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ECONCMIC GROWTH AND WICKSELL'S CUMULATIVE PROCESS

by

Martin Beckmann

Abstract

Assume & homogeneous production function, a constant rate of population
growth and a monetary policy which keeps the rate of interest fixed. With
initia; unemployment there exists an unsteble process of balenced growth. Under
initial full employment there exists a natwural rate of interest (possibly zero
or infinite) such that 1) at interest rates below the natural rate balanced
growth is attained end the price level is rising; 2) at interest rate above
the natural rate both employment eand the price level are falling. Explicit
solutions are given for Cobb-Douglas production functions. The "optimal" rate
of interest which maximlzes per capita consumption at any time during balanced

growth is shown to equal the rate of growth.

Introduction

In developing aggregate growth models consistent with the statice
Kbynesién theory of income determination, the most common procedure is to assume
that the price level is fixed through suitsble measures of monetary and fiscal
policy so that the liquidity preference equation may be dropped. Alternatively
one may retain it with Tobin [1] in a generalized form (as & portfolio balance

equation) into which capital stock enters as one of the determinants of the
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demand for real balances. However even if one prefers the first approach for
simplicity one must further assume (or consider it to be an implication of a
constant level of prices) that the rate of interest is fixed in order that the

accelerator principlé, say, may follow from a homogenous production function.

Tn this paper we shall explore the implications of & fixed interest
rate for economic growth without necessarily assuming a constant price level.
To some extent this is just a variation on the theme of Mr. Tobin's Dynamic
Aggregative Model [1] if one considers that the rate of interest is held fixed
by suitable adjustments of the money supply. However in the present model tﬁe
emphasls will be on possible disequilibria and on the effects on accumulation

and on the rate of economic growth of interest rate policies.

This is, of course, a classical case of Wicksell's cumulative proéess,
and it may be instructive to reconsider it from the current point of view with

emphasis on economic growth.



1. Notation and Assumptions

Consider a static Keynesian model in -- more or less -- standard form.
(1) ¥ = F(X, N)

(2) I = I(1, K, Y)

(3) ¢ = ¢4, ¥)

(4) ¥

]

C+1
(5) M(ia Y) = PL(i: Y, K)

(6) w = ELE

(7) pv = H(N, L)

where
Y national income in real terms
F the productlon function
X capital stock in real terms
N employment
k rate of change of capital stock
I net investment
i rate of interest
c consumption in real ‘terms
M money supply function

T price level
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L demand for real balances

oF

ST marginal productivity of labor
w real wage

H labor supply function

L labor force

Il

This system is made dynamic by inclusion of %- among the variables

inthe T, €, M and L <functions, by observing that

(8) L = L{t)
and by including the identity
I = K.

The time path of the system is determined completely by the variables K(t) ,

N(t) , 1(t) and p(%t) . The equation system may be reduced to four equations

in terms of these unknowns

"Hid «

(2a) K = IG,K, F(X, W) ,

by

(5a) MG, F(K;N),% = PLG, F(K, N) , K;%

(1) p K. D 5 (N, L)

(ba) ¥ + C(i,F(K,N); P-) - FK, N)

]



-5 -

In order that growth should occur monetary policy {5a) must determine

such interest rates. i and induced changes in the pricé level % that &

positive rate of investment K is brought forth by (2a) after allowing for

the forces that changing consumer demand and lsbor force exert on the price

level through (La) and (Ta).

For more definite conclusions the various functions * , I , C, M,

L , H must be specified.

1) Let T be homogenecus of degree 1 , i.e., we assume constani returns
to scale.
X
K, N) = N"F(ﬁ,l)
= N f (k)
‘Where
K
k= F

f(x) = F(x, 1)

We disregard technologicel progress, or rather assume it ‘offsets diminishing returﬁs,

Some times f will be further specified to be a Cobb Douglas production

function. (It was known already to Wicksell [2]).

(10) (k) = K ' 0<a<l
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2) Let the :induced rate of investment be proportional to the difference of

Ve rarginal proouctivity of capital end the market rate of interest.

