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Some Examples of Global Instability

of the Competitive Equilibrium

by

Herbert Scarf

In this paper we consider the problem of stability of the competitive
equilibrium. The market demand functions are sums of individual demand
functions obtained directly by utility maximization. The rate of change
of the price of each commodity is assumed to be proportional to the
excess market demand for that commodity. A number of examples are given
for which the motion of the prices is glebally unstable in the sense that
starting from any set of prices other than equilibrium, the prices

oscillate without tending towerds equilibrium.

I. Introduction

The problem of stablility of the competitive equilibrium is described

*
in [3], and we shall content ourselves with a review. Several individuals

% The reader may wish to consult the excellent bibliography given in
(3] and also in [1].

with utility functions Ui(xl, vess xn) for the same commodities are
engaged in the trade of these commodities. Each individual‘begins the
trad;ng with an initial endowment of goods, say Ij} I;} ooy I; y for
the ith individual. An initial vector of prices Pl’ veoy pn is
announced, and each consumer then determines his demand for all of the

commodities by the usual prccedure of meximizing his utility funection

subject to the constraint that his expenditure shall not exceed the value
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of his initial endowment of goods at the stated price vector.
For each commodity the sum of the individuals' demand functions
minus the sum of the initial endowments of that commodity is called the
marke§ excess demend for the commodity, and in this paper will be denoted
by fi(Pl’ seey pn), where the subscript refers to the commodity in gquestion.
(These functions are homogeneous of degree zero and satisfy the Walras Iaw
Epifi = 0.) Excess demand functions for individuals will always e derded by %, .
An equilibrium price vector is, of course, a vector of prices for
which all of the excess demand functions vanish, and recent work in this
area [2, 8] has shown that under suitable regularity conditions equilib-
rium prices will always exist. (Because of the homogeniety of the demand
functions, any multiple of an equilibrium is again an equilibrium, and
in this sense we should speak of an equilibrium ray. There may be several
such rays.) The stability problem, on the other hand, is less concerned
with the ekistance of equilibrium, and more with the question of what
happens to the prices if initially they are different from equilibrium.
There is nothing in the model described so far which enables us to
compute the motion of prices if we are not at an equilibrium point. TFor
this we need some specific assumptions on the price adjustment precess,
that is the procedure by which prices may be expected to change if we
are away fromean equilibrium price. The intuitive notion that an excess
of supply over demand should result in a decrease in price, and an excess
of demand should result in an increase in price has been formalized
msthematically in [7) and [3] by the statement that

dpi

—_— = f i
rrl Hi[%irpl""’ pn{], where Hi is a sufficiently
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regular sign-preserving function of its argument. {These equations are
to hold if all 1y >0 .) In order to be concrete, in this paper we
shall generally take the functions H to be identically 1 , so that
for each commodity the rate of change of price is equal to the excess
demand.

Now let us turn our attention to the problem of stability with this
type of adjustment process. Early work in this area [5, 6] tends to
emphasize what might be called "local” stability; the initial prices are
assumed to be close to some equilibrium point, and an analysis is made
of whether there is a tendency to converge to the equilibrium point,
depart from the equilibrium point, or perhaps even a tendency to more
complex types of behavior. The "local™ analysis proceeds by means of
the linear terms of the Taylor series expansion about the equilbrium
point, thus converting the problem to a linear differential system with
constant coefficients. It is possible in this type of analysis to
obtain many examples of completely unstable equiibria (though it should
be mentioned that there is an uncomfortable tendency for examples to be
produced without any consideration of their origins as market demand
functions derived by the summation of individual demand functions).

The local analysis, however, is somewhat unsatisfactory in that if is
quite possible for other equilibrium points to exist; and the system
cannot be said to be unstable without examining whether the prices fend
to another equilibrium point.

This consideration leads naturally to the problem of stability in
the "global" sense [3] which is concerned with the solution of the differ-
ential equations based on the price adjustment mechanism, for an arbltrary

initial set of prices. If the solution of the differentizl equations
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approaches some equilibrium point as the time becomes Infinite, then we
have global stability. Clearly it is quite possible for these to be
several equilibrium points, none of which is completely stable from the
local point of view (that is, attracts all neighboring points) and where
the system, in its entirety is globally stable.

