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A New Technique in Equilibrium Analysis*

Gerard Debreu

The notation and the terminology are those of [3].

A quasi-equilibrium of the private ownership economy £ = ((Xi’ <),

- . * * *
(1), (@), (4,)) isan (m+2n+2)-tuple ((x), (v,), P ) of t
pointa of R’g such that:
* *® * I * %
(@) x, »x, implies p.x, > pe, +L ©,, p.y, , for every 1,
17 % = P T 1 By
1 -
*
(B) ¥y maximizes profit relative to p* on YJ , for every J,
* *
(Nx -y =0,
*
(8) p £0.
% *
Notice that this definition implies that p.x: = Pty + I ei 3 pfy;
J

for every 1.

Theorem 1. & hag a quasi-equilibrium if:

for every i (a) X; 1is closed, convex, and has & lower bound

for < ,

(b.1) there is no satiation consumption in X; s

1 ' 1
. ) X, %7
(b.2) for every x;, in X; , the sets ﬁie“ilxi'fci}

X T
and ‘{fiexi|xifs X, gare closed in X, ,
i o

* A technilcal report of research undertaken by the Cowles Foundation
for Research in Economics under contract with the 0ffice of Naval Resesrch.
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(b.3) if x*

1 and xi are two points of X, and

i

if t is a real number in J0, 1[ , then

2 1 2 1w .1
Xy 7; Xy implies x; + (1 - t) X 7;'xi s

(e) ({of +a0)N%; £ 8;

for every 4§ (d.1) O € Yj 3

(d.2) Y is closed and convex,

(a.3) Yn(-Y) cfot,
(a.4) YA £ < {0} .

The proof differs from that of [3], section 5.7 in only two signi-

ficant respects.
ol

(1) In part 4, the correspondence €, 1is replaced by the corres-
pondence *1 defined as follows:

. ~ — -1

If p.a + § éﬁJ Ty (p) #£ Min p.X; , then wi(p) = & (p) «

Ir psa& + § egj ﬁj (p) = Min p.Xi s then wi(p) = xi [ Xi|p.xi

It is immediate that ¥, is upper semi-contimuous on P (which is
now the intersection of the unit sphere with the polar of AY), and that

for every p in P, vi(p) 15 non-empty, convex.

(2) In part 5, the strong market equilibrium theorem of [2] is used
* , * -, %
toobtain p in P and z in AY such that z ¢ X wi(p Y -2 nj(p )
i
- g}q} . AY cannot be a linesr manifold on account of (d.3).
The proof is conecluded along the same lines as before. For example,
o
in part 7, if W, # Min p.X; , then (6) holds and, in particular,
% % -

Lk
PeXy =W, ; if L Min PeXy s

*
argument on the interior of K , W, = Min p.X

*
then p.x: = w, and, by the familiar

i
; » In both cases (a) 18
true (in the first case because of (2) of 4.9 in [3]).
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Theorem 2. lLet éf satisfy, in additlon to the assumptions of

Theorem 1,

t
(c ) the relative interiors of fot+ Y and X intersect,

% % *
(e) 1f, in a quasi-equilibrium, P-x; = Min p.X, occurs for some

consumer, then it occurs for all.

Then every quasi-equilibrium of di is an equilibrium.

¥ *
Consider a quasi-equilibrium of £ and assume that p.x, = Min p.X

1 1
occurs for some consumer. By (e) it occurs for all. Hence p?x%= Min pr .
On the other hand p?y% = Max pr . Therefore, the two sets {g§-+ Y

and X can be separated by the hyperplane brthogonal to p* through

X * . But, following L.W. McKenzie [6], we can treat the problem in L ,

the smallest linear subspace of R£ containing
Z=X-Y - fo}.

t
In L , the above separation cannot be achieved on account of (c )

and the assumption introduced at the begimning of this proof thus leads

* ¥ *
to a contradiction. Consequently, Poxy = Min P'Xi cannot occur and
1 »* . £ . * *
(o) implies that x, is a greatest element o '{?i € Xilp.xi < pety

+ 58 . p%y*V for <, for every i (by (1) of 4.9 in [3]).
3 i3 vjj {
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Applications

{1} The second equilitrium theorem given in note 3 of Chapter 5 of
[3] asserts that a private owmership economy df satisfying the assump-
tions of Theorem 1, except for the fact that (c) is replaced by (c")

( i?ﬁ§+ Int AY) N X, £ ¢ , has an equilibrium. This Theorem is an
immediate consequence of Theorem 1. According to the latter, fi has a
quasi-equilibrium. Iecause of (c"), in the subspace L, p?ﬁ3+ z eijp?yg
= Min pfxi cannot occur. Hence that quasi-equilibrium is an equglibrium.

(2) Theorem II (or II') of Arrow-Debreu [1].

The private ownership economy C? covered by this Theorem satisfies
all the assumptions of Theorem l; therefore, it has a quasi-equilibrium
((xi), (yz), p*) . We will show that the assumptions of Theorem 2 are
also satisfied. Thus the above quasi-equilibrium will be an equilibrium.

