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I. Introduction

In this paper we present a generalized standard error of forecast for a
gset of interdependent endogenous variables appearing in a multi-equation

*
econometric model. Since in most practical situations econometricians are

* The generalized standard error of forecast which we develop is & straight-
forward extension of the standard error of forecast employed in connection with
single equation regression models. For review and reference purposes, the
analysis leading to such a standard error of forecast is presented in Section II.

usually concerned with forecasting the future values of a set of endogenous
veriables, it is important to be sble to construct confidence regions for and
test hypotheses about a joint forecast. In Section III, we derive an expression
for the gereralized standard error of forecast and show how it can be used to
construct forecast regions and test hypotheses; an application of these methods
to a two equation model is then made in Section IV. Finally, in Section V

some further uses and limitations of the generalized standard error of forecast

are discussed.
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¥
ITI. The Single Equation Error of Forecast.

* An excellent presentation of this analysis is presented in [ 5, 280-284];
note, however, that Stone permits X to be either non-stochastic or stochastic
in his treatment of least equares. Some complications arising in the case in
which X 1is regarded as stochastic are briefly noted in Section V below.

The single equation regression model is:

K

(2.1) Yo = B BX vV (t=1, 2,...,N)
i=1

or in metrix notation,

(2.2) y=BX +V

where y is a row vector of N observations on the dependent variable, X a
KxN matrix of nonstochastic values {or fixed) values taken by X independent
Qariables, 8 a row vector of unknoﬁn parameﬁers, the regression coefficients,
apd v & raﬁdom digturbance vector consisting of N independently distributed

*%
disturbances, each with zero mean and a common variance c&? <o . Upon

*% For constructing confidence regions and testing, the additional assumption
of normality is needed.

estimating B by the method of least squares, we have

(2.3) y=1X + v

wvhere b = yX‘(XX')-l and v 1s the vector whose componeats are the N

calculated residuals.
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Given a predicted value of ¥ , say Yp » obtained uging v and & set of
values for the exogenous or independent variables, XF s 8n exXpression for the
standard error of Vg and a means of making probability statements concerning
the difference between Yp and the true value of Yp » 88Y y; s 1s deslired.

We have that

(2.#? Yp = DX
and
*
(2'5) yF = SXF + v‘F 3

where XF is 8 column vector of the values of the independent variables chosen

as & basis for forecasting and Vi is the scalar value of the disturbance in

the forecast period. The error of forecast is then,
(2.6) X e (b
'. YF'YFﬂ(‘ﬁ)XF'VF-
The mean error is
¥
(2.7} E(yy - Vg = E[(b-B)XF-vF] =0

since b is an uvnbiased estimator of B , EvF =0 , and ‘Xﬁ is assumed to

*
be nonstochastic.

¥ Ir is stochastic, as would be the case 1f a forecast of the exogenous
variables for the prediction period were employed, it would be necessary to
asgume that aud b-p are distributed independently {(or, more weakly,

are uncorrelatdd) for E(yF-y§) to be equal to zero.

It is to be noted that the error of forecast, shown in (2.6), is a function

of two random variables, b and Va which are independently distributed.
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On the further assumption that the disturbance term is normally distributed, it

is the case that the forecast error is also normally distributed since it is a

linegr combination of normally distributed variables. Tne variance of the

forecast error is given by

(2.8) 0§.= {(y Y) (yF-y;)}
or,
(2.9) of, = oi [1+X§' (Xx')‘l xF] .

The square root of (2.9) is the true standard error of forecast. As an estimate

of 02 we use the unbiased estimator

F
(2.10) a§ - 83 [1ex7 (xx7 ) xF]
vhere
A2 1 - b XX' b'l'
(2.12) & = I N_I({ )

We can now consider the statistic
bl y*
(2.12) t =(F°F (3, )
o = °F/og

vhich is the familiar 't statlstic since,

turbance term is normally distributed,

*
I p

under the assumption that the dis-

is N(O,c) s (N-K) c/ 2 1is

distributed as')C with N-K degrees of freedom, and 0, and Yp¥ F are

F

independently distributed. We can, making use of (2.12), define the forecast

* cof. [ 1, 206]




E3
interval as,

* BSee Section 5 for discussion of the interpretation of this forecast intervsl.