Most of the results on global stability of the pure trade model
discussed in this paper - may be found in [1]. Aside from cer-
tain very special cases(global stability is known for a single consumer,
and also for the case of two goods.), the most important result (obtained
by Arrow, Block, and Hurwicz), is that global stability will occur if all

of the goods are gross substitutes; mathematically this means

of
i

65-> 0 if 1 # 3 . (There are also some related results described in the
J

above paper.) Aside from this, very little else has been found: no
assumptions éuﬁstantially different from gross substitutebility have been
shown to imply stability, and up to the present no examples of instabllity
have been produced.

This paper presents a series of examples, all derived from utlility
meximization, which are globslly unstable. The examples given here
involve three consumers and three goods, but the techniques may be ex-
tended to either more cansumers or more goods. The examples all involve
a rather simple relationship between the utility functions of the three
consumers, nemely

Ue(xl, X5 x3) = Ul(xz, %35 xl) and

(1)
- Uﬁ(xl’ Xns x5) = UE(XE’ x5: xl) »
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and correéponding cyclic permutations of the initial endowments. This
relationship is introduced to simplify the calculations and as the method
will show 1t may be relaxed.

It is an easy consequence of utility meximization that for the price
adjustment process we have selected (rate of change of price equal to
excess demand) the motion of the prices will always be constrained to
the sphere pl2 + p22 + p32 = const. In all of our examples there will

be an equilibrium point at (pl =p, = p3), which except for the first

2
example will be loeally completely unstable (there i1s a small region
around this equilibrium point such that if the initial price is in the
region, the prices will eventually leave this region and stay out.).

In the first example the motion of the prices will be in concentric
curves about the equilibrium point, whereas the more complex examples
will give rise to limit cycles.

As we shall see from the examples, instability does not depend on
a delicate assignment of values of initial stocks or parameters in the
utility functions. It is a relatively common phenomenon, which seems
to be related to divergent types of complementarity among the various
consumers.

What are the implications of these examples? It seems to me that
there are several possible interpretations that might be made.

l.- One possible interpretation is that the model is substantially
realistic and that instabilities of the type described in this paper
could possibly occur. An even more presumptucus interpretation along
these lines is that instabllity is responsible for some aspects of the

business cycle, though for this sort of interpretation it would seem to
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be necessary to produce examples of instability with & model of a complete
economy rather than a pure trade model alone.

2.- Another possible interpretation is that the price adjustment
process postulated above is not correct. This view can, of course, be
held without any reference to the questicn of stability. An argument for
this position is that in one sense or another we are considering a dynamic
process and yet nowhere do the simplest dynamic considerations such as
saving, interest, etc. appear in the model.

3,- As a fine]l interpretation it might be argued that the types
and diversitles of complementarities exhibited in this paper do not appear
in reality, and that only relatively similar utility functions should
be postulated. This view may be substantiated by the known fact that if
all of the individuals are identical in both their utility functions and
initial holdings, then global stability obtains.

I would like to thank K. J. Arrow, L. Hurwicz, and H. Uzawa for a

number of stimulating conversations.

IT. A Very Simple Example of Instability

In this section we shall describe & very simple example which leads
to instability. It will be seen that this example 1s quite an extreme
one. In the next section we shall describe a number of additional
examples which while somewhat more complex, do not have the disagreeable
features of the present one.

Iet the utility function of the first consumer be
Ul(xl, X5 x3) = min(xl, xa) and his initial endowments (1, 0, O).

This consumer has no desire for the third good and his indifference curves
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for the first two goods are of the form;

For any income M the same quantity will be demanded of goods one and two

and therefore the demand functions are

AN . S
¥, (Pys Py P35 M) = S
1 2
M
Ya(Pls Pys P3s M)= ;1_*'52-

.vj(pl, Pps P3) M= 0 :

Now the income of the first consumer is derived from his endowment
of & single unit of good one so that M = pl and therefore the excess demand

functions of the first consumer (supply is being subtracted off now) are

given by
X = -PE
17 B+,
X. = Pl
2 Rnth
= 0 .
*3

The excess demand functions of the second consumer are obtained by

a8 cyclic permutation of all subscripts, 1 —>2,2 —> 3, 3 —2> 1,
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and once more for the third consumer. If we add these together, the mar-
ket excess demand functions are given by
-P b
£, = ___:2__ + ___:2__
2 Pyt Py + Py

_ ., B
5 Pgth Py + Py

and of course the price adjustment process leads to the differential
equations

dpi
(2) 7T =0 (Pl’ Pys Pj) .