I(i,K,N)zuK-(a%%—m-i or

&)

wo(£'(k) - 1)

o s B

(2p)

n

For Cobb Douglas functions this is equivalent to the assumption that

"Investment is proportional to the difference between the level of
cepital stock which is desired at the given rate of interest and actusl capital

stock." This, in turn, is equivalent to assuming en exponentially distributed

lag in the adjustment of cepital to income.

In particular, when g o= o

oF
x -1

For the Cobb Douglas function

=
]
3]
i

=

i
IR

~
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Thus differentiation with respect to time one obtains the acceleration

principle

with an accelerator

<
]
IR

3) Consumption expenditure is assumed to be a fixed proportion of money
income and a lag intervenes between production and income payments and
Possibly between the receipt and spending of income. Consequently during
inilation physical consumption is less than the intended proportion by a
term which i1s proportional to the rate of change of the price level, the
coefficient of this term being larger, the larger‘the lag between production

and spending.

(3b) C =

cY
.o P
(co ¢ JY

k)  Ex post income equals ex post consumption plus ex post investment, where
ex post consumption is given by {3b) and ex ante investment by (2b) and it is

assumed that investment plans are realized.
Equation (4) implies in perticular the absence of fiscal policy.

5) = Monetary policy is assumed to consist in fixing the interest (i.e.,

the discount) rate and supplying all money demanded at that rate.
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This 1s the Wicksellian assumption of the model.

(5b) i = 1 = constant.

Hence (5) does not restrict Y to K directly,

6) The demand for lebor is determined by equating the marginal productivity

of labor to the real wage rate.

R )

= f(k) -k £'(k) >

The law of diminishing returns to substitution assures the positivity of

the right hand side of (6b).

7) At less than full employment lebor is offered st the going money wage

rate. At full employment wage rates are flexible in an upward direction.

(7o) HE = h = constant N<L
aH > _
a:—t— = 0 N-—-L

8) Population and hence the labor force grow exponentially at a given

rate n .



(8b) L = Loent

With these specifications of our functions it is convenient to introduce new

varlsbles gs unknowns

k = I-WK' capital labor ratio
m = % rate of growth of capital stock
N
no= g rate of growth of employment
In terms of these and of % » ¢ we have the relationships
= n (k) -1)

(2e) m

= - 2
(3¢} c = cy - ¢ P

(he) c+mﬂk-1-{-)—=l

(7e¢) » *» [f(x) -k £(k)] = h N<L

(1e") ( [£(k) -k f'(k)} >0 x

Under full employment alternative (7¢') applies. Since employment grows &t

]
=

the rate of the labor force, i.e., of population n , the identity
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(9c)

s e

= m -1

with n =

B

is relevant.

The complete set of conditions is
and (9¢).

(2c), (50), (hc), (7¢")

For unemployment (9c) merely serves to find n from m and k .

The system is determined by (2¢), (3c), (4e) and (7¢').

2. Full Erployment

Under full employment the rate of growth of employment n is equal
to that of population A

and money wages are flexible in en upward direction
The following set of conditions was derived in Section 1.

(24) n o= p [£r(k) ~ 1]
(1) co-cl};+mﬂ%=l
(9d) % - m o= fi
(7a) c%; p - [f(k) -k £ (K)]] 2 o
From (2d) and (9d)
(13) 1% = pf(k) -(pi+f) Z R(i,k)

say.
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Since gg = (k) <0 by the law of diminishing returns to substitution,¥*

the right hand side of (13) is a decreassing function of k . TIf
£r{0) > Ei—s—g > £'(») then there exists a unique equilibrium at which

% = 0 . It is stable since %k (b £ (k) - pui -6} = p ™ <0 . The

I

equilibrium level k kX is determined by

(1) £ (k)

i

[N

o+
i

It defines & process of balanced growth of capital and employment (3), (4).