That (c‘) is satisfied is clear by V of [1]. As for (e), if
*'l
i

desired commodity has a zero price, or that some productive type of

* * ' 1
p.x,' = Min p.Xi' , it means (assumption IV a or IV a of [1] that some
labor has a zero price, in which case some desired commodity has a zero
price (if this were not so, the total profit of producers would not be .at a
*
maximum}. In any case py, =0 for some h e I, the set of desired
cormodities. Consider then an arbitrary consumer, say the ith.
Py definition of a desired commodity, there is & vector 4 parallel to
th * ¥* ®
the h" axis such that x, +d 7; x; . Since P, = 0 , one has
* . * * * ¥*
p.(xi + d) = PeX, . Consequently xi does not satisfy the preferences
¥* * ¥
of that consumer under the constraint pax; € Pe X although it mini-
*
mizes expenditure on the set .gxi € Xilxif’ xi% {see (a) of the
i i * ¥
definition of a quasi-equilibrium). This San happen only if p.x;

= Min pfxi (vy (1) of 4.9 in [31), Q.E.D.
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(3) Theorem of W. Isayd and D.J. Ostroff [5].*

*  Walter Isard and I hope to be able to refine this Theorem by means
of Theorems 1 and 2. I wish to acknowledge the stimulation T derived
from the conversations I had with him on this point.

Here, again; the assumptions of Theorem 1 are satisfied and the
private ownership economy ;i has a quasi-equilibrium. If the price
system in any region were O, the price system in every region would
be 0 (otherwise the total profit of producers would not be at a
maximum). But this would contradict (8) of the definition of a quasi~-

equilibrium. Hence, the price system in every region is different

* ®

: %
from O and assumption IVa of (5] ensures that Po+ Z Gij P-¥,

J
*
= Min p.Xi eannot occur, Q.E.D.

(%) Irreducible economies of D. Gale [4] and L.W. McKenzie [6].
Consider a private ownership economy £ satisfyingtthe assump-
tions of Theorem 1, assumption (c ) of Theorem 2 and the irreducibi-
lity assumption 6 of [6] and for which Y is a cone with vertex O.
* % *
Tt has a quasi-equilibrium ((xi), (yj), p) . Iet I, be the set of

#*
i for which p?xi = Min pfﬁi and assume that 12 is not empty.
We will show that its complement, Il » 1s empty. This will establish

assumption (e) of Theorem (2) and the above quasi-equilibrium will be
an equilibrium.

Iet us assume therefore that I, 1s non-empty. One has

1

hile piy = Max p. X 1
12 while p.y = Max p.Y . Hence Y - Ie*+ i?ﬁé}

* % *

poxI = Min poK

2 * *

ig below the hyperplane orthogonal to p through y - Xp t@p
2 2

which is equal to S . According to assumption 6 of [6],
}&(DI
1 1



-6 -

. t *
there 1s w in Y - X_ + ta& ? such that x_ =x + w is preferred
I, LI L 4
* * 3
to Xy in Pareto's sense, by the consumers in Il + But p.w< p.
N =
* *® ¥* i
{(x. -~ Wy } which is equal to zero. Hence p.w< 0 and pix, < PeX. ,
I, 4 = L=""4

a contradliction.

We have thus established Theorem 2 of L.W. McKenzie [6], except for
the fact that this Theorem does not use the {rtevwersibility assumption
d.3 of our Theorem 1. We will come back to this point in the second

part of the appendix.
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Appendix

The ith consumer Hhas a closed, convex consumption set Xi and
insatiable, continuous, convex preferences -< . Take the asymptotic
;e It is a closed,

il s
convex cone, non-degenerate 3 to% + The intersection of all these

07 i O
cone of the set X, ‘
e he se ~£§i € 1|xi>:-xi_} for a given x

0 . R
cones when xg varies in Xi is also a closed, convex cone &i » non-

degenerate to ép{-, which will be called the insatiability cone of the

.th
17 consumer.

If x, ¢ Zs and, ai € Aﬁ s then x; + 61 Z—xi » From this follows

i
% -
that if % satisfies the preferences of the consumer under the con-
straint P-X; < Wi , then the hyperplane Pexy =W, is supporting from
*- *
below for the cone {xij.+ ai + Therefore if p 1is an equilibrium

price system for the private ownership economy éf sy - ai is below the
hyperplane p%xi =0 for every i , and so 1s -A , where A denotes,
as usual, ; A& .

Then i; one wishes to study an economy éf where the total produc-
tion set Y is a cone with vertex O, not necessarily satisfying the
irreversibility assumption 4.3, one replaces (f: by the economy é:/'
obtained by substituting Y'= Y - A for Y . It follows easily from

the assumptions of Theorem 1 that Y - A camnot be a linear manifold.

Thus the reasoning of (4) above yields, without difficulty, an equili-

brium for é;/(in 5.7 of {3] the irrevergibility assumption is uged to

Pl
bound the individual attainable production sets Yj s Whieh is irrelevant

] ' %
when Y is a cone). Iet ((x i), ¥ , P ) be that equilibrium. Since

t

t * ¥
Yy €eY¥Y-A,one has y =y =~ Z 61 where y e ¥ and 5

i
i
3+ 1
every 1 . Define xi as equal to X, + Bi . It is readily checked

e A, for
i

T

* ® # .
that ((xi) » ¥, P ) is an equilibrium of £ : ¥y maximizes profit
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* *
on Y -4, hence y maximizes profiton Y and p.b ;= 0 ; therefore

* * ¥t * * *
PeX; = PeX; = Putty , and Xy > Xy according to the basic property of Ai H
since x; satisfies the pre%erences of the ith consumer under

¥* * *
p.x, < P.wy , 80 does X . This completes the proof of Theorem 2 of

L.W. McKenzie {6].
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