It is & trivial matter to verify that pl = p2 = is the only

P3
equilibrium point. The fact that Epie = const. follows from

= 0 , which is the Walras law. In order to show that the

solutions are unstable we shall demonstrate that P1P2P3 = const. for

any solution of (2). This would follow if we could show that

(3} £1P,05 + L0 D5 + £501P,

equals zero, but (3) is equal to

2 2

%) (ps"- 2,°) (py - px )
5 "1, 2 T3

Pz +P; 1 Pyt Ps

(0.~
95 Pl P2

+
RER

+ P, = p5(p;- P,) + Py(ps- ;)

+ pl(p2 - p5) = 0.
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That this implies instability is clear. ILet the initial prices be
chosen such that pl2 + pae + p32 = 3 so0 that the Ilntersection of the
equilibrium ray and this sphere is (1, 1, 1). The value of P, P,Ps at
equilibrium is one, and therefore if the initial price glves a value
different from one to P1P2P5 we never reach equilibrium. It should be
remarked that the maximum of plpep5 subject to the constraint Epie =3
is actually one, so that if the initlal position is anything other than
(1,1, 1), the path is completely unstable.

’Occasionally the following price adjustment process is discussed.
One of the goods 1s singled out and kept constant; the remeining goods

are meant to vary according to the differential equatlions given above.

If in our case we put p, = 1, then we are led to the system
-

dpl - -Pa N 1
at Pl + p2 1+ Pl

B k!

& o, 1 * B, + P,

Routine calculastions show that for this system

i 2 P
PP = const.,,
12

and this 1s again sufficient to show instabllity.

IIIX. A Class of Examples

The example of the previous section has a number of special properties.
dy Sy
b i .
All of the Slutsky terms ( 553 + yJ S ) are zero, the indifferent surfaces

aren't strictly convex, and certainly not differentiable, and finally the
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initial holdings are of a rather extreme type. It might be thought that

one or several of these properties is responsible for the instability of

the previous example, and that stability would return if these properties
were removed. The examples of the present section show, however, that it

is quite easy to obtain instability with none of the objectionable properties
mentioned above,

We shall make an attempt to keep the reasoning relatively genersl in
this section. Some conditions will e described which imply instability,
and we shall demonstrate by specific examples that these conditions may
be satisfied.

As was mentioned in the introduction [see equation (1)}, the utility
functions of the three consumers will be obtained by a c¢yclic permutation
of the goods, and the initial endowments. This means that 1f the excess
demand functions of the first consumer are represented by

(]4') Xl(Pl: P2: P5): xe(Pl: Pe: PB): XB(PJ_J PE’ P5):

then the excess demand functions of the second consumer for the first,

second, and third goods respectively will be given by

(5) XB(P.?.’ p3) pl), xl(p2’ p}! Pl); XE(PQ’ P5’ Pl)
and those of the third consumer by

(6) xg(P}’ Pl’ Pa) 3 XB(P3J Pl, P2) > xl(PB, Pl’ Pe) b

(Continuity and differentisbllity properties of these functions will be
assumed whenever necessary.)

The market excess demand functions are obtained by the summation of
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individual demands and are therefore given by:

fl(pl, P, 95) xl(pl, Py P3) + x3(pe, Py pl) + xa(p3, Py r,)

(7) fa(PlJ Pa: P5)

£.(pys Bpr P5) = x5(Rps Ppy Py) + %(0y Py 2y} + X (Rgs Bps 2y)

The differsntial equations of stability are, of course, given by
dpi

T ° fi(pl, p2, p3) , when all prices are ncn-negative.

