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ON TEE EXISTENCE OF A SUBINVARIANT MEASURE

*
by

Tjalling C. Koopmans and Richerd E. Williemson

'Haar measure 13 invariant under the homeomorphisms induced by the
group opgrgﬁion in the measure space. Gensi&e;r ingtead the problem of
;‘ign&;;g a sublnvarlant measwre for a locally compact space with respect
to a set ; of homeomorphisms. That is, we look for a mee:au;e A such
that a(@B) S »MB) forall ¢ e;and.Borel gets B . Clearly the
existence of such a measure when 9 18 a groﬁp implies that A is
already invariant, so it 1s netural to consider semigroups -@P of homeo;
| morphisms instead. Furthermore, for a monotone se't_‘ function A the
relation GBDB implies A(GB) 2 A(B) , and it is therefore naturel
to reguire GB;éB for all @ ed.

In this paper we take the underlying space to be the open unit -
intervel I . The construction of the set function A given below follows

the construction of Hear measure for compact sets as d.é_ser,ibed in {1, ch. X1].

Research on this paper was started in 1960-61 while both authors
were visiting at Harverd University, and was continued in the summer of
1962 at the Cowles Foundation under Task NR OLT-006 with the Office of
Naval Remearch.

Department of Mathematics, Dartmouth College.



The problem of a sublnvarient measure on an interval has arisen
from an economic problem in the axiomatics of utility [2,3]. The latter
problem concerns choice between consumption programs consisting of an
infinite sequence of future consumption vectors, The points of I on
which ,e/ operates are utility levels of these programs. The elements
¢ of .Qjﬂ represent the effect on utility levels of posiponement of programs
by’a. ata'beﬂ, number ef time wnits. Each G 1is labeled by that number s
by the momenta.ry utility levels assocliated with the consumptlon vectors
inserted in the gaps created by postponement. The existence of a measure
on I subinvariant for ,eﬂ signifies a certain lack of patience with regard

to the time of aveilability of desirable goods,

Theorem 1.

Let,J be & semi-group of homeomorphlisms from I , jEt]:w: open unit
interval, to I , having the prdperty that G U U never holds for
an mtefval U of I enda Ge M Assume thst for any given open
interval U of I an arbitrary point of I can be covered by G U for
s!'ome Ge .J . Then there exists a real function A defined on closed
intervels D of I , finitely additive on iﬁterve.ls with disjoint interiors,
positive on non-defienerate intervals, monotone, end such that A(D) Z 2{GD)
for all Ge_@'Panda]l pC I.



Proof:
Fix apoint p in I and let U be an open interval
conteining p . If D is a closed. subinterval of I let

(D:U) =ﬁ§{nlncu » U = G U, Gile' d}

i=1

It follows from the compactness of D +that (D:U) is finite. Define, for

A Tfixed closed &nd non-degenerate in I ;

MDY = (D:0)/(A:T) .

Then, if D 1is non-degenera.te, gince a cover of D Dby imeges of U can be
constructed from a cover of ‘D by images of A and & cover of A by images of U ,

(1) 0 < %:D) < (D:U%MJ) = x.g(n);:_(nm) .

Iet & be the set of functions f defined for closed intervals D in 1
and such that O < £(D) < (D:A) . Provide & with the topology of

_ L4, p. 92].
convergence on finite sets {Dl, 32, ce ey Di ./ Then ¢ is compact,

by Tychonofft's theorem on the compactness of a jproduct of compact spaces
[, p. 183].

et A (v) = {1_\[] U2V, re ‘\[} . It is straightforward
to verify [1, p 255] that the femily of dll sets /L (U) has the property
that any Pinite subfamily {A (uy ), cee, N (T )} has & hon-empty

Intersection. Since ¢ is compact there is therefore a funetion A in

n A(U) . For D non-degenerate, (1) implies (D) > 0 .



- -

To show that A is finitely sdditive Wwe use two lemmas.