”~ * ~
(2.15) Priy, - Gt <yp<yp+ thm} = l-a

vwhere ta is the value of (2.12) at the o level of significance. This

' *
probabllity statement may also be employed to test hypotheses about g

I1IT. Generalized Standard Error of Forecest

We consider & model completely analogous to what 1s referred to as the

reduced form equations in econometric work, namely,

K
(5'1') yi.t = z Trijxjt -+ Vlt (ial, E,UOO,G; t=l, E,DlO’N)
. j=1 _
or in matrix notation
(3.2) Y=TK+V

where ¥ 1s a GxN matrix of endogenous variables,'Tr a GxK matrix of
reduced form éoefficients, X & KxN matrix of nonstochastic values taken

by the exogenous variables, and V & GxN matrix of reduced form disturbances.
It is further assumed about V +that the N column vectors of V are independ-
ent random drawings from a G-dimensional population such that each column has.
zero mean and a commen variance-covariance matrix, Evv + These conditions

may be summarized as

(305) E Vit = 0 i=l, 2, -uo,._G' ; tzl, 2, sevy N



and

0 t £
(3.4) Evitvjt‘ = for all i and j .

— 1
oik t =%

Thus, we allow interdependence among the disturbances in different equations in
the same time period but not among disturbances of different time periods.

By applying least squares to (3.2), we obtain
(3.5} Y=F+7 |
ﬁheré P = YX'(XX')-J' is the matrix of estimated coefficients and V is the
matrix of calcule.téd residuals.

ITf we now desire to predict the values of the G endogenous variables

using P and & set of values for the exogenous variables, XF » the forecast

would be:

(3.6) Yo = PRy

where YF is a column vector of forecast values and XF is a column vector
of nonst;ochastic known vaJ_.ues for the exogenous variables. The true value of

%
YF , 88y YF s, 18 given by

*

(3.7) ¥ =-T[’KF + Vg

¥here VF is the column vector of values assumed by the disturbances in the

forecast period. The error of forecast is
(3.8) Yp= (P X v

3. ' Yo- Yo = P-TI'_ X~ F e
The mean error is

(3.9) E (YF-Y;) = EL(>-TEy7,] = 0
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since P iz an unbiased estimator of I , EV, =0, and X, is assumed to
be nonstochastic. The variance of the forecsst error is given by

e =2 {5 )
(3.10)

= B {(P—‘!T) XK (P-Tr)"} - E(p-TN XF\’i.-EVF(P-T\')‘Xi. + BVVs,

The two middle terms in (3.10) are equal to zero since VF and P are
independently distributed.

To evaluate the first term in (3.10), we let . (P-17) = A and XXy = M,
Then we have . '

. o]
a a alk
ll LN ] JK a
- . Ek
(B-ll) A. = : - : = .: (k."-!l, 2, se vy K)
BGl -h a(ﬂ'{ aGk
- 'J L. b
and ™ =
MF = |V . = (mkl’ Boos “':ka) (k=1, 2, +.., K)
e |

so that {agk] is the g'th rowof A and [mgk] is the g'th column
of MF . We find that

-
K
b

K K
(1)(a)
1 L b B '
k'=1 k:;kk Tk .k'ijl k=lukk Pk
(3.12)  E[(P-TNXX}(P-TN)']=E AMA'= : :
o | K K (g)(a)

css 4 Lo
t . 1 . 1
o] pep K'E Mg s Kol pop 'K Mk
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where o(i)(J)

cf P, is

etk is simply the k',k element in the covarlance matrix of the
i'th and Jj'th xrows of P . The covariance between Pi and PJ s two rows
. -1 N N -1

- - L - L] - . - t
E(P, T1'i)‘(1;=J Trj) (xx ) E t}fl(yit By, )% til(yjt, Eyjt,)xjﬁ (xx )

= (xx')'l g E(y., - ) “Ey., ) XX (xx) ™+

= e Vi By 4/ (Vg0 BT g 0 JEXT LXK
3

(3.13)

PRETE. N
=(x0) o BB OBy ) + tit,E(ﬁEFh&th,jt' B 340)

"

oij(XX')-l

since the last term is zero in view of (3.4). This means, in summary, that the

row vector of GK components, (Pl’ Py oo PG) is normally distributed

- ' *
(provided the disturbances are normally distributed) with mean (1Tl,1T2, ...,Tﬁ&),

* ef. [1,18217.

and with variance-covariance matrix, -EGG s+ Where

(3.) ° B = ‘ : :

p—

1 -1 1
cll(xx ) R clc_(x:x )

-1 |

; -1 p -1
t - . 1
uGl(xx | cGG(xx )

end L., is of size (6K x GK) .