Since at equilibrium g% < 0 g? < 0 we have

dk 31
S = - E<O

ék

(15)

The equilibrium ratio of capital to labor is a decreasing function of the
interest rate. The rate of balanced growth m = 7 1is, of course,

independent of 1

From (kd)
° e -1 A
(16) p _ O ik 1 ~ TN L (i
o *TF T oE) [ka - (1 co)f(k)] = G(k) , say .
1 1 1
= =7 [investment demand - planned saving]
1

> Q if ex ante investment exceeds ex ante saving.

* e
or else the equilibrium ration k is infinite: +the capital labor
ration increases indefinitely, if below.
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Consider
a fpl_ ¢a dk
e} (p) T G(k) - 3
4 8 L FE 1% | &
& | %1 £(E®) °1 ai
_f ) -kek) |, &
> 0 by (6b) < 0 by (15)
d 2
(17) i 3 <0

The rate of inflation Increases as the interest rate is decreased. Suppose

that

|B>

£'{0o) >

—
]

l¢]
o

(18)

This is time, for instance, for the Cobb Douglas production function since

then £'(0) = o« .

By the law of diminishing refturns

(29) e R oC oo
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From (18) and (19) it is seen that there exists & k =&  for which

LR L 1%
£(R) A
Substitution in (16) shows that at k = K % = 0. Write
k = k (1)
— 1 -c
(20) k(1 _ Ao
(1)) n

The associated 1 = ; is called the normal or natural rate of interest
according to Wicksell (cf. below). It is defined as that rate of interest
at which the price level is constant. Altern;tively it may be defined as
that rate of Ilnterest at which investment demand equals planned saving.

From (17) it follows that

S <o
(21) % = 0 for i «:}‘= S
< f>
L
Observe now that %- < 0 and k =k = constant are incompatible with down-

~

ward rigidity of momey wages (7d). Therefore at i > i the present model
cannot apply: there can be no full employment.

"

Ir £'(0) < contrary to assumption (18) then a positive

n
1-¢

natural rate of interest does not exist. According to (16) there is then
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inflation at all capital labor ratios k » L.e., at all positive rates of

interest.
1 -c

k
If, on the other hend, 1im fﬁ;) < contrary to assumption
T o

(19) then deflation and hence unemployment result at all levels of interest.

In the former case the natursl rate of interest may be said to be

infinite, in the latter to be zero.

B Unemployment

We restate the set of equations that determine m, ¢, k and p .

(2e) m = u [£'(x) - 1]

= - 2
(3c) ¢ = ey -0 T

(be) ¢ + m F =1

(Te) p-* [&8(k)-k£'(k)] = h
From (Te)

; £y X
(7d) %“ FRFT
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Substituting (7d) in (3¢) , and (2c) and (3c¢) in (ke)

e, LIk kM e gy L
¢ = C° Fger t 3 (f1-1) =1

) f-kf! lﬁ . t
(22) k = EI?ﬂk [} 7 (£' - 1) + cy = :}

gxrt [
" oTE [é k(£ -1) - (1-¢y) %J = G(i,h), say .

where pk(f'-1) is the investment demand and (1 - co)f the supply of saving

per unit of labor employed. Ir

(23) L KlEfk) -] o I7°

-0 k-{f'(x) - 1]
k & O £(k.) m e

£(k)

there exists at least one positive equilibrium cepitel labor ratic k = k¥ ,
i.e., one for which k by (22) is zero. (When assumption (23) is not satisfied,

then the "equilibrium” capital labor ratio is zero or infinite.)

An equilibrium capitel labor ratic is determined by

(2b) ;](‘ﬂ (k) - 1] = —

With each equilibrium ratio of capital to labor is assoclated a path of

balanced growth. On it, according to (7c), the price level is constant. The
*

equilibrium growth rate m is therefore given by (ke) with c = ¢, &ccording

to (3c).
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1 - e, 1 -
T e S S
k £k )
k*

savings ratlo
capital output ratio

Theorem: The largest root of (2h) is unstable.