Lemma 1 . It { Un} n=1, 2 is a nested seguence of neighborhoods
-—-u-——f- . = ] - ) .

of p converging to p , then Iim (A:Un) =w .

N0

Proof of Terme 1 . Clearly (A:t?n) is a nondecreasing function of n .
Suppose (A:Un) < ¥ for all n for some Tixed integer N . Choose 2K
d.;sjoint open intervals Ai’ i=13, ..., 2N, in A . Find open intervals

- oK
' 3 ; - 1 ‘ = 11
U] about p such thet GyA = U] for some 6 e of . et v, 1 v

Then no A‘3 s With @ Uo = AQ for some G , can contain en Ai . Hence N

images of U, under Jgf could not cover A , which contradicts the premise.

ME * - l(A:U) + lU'(:D) + LU(E)
< P E) < ad) + ayE®),

where U is a neighborhood of p and D and E are closed intervels

with disjoint interiors.and a common end point.

Proof of Temma 2 . The first inequality holds becsuse minimal coverings

of D and E cen be turned into a minimal covering of DU E s Dperhaps

by removing an interval that covers the common endpoint of D and E .
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The secend inequality holds because the union of minimal coverings of

D and E ia a covering of DU E , perhaps not minimal.

To prove additivity of A , notice that A € AiUi s for all

neighberhoecds U of p -, implies that there is a nested sequence Un

converging to p 5 such that ).n = ’LU € A (Un) and xn converges
n

te A in the tepelegy of ¢ . For let Ul‘l be a sequence of neighborheods

o _
of p converging te p . Since A\ € n _/\_lUi , We have A € ﬂ_/\_!U:li .
pey : n=l

Then, for. any given finite set {Dl, . DN}’ there 1s for all n a

. 1 '
U < U, such that | aU;,;:n(Bk) - x(nk) | < z k=1, ..., N . Since
this sequence converges to p' s 1t contalns. a nested subsequence Un

converging to p such that 1n converges te A .

Fow given € > O there is an n‘; guch that n > ne:. implies

| », (DUE) -AMDUE) | < ¢/3

| », (®) ~a(D) | < &3

| a2 (B) -aE) | < ¢/3 .

Frem these inequalities it follows that



- + Ln(D) + xn(z) - ).n(n L/ E)
< D) + ME) - ADUE)

< xn(n)+xn(z)-xn(DUE}+ € .
But by Lemms 2 ,

1
/li:t:n) > xn(n) +Ln(m) - A (D UE? > 0 .
Therefore, for all n ,

-e < MD) + ME) - AD E) < %-u) + €
. ‘ *“n

By lemma 1, lAA/'H) tends to zero.. Since € 1s arbitrary, L is
n

additive.

To check that MG D) < A(D) it is enough to check the same

condition for arbitrary X y . New (¢D:U) < (D:U) because & minimal

covering of D by sets G:LU gives rise to a covering, not necessarily

minimal, of GD by sets G G:I.U . The desired result follows on division
by (A:U) .

Monotenicity fellows similarly.
Corellary. X 1s zero om one-point sets.

Proof': If D is & one-point set, (D:U) =1 for all U . The corellary

follows by Lewma 1 .
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Theoren 2 . The interval function A of Theorem 1 1s ceatinueus in the

sense that, if I)n iz a sequence of intervals, containing a fixed point g

and converging te it, then lim A(D ) =0 .
n
oo .
) *

Proof. There are in I intervals having A - measure at most € for any
e>0. To see this take an interval having finite pesitive measure M and
partitign it into at least M ¢t non-degenerate intervals. One of these
must have measure lese than € . Let De be a non-degenerate interval of

measure at most € . Then,for seame G € _g/ » GDG contains gq 1in its

interior and L(GBG). < L(De) < €. For n sufficlently large

D, GD, so L(Bn) < €.

We are indebted to R. Strichartz for this simple proef.
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