As we mentioned previously the Walras Iaw(zpixi s 0 and its consequence
Zpifi = 0){mplig¢s :tha} %E(Ep§)=.0,so that the.motion.of the prices will always be
on that sphere with center at the origin passing through the initial
price vector. Iet us assume that the initial prices have been selected
such that }:pi2 = 3 , When we speak of equilibrium prices we shall mean
the intersection of the equilibrium ray and this sphere.

Iemmae 1. The price vector (1, 1, 1) is an equilibrium price.

This is immediately obvious by an applicatlon of the Walras Iaw to
equations (7), when all of the prices are set equal to one.

It is nét at all correct, for a general selection of the individual
demand functlons xl, x2, x3, that the market demand functions fl, f2’ f5
(7), must have a unique equilibtrium point at (1, 1, 1). There are a
nuﬁber of very simple conditions, however, which imply that this equilibrium
is unique. We shall give only one such set of conditions. The reader

may easily think of others.

Iemma 2. ILet

Bxl ox, 8x5
A= FP;+5-]_)—5-+BSI <0 and



axl axa
B = + 35— + ) everywhere in the orthant
1

1
S
Vv

> .
Pl__oa Pazo, P320

Then the equilibrium point (1, 1, 1) is unique (aside from constant
mltiples).

In order to demonstrate this lemma, let us first make the observaticn

that
£,(p)s Bps Pg) = £1(2ys P35y By)

This implies that if (a, B, 7) 1s an equilibrium polnt, then so is
(8, 7, a) , and also {7, a, B). Therefore if we have an equilibrium
point different from (1, 1, 1), then we may find an equilibrium point

(ay By 7) , perhaps by permutétiou, with either

@) a>B>7

(at least one of the inqualities is strict.), or else
(10) a<pLy

(sgain the same remark.).
Iet us assume that the former holds. An argument similar to the one
we are sbout to give, works if instead of (9) we have (10).

We shall show that f2(m, B, 7) must be different from zero. Now

(12) £ (a, By 7) = xy(as By 7) + %1 (B, 75 @) + %50y, @, B)
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The agsumptions of this lemma imply that as a function of « , f2 is

strictly increasing, and as a function of ¥y , f2 is strictly decreasing.

Since a>B8>7, (ﬁith inequality somevhere) we have

(12) £,(a, B, 7) > x,(B, B, B) + x,(B, B, B) + x5(B, B, B) =0,

by the Walras Iaw. This completes the proof of the lemma. (It might be
remarked that other conditions for uniqueness can be given in terms of
linear combinations of the £'s .)

Subsequently, in this paper,'we shall have occasion to consider
specific examples of demand functions for which the conditions of lemma 2
do not hold for all prices in the orthant Py >0, P, >0, p3 >0,
but rather for certsin subsets. We shall then have recourse to the
following lemma which involves a type of subset convenient for us. The
lemms is demonstrated in the same manner as lemma 2. It should be noted
that the operations involved in the proof of lemma 2 do not take us out
of the set described in lemma 3.

Iemma 3, Let the conditions of lemma 2, hold for the set of prices
(—> €, — > €, 52 > %, where ¢ is & small positive number. Then

there are no equilibrium points in this set other than (1, 1, 1) and its
multiples.

We shall now give a condition on the individusl demand functions

X)s Xge Xg vhich implies that the equilibrium poinmt (1, 1, 1) is unstable.
Iemms 4, If
o Bxl . axa . ax3
5, " %, " Ops

is positive, at the point (1, 1, 1) , then this equilibrium point is locally
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unstable in the followlng sense: There is a region {on the sphere 2p12= 3)

i .
about the point (1, 1, 1) such that any point in this region (other than
the equilibrium point) will move away from the poimt (1, 1, 1).

The Jacoblan of the functions f

R f5 , at the point (1, 1, 1)
is given by |
c A B \
(13) B C A
| A B c s

all evaluated at that particular point. Moreover, the functions xl,xa,x3
are homogeneous of degree zero, and therefore the Euler relationship, at

the point (1, 1, 1) tells us that
(14) A+B+C=0.

