0)g (K)of ( (t) K)dt

Looking back at equation (41), we see that

t

(15) we*) - u(e) [a(t*)g-(f;) - A0)e"(1)) | (e(t)-Bas
[+ 1
which completes the proof of the theorem.

Corollery 1: For small X , condition (36) of Theorem 3 is both necessary

and sufficient to ensure attaimment of a meximum.

Proof: Only necessity has to be shown. Let A + o in condition (36)

and suppose that

(46) o{0)g*(=) 2 o(t)g*(0) for all t im (0,1l.

If we now let t -+ 0 , we obtain

(47) g'(=) = g*(0) ,

that is, g must be a linear function, in which cese we know that a

maximum is not sttained.
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Corollary 2: The only cese in which the maximum is not atteined for

any X 1is the case in vhich g is & lineer function.

This follows immediately from the proof of Corollary l.

Corollary 2 may also be stated as follows: If the derivative g' of
the function g 18 not constant, then there will exist a A >0 for

which & maximm is attained.

It will of course be convenient to interpret condition (36) as
a condition on A « Since in general condition (36) is sufficient but
not necessary, one should expect that the greatest value of )\ which is
consistent with (36) will understate the greatest value of A for which
the maximm is attained. To illustrate this point, we consider an example.
This exanple will also serve to show how the mﬁ-negativity condition

enters in the solution of the varisational problem.

Example: Let ot) = 2(1-t) for Ojtgl, and let g(x):x-e'x

for x2 0. Condition (36) now says that a solution exists if
‘ A/t

(48) (1=t) (1+e }>1 for seme + in [0,1] .

This condition is equivalent to

(49) A< mex tlog it ,



and (49), in twrn, ylelds X < .278 epprroximately. For values of X
below .278 we know that a maximm must exist. ILet us proceed now to

carry out the maximizatlion.

Let the optimel plan be denoted x . The Euler differential

4
equation for a problem of this kind is given br/

dx 1l do X
(50) T - OTaT: M=
which in this case reduces to

dx 1 1+eX
(51) E = = 1=t - »

e

ax _ _ 4t

1+e* 1-%
The solution of this equation is

-t

(52) x(t)=logg 5 O0St11,

where k 1is a constant which is constrained to be positive. To evaluate
this constant, one has to solve the equation [x(t)dt = A . Taking the

integral of (52), we cbtain

L4 For & full dlscussion, see [T].
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1
(53) J x(t)at

1
- Ek—l-t) log (k+#t) + (1-t) log (1-1-.)]
[+]

k log k - (le+1)log(k+l) <0 for all kx>0 .

It seems as if no solution of the Euler equation is consistent with a
positive A . However, we know by Theorem 3 that solutions of the
maximization problem must exist at least for X < .278. The clue to this
spparent inconsistency lies in the fact that the solutlon of the maximization
problem does not satisfy Euler's equation on the entire interval [0,1].
Rather, it satisfies Euler's equation up to some polnt in the interval end
is zero thereafter. Looking back at equation (52), we see that x(t) io

1f and only if 1-t 2 Z b+, l.e. if and only if ¢ 5 (1-k)/2 . Hence, the
solution x of the maximization problem will satisfy equation (52) on the

interval [0, 1k and will continue at zero thereafter. The constant

k is now restricted to setisfy (l-k)/2 : 0, whichmeans k<1 .

We evaluate k by solving the equation

ﬁ
(55) 2 x(t)at =2 ,

e

thet is,

(55) k log k -~ (k+l) log k+l) =2, 0<kZ1,
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Equation (55) has e solution in the interval (0,1]) so long as
A<log2, i.es A< .693. This shows that conditlon (36) of
theorem 3 may lead to & fairly drastic understatement of the velues of
% Tor which the meximum is attained. It may therefore be useful to
look for & condition which would be stronger than (36). My own efforts
in this direction have not as yet led me to any appreciably stronger

results,

Going back now to the main line of the discussion, we make the
remark that only a slight modificetion of the results is called for if
¢ 1s not & non~increasing function. In fact, If o is eny continuous
function of bounded variation, then the optimal plen ¢* will mimic the
monotonicity of « (i.e. wherever « is monotone, c* 1s monotone in
the seme direction) and Theorem 2 will still hold. As for Theorem 3, it
too holds, except that condition (36) has to be modified to read as

follows: Consider the quentity

(56) o £)g" (0 [t ~t1])

where t . 1s the point at which & has an sbsolute meximm in [0,1];
if thls quantity does not heve & maximmm at t = tax ? then the msximum

is attalned.

Finally, the constraint Jfe(t)dt = A can clearly be replaced by

any linesr constraint, say
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1
(57) Jx(t)e(t) = 2 (z(t) >0)
o

without changing much of the foregoing snalysis. This does awey with

the "zero rate of interesti" assumption. It can be shown that in the case
where (57) is the constreint, the optimel plan c¥ mimlics the monotonicity
of ofr rather then of « . Furthermore, so long as afr is a continuous
function of bounded variation, Theorem 2 holds. In Theorem 5, the

sufficient condition for attainment of a maxiamm is that the guantity

tmax
(58) (oA t)/r(t)e'(0/ Itf r(r)az|)

not have a maximm at t =+t , where t . 1s a point st vhich ofr

has & maximum.
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