Proof': By (23) and continuity for sufficiently large X

The bracket on the right hand side of (22) is then negative. Since " < 0
* o
the right hand side of (22) is positive. Therefore if k > k k>0 and
* »
if k<k +then k<O0. k tends to move from its eguilibrium value k* ;

»*
k¥ 1is unstable.

In particular when (22) has but a single root -- which is the case

e«g., for the Cobb-Douglas production function -~ it is unstable.

In (22)
3G
35 > 0
and as just shown
oG

5‘}—;* < Ou
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therefore
g%
dk#* ‘
(26) I = -?'— > 0
k*

The (unstable) equilibrium ratio of capital to labor is larger the higher the

rate of interest.

Consider next

[}

d T{k*)
i - e & [k* ,

aiad

dk* k*

e [e]  a
- (1-¢) & [_.(u g

f'ex « f “dk* -

= (l - co) . k*2 ‘ H
< 0 by (6b)_' > 0 by (26)
(27) 2—?—* <0 .

Coneider now the (unstable) equilibrium ratio of capitel to lsbor that

is obtained at the natural rate of interest
k* (1) .

From (16)

KI) -n = (1-¢,) £
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and (1)
' = {4+ 8
£k (1)) = 1+ n
one has
X u [£YE) - i] = (1 -cy) £(K) or
K (£ - i) L-ey
£(k) a

Therefore k(i) satisfles the condition (24) which determines (1) .

ence at 1 =1 ({one of) the equilibrium capital lobor ratio(s) is glven

by
R(I) = ux(i)
lMoreover ) e £(1c * { P .
(1) = (1 01 (k*(1)) - - CO) géﬁgill :
(1) k(1))

The naturcl rate of interest determines, therefore, the borderline between

full employment and inflation, and unemployment and deflation,
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4. Grephical Analysis

Figures 1, 2, 3 ure 'phase diagrems" showing £ as a function of
k for both full employment and unemployment. ZFrom these the histories of k
(and by inference of the other variable ) may be traced. The downward sloping
curve is the full employment relation (15), the wpward sloping curve the un-
employment relation (22). Points below the unemployment curve are unattaineble
because the implied rate of deflation is incorpatible with non-falling money

wages. Initially all points on the unemployment curve are atteinable,

Figare 1 shows the case 1 < { . Consider a situation of initial full
employment. Full employment mey be maintained only if k(0) < k. If k(0)
is to the left of k +then ﬁ > 0 and one moves along the full employment
curve to the right until k is reached. If k(0) lies between k and k
then E < 0 and one moves to the left along the full employment curve to X .
Initial values of k > E and full employment are inconsistent: The system
falls q@ﬁbnce into a state of unemployment at the same or a higher capital
labor ratio. In the former case somwe capital must be unemployed, too. The
present model does not distinguish between bringing back to productive use an
existing capital stock on the one hand and new investment on the other. There-
fore, thls situation is handled in the same way as one of initial unemployment

of lsbor alone.

With initial unemployment and XX < k¥ k falls along the unemployment
curve. As seen from (2c) the rate of growth of capital increases. Because of
the fall in the capital labor ratio, the rate of growth of employment increases

a fortiori . If assumption (23) iz fulfilled, the growth rate of employment
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eventually exceeds the growth rate of population, and finally full employment
is reached. This means a vertical jump from the unemployment curve to the

full employment curve sbove. Next the cspital labor ratio increases as one
moves to the right elong the full employment curve until the stable equilibrium

k is reached,

When initially x(0) >k* one moves off to the right along the un-
employment curve, No eqniiibrium is approached and the capital labor ratio

grows indefinitely.

In figure 2 1 > i implies that the full employment curve lies too high
for 'k +to be attainable. From every initial situation the state of unemployment

gt rising capitel labor ratios is reached.