The Jacobian, therefore, has one characteristic root equal to zero.
The other characterisgtic roots may be shown to have positive real parts,
because of the assumption C > 0. It is then posslible to apply standard
theorems of differential equations [see 4, chap. 13], in order to deduce
local instability. However the various properties of demand functions

permit a simple independent proof of this fact, which we shall reproduce

here.
Let
(15) V(p.p )=iz@ ane so that
_ 1PoP3/ = 5 24P ’
dp,
(16) av i
- 5 = ey 1) o= - B



-15 -

We shall show that Zfi <0 in a small region on the sphere Epig =3
about (1, 1, 1), (except for this point itself) and this will demonstrate
the lemma. Of course at (1, 1, 1), If, =0 . Using the Taylor series

expansion, we obtain

(1) ( );—afi
17 £f, =2 (p, - 1) &
O
2
3°f
1 ! 3/2
+=Z25% (p, - 1¥(p,_ - 1) E +o(v'7) ,
2y 4 P 1 EPJB k

where all of the partial derivatives are evaluated at the point (1, 1, 1).
let us simplify some of the terms. The Walras Iaw reads Zpifi = 0, s0

that differentiating with respect to Pj , We obtain

Bfi
(18) fJ+§_Pi E'jﬁo.
of

At (1, 1, 1), this implies T 355 = 0, and therefore the linear terms of
. 1“8y

the Taylor series vanish. Differentiating (18) once more with respect to

p_, We obtain, st the point (1, 1, 1),

2
) £ fJ afk

> = - +
1 apJapk apk apj

(29)

From (14), (17), and (19) we see that

2
(20) o, =-7 2 (py - D(py - Liey + o/
i Jsk

where



20, -C, -C
(21} (cjk) = | -C, 2c, -C .
-C, -C, 2c
Therefore
C 2 2 2 2
(22) Zfi = - 5'{}91 - pa? + (pe-p3} + (pa-pl) } + 0(v5/ ) .

But I c¢leim that on the surface Zpi2 = 3, with all P >0 , we always

have

2 2 2 2
(23) (p,- Pe? +.(_P2 Pj) + (p5 Pl) >3/2z% (p;- 1)
Accepting this as correct for the moment, we see that
3}

(2k) zfi < - % CV+ o(v5/2)

and therefore zfi is negative for V sufficiently smell.
Equation (23) is demonstrated as follows:

First of all on this sphere

(25) 32zp, -

Multiplying by Zpi and expanding, we obtain

(26) 3Zp, 20D 402 +02+ 2000, + 27, +0,0,)
1 =P 2 3 1P3 * PPy TPoP3

and by subkracting 9 from each side we obtain

(27)

MO [\

2 2,.2, .2
(-Zp,” + 20p; - 3) 2 -2 (p)" + By + Py ) + 2 (pyPy + PyDH¥ERy)

which is the same as (23). This finishes the proof of Lemma L.
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We shall shortly exhiblt some excess demsnd functlons, derivable from
a utility function, which satisfy the hypothesis of both ILemmas two and
four. They will provide us with exsmples of a unique equilibrium point,
which is unstable locally. Does this lmply global instability? In a
certain sense this becomes a matter of definition, the problem being that
it is possible that one of the prices might become zero. In this event,
some care should be taken since the differential equations {2) no longer
describe the motion of the prices. In our examples, we shall use special
techniques to demonstrate that the paths actually stay away from the
boundary of the positive orthant.

Now let us consider utility functions for the first consumer of the

form
@ a+l @ a+l @ a+l
__[A 2 3
(28) U(xl, X5 xi) = = + = + 3 R
1 2 3

where (al, Tps aB) is an arbitrary non-negative vector, and a 1is

a positive constanf. Iet the initial endowment of the first consumer be
represented by (Il’ 12, 13) . As before we permute the utility funetion
eyclically for the second and third consumers.