From (3.12) ana (3.14), létting [xﬁ;,] be a typical element of (xx')™T s

. ‘ ‘ -1
we have for a typical element [ I . g b et mkk'] of E(AMFA‘) that

X,k
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(5.15) (% o Xim,l=o ., L Xt ,m, =0 _,q
‘ K,k sg P ™'k g8 k,k,xkk Mtk gg

where q:Xﬁ(XX')'lXF is & scalar, So we find that

1y = .
(3.16) E (AMA') = g
*
From (3.10) and (3.16), we have for the variance covariance matrix of Yo Yo
(3.17) z v =49k + % = (1+q) &
(YF YF) vV VeV v
since
ZVFV = Evv .

In general we de not know ,Evv\; therefore we estimate Zvv employing

the unbiased estimator SG@ given by
(3.18) Ses = (Yy'-p(xx')P'}/(N-K)
Thus, from (3.17) and (3.18), we finally have
- .

(3.19) Sy %) = (1+0)Sgg

) F ¥ .

In order to construct a forecast region (or to test hypotheses), we use
the statistic Ta vhere

P * 0 =1 *

(3.20) T = (YF-YF) Sea (YF—YF) [ (1+q)

This statigtic will have the Pigher F distribution if the following two

*
conditions are met:

* of. [ 1, 105-106]
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%
(1} ¥p-Yp is normally distributed with mean zero and variance-covariance

matrix L _, and
w N-K

-1 *
(ii) (¥-K) Sa» is distributed independently of Y_.-Y. as I 2,2z}
' %% FF oy
with the 2z, independent, each distributed as N(O,Evv).
*
The first condition follows from (3.9), (3.17), and from the fact that VoY

is but a linear combination of disturbances which here are each assumed to be

*
normally distributed. The second condition follows from the theorem  that

* of. [ 1, 85-85 1

P 1s distributed independently of Eztzé, with the z, independently distributed

- ANK)G

* x

as N(O,?vv}. Since Yf;¥b=(P-TT)XF#VF » 1t is clear that Y ~Y, is independent
of Fz.z! . We have then that |

(3.21) N-K~G+L)TP

is distributed as F ‘with G and N-K-G+1l degrees of freedom.

We can now construct forecast regions (or test hypotheses) making use
of {3.21). The procedure 1s to choose a confidence level {or levél of signifi-
cance), éay o , and then to find the corresponding value of F in the F-tables.
Then from {3.21) we can find the corresponding value of 72 ; say Tﬁ.' The

set of points for which the inequality

Gz (RN,

holds form the area of & region which is the forecast region. This region may
be interpreted in the same way as the forecast interval for a single egquation;
i.e., if many samples are taken, holding X and XF fixed, then l-a per

cent of the time a region constructed as described above will cover the true
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*
value of YF, namely, YF .
It is interesting to determine thosc values of {he exogenous variables sclected

for the forecast, i,e., XF' wvhich minimize the variance of the error of forecast

—

given in (3.17). It is clear that (3.17) will be minimized when q is at a
minimum value. For the present purpose, we write q as

(5.25) Q=52 Xgoo mo = XXX,

k k'

To teke account of the constant term in each equation, we let Xlt be a dummy
variable, that is Xlt =1 for t=1, 2, ..., N, and this is also the value
that X, assumes in the forecast period (i.e., Xip = 1}. Then we can partition

as follows:

1 1
e er | < |
: F
(3.24)
N
N St N X
(XX') = N N = > (JJ 1=2, <uv, K) .
' ' LX ZX..X X X
Pt LI £ 21 “ep
N A B
Designating (XX') — as s We can thus determine this inverse matrix by
B D
solving the following equation gystem:
A B N X i 0
(3.25)
. . B D X 0 I

21 Xop



and we obtain

. A B (W +'%, 0%, )/ ¥ - X,,D'/%
(3.26) (o)t - - e e = 1
| Bt D - DRy /N (M, - Xar%10)

where DZN-(NXEQ'X21X12)-1 . Meking use of {3.2L4) and (3.26), we find that

~
e

(3.27) a=(N+ Xlenx2l)/ ¥ - (éﬁ% D x2l)/ N+ X DKo .

~
Differentiating with respect to XF and setting the results equal to zero,
we have
~
(5.28)' - gnxal)/n + DX, =0 .