Figure 3 shows that st the naturasl rate of interest
¥(1) = k(i)

is stable from the left and unsteble to the right.
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5. Cobb Douglas Production Function

Equations (13), (16), (22) etc. can be explicitly solved when f is
a Cobb Dougles production fuhction. This section summarlizes the previous

discussion in terms of these convenient production functions. One has

£x) = &

£1x) = o Xt

£fokft = (1-a) K

£ = a(a-1) ¥ <o

5.1, Full employment. Equatlon (13) becomes

% = pQ 1L i~ a
1::=|.10:ka -(ui+ﬁ)k=bka-ck,say.
Rearranging terms and multiplying by eCt
et (1‘; +ck) = b K et
Let ke - u

v = bu® e(l'a)Ct . Integrating we have

()t



k()2 = x(o) + olOLIE L B}y e(a-l);k

Py b
T\ L
k(t) = k(0) o)t | -E- E-e(a'lJCt 1-a
L A
1l l-¢
lim  k(t) = 19-) - A2
t + ¢ w+h
Thus
7~ L
_ .—’f o 1~
(27) ko= e
i+ -I»I

is reached fram every possible initial stete of full employment.

Clearly k is a decreasing function of i1 . S0 is the capital output

ratio:

[
+
TIiH

Again, this is also the value of the accelerator. The rate of inflation as

given by (17) becomes

B = co + % . kl-a
P 1 1
‘oL fi o
= + — s o
c c

’—l
=
[N
+
T
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~

The natural rate of interest 1 =1 1s then determined by

C Wl ~
(8
0 = 2 + 0 —
€1 °1 T o+ 2
1
~ ~ a l
(28) 1= n 1"’0 - E

It is positive for sufficlently large up . If p is small

l-c0

p< S

+

then %- is positive for 21l nonnegative interest rates i . 1In this case
inflation is unavoldeble and there exists no finite natural rate of interest.

The naturel rate of interest ~-- when it exists -- 1s proportional to
the rate of populatic growth, it is an increasing function of labor productivity
¢ and of the speed of capital adjustment u ; 1t is inversely related to the

savings coefficient 1 - o

For
o= o
a = T3
CO = '75

the natursl interest rate turns out to be that of population growth. (Cf. also

the concluding section.)



- 26 -

5.2, Unemployment. Equation (22) becomes

1ec -
. ki 2-q o~ HOQ

k = — k + x
C!cl acl
(29) = b ka-a - ¢k where
La+ce, -1
’°=5—i c = aco > 0 if
1 1

Define u = eCtk and Iintegrate as before to obtain
2
(30) k(t) = E{(o)a"l - E.] ol1tlet | 1‘-;- a-1
i + @ ¢
Q= . .
Suppose first that k(0) 1 >1§‘ - 1

o cl(p. o+ co-l)

11

b a+ e -l

|-

i.e., k(0) <

—
R

k¥
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l-c)ect : ; '
Then as e( ) c increases over time the term in parenthesis in (30)

increases indefinitely and the right hand side of (50), being a negative

power, decreases, - Thué ‘the capital;‘labor ratio fa.ll_s and the rate of growth

of employment.

(31) n=m-%
£ wi leg 1R @
JCRINIE R P s
1 acy
= (l-c) el p ol 1o @
ac, ac,

increases as Xk falls. Eventwally full employment is reached and we are

back In Case S.1.

L
e co- 1l
Secondly, when k(0) > k* = —

‘then in

1
RERs b=
-1 1-t)ct b \lL-cx
E(O) p.a+c-l e +E

the first term in the depomina.tor is negative. As its absolute value increases
the denominator falls toward zero., The capital output ratio continues to in-
crease end the rate of growth of employment as determined by (31) decreases,

perpetuating unemployment.
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6., Wicksell Revisited

The anelysls of the previous section shows that in a state of initial
unemployment for every market rate of rinterest;the're existe a critical capital
labor ratio -~ name.‘l\v_, dts unstable equilibrium velue --such that any capital
labor ratlo exceeding it iead.s off to“ & process ofl;:j.ncreasing capital labor
ratios and péréistent unemployment a.n,d falling prices. - The situation arising
from an initial state of full employment -~ which 1s reached algo from initial
u.nemploymer_x_‘c when the capital labor ratio is below the equilibrium ratio --
has been ﬁzlly ane.lyzed by Wicksell more than 60 years ego. His conclusions