We shall show that instability arises, whenever a > 1, (ml,a ,aj)

is close to (b, 1, O0) with b > g;% , and (Il,I2,

(1, 0, 0). (The specific meaning of close will be clarified.) This will

15) is eclose to

give us examples with none of the disagreeable features of the simple
examples in section II. Iet us first exsmine, in detail, the case

(a'l, 0:‘2) 0’3) = (b.' l) O) a'nd

(29) (Il, IE’ 15) = (l: 0, 0) 3
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with

A routine calculation shows us that the excess demand functions for

the first individual are glven by:

&
o
Py
T e = Tt
lra 138
bp, + Py
(30) 1 51
| 2t TL T & =
1+s 148 l+e
Py bpy o
= 0
%3

Ist us show thet the conditions of lemma 2 are verified. We have

ox % 9

X
2
(31) A=+ 2+
5,
axl
=&— <0 ) and
2
ox ox Ax
(32) BT+ 24 2
%, "%, %,
ox
2
- >0 L]
B

Therefore the system of market demand functions (7) has a unique equilibrium

point given by (1, 1, 1). In order to show that 1t is unstable we compute
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Bxl ax2 ij
(33) C = apl + ape + BPB at (l: 1, l) s Or
(34) c - 8- (b+l) - a ,

(b+1)2 (a+1)

vhich is positive 1f b>3L . It follows from Lemme & that for this

relationship between & and b the unique equilibrium point is also
locally unstable.

The next step will be to show that for this example the prices stay
away from the boundary of the positive orthant. This wlill be & consequence

of the following lemma.

Iemma 5. Let

Py Py Py .
¢ =Mnl —, =, —|. There is a small positive constant
PPy Py

K , such that if

Lo
<K, then 2= > 0.

P
Iet us assume that the minimizing value above is Lo ¢, say.

Y
3
The other cases are handled by a cycllic permutation. We want to show that

at

P3
fl and f3 are computed according to (7) , we see that P3fl - Plf3 has
the.sign of

o ’ 5
2 P Ps

(35) — - -

P a 5 a8 - a
(—5- e b(—l-l*a+l b(—2—+a+l
D, o, P5

D
d (_3;) >0 or p,f -Pyfy >0, if c is sufficlently small. If
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The first term of {35) 18 equal to
2
1l
(c'> + 1
b L ¢ ,
z + 1

and since —_

Also we have

b\ 2
b(:¥£>l*a +1
P2

Adding these terms together we see that (35) will be positive if

a
o 1l 4+ ——

and this is certainly correct for small c¢ . This demonstrates lemma 5.
These observations, taken together, show us that the system cf demand
functions defined by (29) give rise to global instabllity of the price
adjustment mechanism. |
One more remark is in order. I claim that if we take an excess

demand which is close to (29), on a large proper subset of the positive
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orthant, (and has derivatives which are close) and form the market demand
functions using the above method of cyclic permutation, then this will
also give rise to global instability. (Such an example may be obtained
by taking (ml, o,
(1, 0, 0) , or in other ways.)

, u.3) close to (b, 1, 0) and (Il, I, 13) close to

In order to see this let us interpret Lemma 5. geometirically.
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The figure represents the surface of the sphere EP12 = 3 , and the

shaded reglon, the set of points with

Min gf B —Eé ’ Eé > X ,
for & small value of K . Iemma 5. tells us that a path which begins in
this region, with K sufficlently small, will never leave the region.
This is true because on the boundary of this region, expressions such as
prl - Plf5 are strictly positive. But this later fact will also be true
for market demand functions based on individuﬁl demand functicns close
to (29).

Iﬁ will also be true that inside of this region there will he nc
equilibrium points other than (1, 1, 1). For if the new demand functions
and their derivatives are close to the corresponding quantities for {29)
inside of the shaded region, then A for the new demend functions will
be negative, and since it is homogeneous of degree -1 ({being a derivative)
A will be everywhere negative in the region defined by |

EE > K, Eé > K, Ei’ > K.

Py Py T Py
A similar statement with a reversed inequality heids for B , ard there-
fore Lemma 3. may be applied to show that there are no equilibrium polirts
other than (1, 1, 1) in the shaded regicnm.

A similar argument convinces us of the local instability of ‘the equi-
librium point (1, 1, 1). It should be remerked that even though we have
said nothing about possible equilibrium pointa cutslde of the shaded region
for the new demand functions, a path beginning ingide of the shaded regicn

will not leave.
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