- , .
Thus we have for the minimizing value of §{VF s SRY A)'(F

(3.29) 3{; = X,/ N = (1/N)

which shows that the variance of the error of forecast is minimized when the
values of the exogenous variables used in the forecast are set equal to the
mean values of the exogenous variables used in estimating the parameters. The

minimum value of ¢q obtained by substituting (3.29) in (3.27) is,

(3-30) Qygip = /N + xlgnxal/ma - (2x12Dx21)/ 7 o+ (xlanxal)/n2 =1/0 .
The mipimum value of the variance of the error of forecast is then,

(3.31) :‘;’;‘jy* +P .
. : P
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IV. Construction of Forecast Regions: An Example.
| For the purpose of illustrating the construction of the forecast region

*
for a set of simuitaneous equations we shall use Haavelmo model. This model

* cf, [ 4, 83-91 ] for a complete description of this model.

may be written in the reduced form as

1

Cp = W Xpp + Tp¥ay + Vig
(4.1)

Yy = Tpp¥yy +To¥ay + Voo

where the endogenous variables are consumers expenditures (ct) and disposable
income yf + The exogenous variables are Xlt = 1 and 'gross investment'

(th) . The error terms are Vit and v2t « The coefficients estimated by

least~squares are

P

298.554 P12 = 1.499

11
(&.2)
Pél = 285.787 Péa = 2,105

and the inverse of the estimated variance-covariance matrix of the error terms

is

—

.3 |-02507 -.02570
{4.3) sW =

' 3 02570 = 03125

The inverse of the moment matrix of the exogenous variables is

(5.1) ( )-l 7329396 -.00701333
. ‘XX} 2= . -
. o -.00701333 .00007h98 |

e
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B
We shall choose ag Xp the vector | whose components are the values of the
{100

exogenous variables used in the forecast.  The value of X2F=100 is close

to the mean of this variable in the sample period (ié = 93.5385). We then

obtain that,

(4.5) (1L + q) = 1.08007

Now from (3.21) we have that L —SEK-GHL) 1o 4o wp  aistribution,
» GBI
F

@, N-K-G+1 ° In our case N=13, K=2, G=2 . 8o choosing the 5 per cent

level of significance we find that F=4.10 . The corresponding value of

T2 is:

(%.10)(1.08007){11)(2)
(L.6) Tg% B T 9.742
As the forecast values of the variables we have
Cp = 448,454

(&.7) '

. yF = 496.287
Using this and (4.3), (4.4) and (4.6) we obtain

¥* *

(u.a) 9.742 = 0.02507 (cF-c;)Q- .05139 (cF-c;)(yF-y?)+ 0.05125(y?-yr)2 :

*
This represents an ellipse in the pParameter space of o

center of the ellipse is cF > Ip and the area covered by the ellipse is the

*
and g where the

. * *
forecast region for cF and ¥ oo the latter being the true values of the
endogenous variables in the forecast period. This is ellipse A in Fig. 1.
Ellipse B 1s the forecast region corresponding to an X.. =200 for the value

2F
of gross investment in the forecast peried.
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V. Conclusions

Our analysis has yielded an expression for.the standard error of forecast
for intgrdependent reduced form equations. In an illustrative calculation
this result haé been employed to construct forecast regions. Calculation of
such regicns is extremely important inféppraising the forecasts provided by
reduced form systems. Since point forécasts, unaccompanied by a forecast
region, may on occasion be seriousiy misleading, we recommend that those who
forecast take the additional trouble needed to consfrﬁct forecast regions.

Further, our work provides what is necessary to test hypotheses about
foregasts. Thus, for example, it is possible to test the hypothesis that a
forecast from a reduced form system is not significantly different from a
" judgment forecast.® Perhaps the performance of such tests would indicate
that in many cases prolonged discussion of which of the two forecasts is
better is not necessary.

Finally we wish to point out several limitations associated with our
;esulﬁ.' First, probability statements made asbout forecast regions constructed
agiwgnindigatgd above are valid providing the vector of exogenous variables
employed in making the fbrecast is fixed, that is non-stochastic. Qiven this
condition, one can state, as 1s usually done, that the constructed region will
cover the true values of the endogenous variables in the forecasi period a
certain proportion of the time in repeated trials. waevér, in an actual set
of repeated forecasts it mé;‘be.impossible to hold fixed all the exogenous
variables and in this situation the interpretation given above for the fore-

*
cast region does not apply. A similar situation prevails when some of the

* R. A. Fisher discusses this problem in & different context. cf.[3, pp. 83-85]) .
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exogenous variables havE to be forecasted; that is, the vector XF cgn no
longer be regarded ss non-stochastie, Also, it is interesting to noterthat

& similar situation is encountered if ome tries to forecast from the equations.
provided in the second stage of the "two-stege least squares" method of

*
estimation.

¥ Bee [2] and [6].
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