8till stand:

"At any moment and in any economlc situation there is always
a certaln rate of Interest, at which the exchange value of money
and the general level of commodity prices have no tendency to

cheange. This can be called the normal rate of interest; its level

is determined by the current natural rate of interest, the real
return on cepital In production, and must rise or fall with this.
"If the rate of interest on money deviates downwerds, be it
ever so little‘, from this normal level prices will, as long as the
deviation lasts, rise continuously; if it deviates upwards, they

will fall indefinitely in the same way." {5, p. 82-83].

Wicksell's ';position is not entirely cleai' on the question of whether
capital accumilaetion stimulated by the infla:bionaiv Wicksellian process might

not bring down the natural rate of interest to the ;point where it egquals the
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pre-set market rate. In the LectﬁreS'pa writes "The objection has been
raised ... that a lowering of fhe.loan rate must aiéo depress the real rate
50 that the difference between them is more and more leveled out and thus

the stimulus to & continued rise in prices eliminated. This possibility
certainly cannot be entirely rejected. Ceterls paribus a lowering of the
real rate unconditionally demands new real capital, i.e., increased saving.
But, this would certainly occur, even if unvoluntarily owing to the fact that
higher pricgs would compel a restriction of consumption on the part of those
people who had fixed money incomes, such as clvil servants, unless they were
gble to secure increases in their salaries corresponding to the rlse in
prices. Against this, however, would have to be set.the decrease in voluntary
saving which‘allowering of interest rates tends to prodnce. But if the former
influence pfevails, and if productioﬁ is unable to absorb unlimited quantities
of new capital without a reduction in net yield, then the incipient rise in
prices, though it would certainly not recede, might yet be arrested, unless

the banks reduced their rate still further. ..." [6].

However, the present enalysis shows that Wicksell's original and un-
qualified position was the correct one. If the market rate of Interest is
below the natural rate, then even with‘capital accumuleting to the point where
its marginal productivity equals the loan rate, the process of inflation is

not thereby stopped but once set in motion continues indefinitely.
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Conclusion: The "Optimel" Rate of Interest

Since this analysls has explored the implications of fixing the interest
rate, 1t might well be concluded by asking what is the best level at which the

interest rate should be fixed if it were to be fixed. There is no doubt as to
Wicksell's answer: at the natural rate. So staunch was his opposition to
inflation that he urged the Swedish government repeatedly on grounds of moral
Justice to restore the prewar purchesing power of the Swedish crown after

World War I which had dropped to sbout helf its former value. [7].

Without entering into any value judgments concerning price stability,
let us ask the purely technical question as to the rate of interest which, in
the course of a process of balanced growth meinteins the maximel standard of
per capite consumption. (Since the rate of growth of output is that of
population, there can be no increase in the standard of living over time

owing to the fact that technological change was excluded.) The condition for

a meximum of is that

o

d_fe). & -c. 2
H(N) i ||% " °p/*
a k
= I G-a 1;) £ vy (3b), ()
d =1 dx
= —|rk) -8k | =
(1) - 0%] &

|}
—
h
G

1
=>

|
O
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if and only if

£9(k) = .ﬁ.

by (18) ) .

1=
A
O

(since

Recalling

H

[

+
T

(14) P(E)

we conclude that
T4+ 8.8
n

1
(32) i = ﬁ(l-;)

For infinite speeds of adjustment this reduces to
(32e)

The "optimal” rate of interest at which per capita consumption is
ma.ximizéd at any time in a process of balanced growth equals(approximately

for finite speeds and exactly for infinite speeds of capital adjustment) the

rate of balanced growth f .
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This may be put also as follows: Under balanced growth the rate of
growth is the appropriate measure of the opportunity cost of current con-
sumption. However, only if this oPtimai interest rate is equal to or less
than the natural rate is there an associated process of stable balanced

growth (Figure 1).
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