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Chapter 5

BEST DECISION FUNCTIOND

1. Intredugticn

In thle chapter we conslder problems of datermi.ning the best team
deedsion functior:' for a given information structure. Sirse dwing the
diécuasi.cn of'any particulsr pereblem thes information strueture wlll e
fixed, we will use the notation |
(1.1) U e) =2a(x, elq ()] |
to dsrote the axpected payoff for any particular decision fumetion o .
A decisicn function Q_: is optimal &f it maximizes [}(a ) in the set
{a% of dseision functions avallable to the team,

N

2. Persennbywbersonaegtimaliﬁ .

2.1 Introduction

A team decision function is person=by-person-cptimal if it camnot
be improved by changing azxy one component  a, alone, More formally,
for any dscision function & ,; let
(2.1) L2y(ay, @) = L0500, Tige ags Thetsoons g
then @ is person-by-person (p.b.p.) optimal if, for every i,

{2,2) ' .().( q) = max-o-.g( ﬁj",g )y ded, 000, Na
. ﬂii - .

_ An optimal declision funcjticn is, & fortiori, p;:bepe'-—-:epi;ﬁml bt the
converse iz not in general trus. The noxt sectionz describe a condition
under which p.b.po-uptimality guarantess true optimslivy.

The concept of po.b.po.~optimality is useful in much the same way that

it is useful %o be able to charasterizs {when possible) the maxiuum of &



funetion of several variables as being attained at a polut at which the

-

artial derivatives vanish, i.€., at & polnt at which the function

B
L]
o
£
£
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artaine & naximon in eash varisble alons. In the case of the team problem,

3

ths Pwerdables? in guesiion are s2tuslly the several component decision functions.
Tas eonditions (2.2 for pob.poopiimelity further suggest & ptocess of
e justnsnd wheredy ons might hope, starting from any team deeislon funstion,

to approach &n opblmal desielon fumction by changing the team declslon

function one comvonent st a tlwe. The convergence of such a person-by-parscn
adjustaent proseas o an optimel team doelsion function is discussed in Szetion

2.4 of this chapter, Also discussed there are the usefulness and limitatlons

-

1
of pot.p. sdjustment as & real orgénizationzl device to bring about improve-

mant through serewhat desentralized individual e fforte.

2.2, Haxinlsing Conditlonal Ixvsctationg.

In & wrw-nerson decision problem ths action prescribded by an optimal
deniplon Punction is an metion that meximizse the conditional expectsd

payoff, given the observation (sec Chap, 2, Sec. 5).

(2.2} can be thought of ap referring to a ome-pereon problem, namsly, the

problem that person 1 faces when the desision functions of all pesrsons

Lk

diffesrent from 1 ars fixed at ‘E}o For any actlon a; of person i,

and any velve y, of hls informstion varisble, the conditicnal expected

£233} ij (B,igyi} = B {ML} EX; -’.‘.il (yl),ace j;ﬁ. pescug QF\?M)] ; Fi}
Trwe ¢ 16 pob.p. maximal if and srly if for every 1 and avefy NEXS
'y k 3 : 2. is & real vorlshle
@, iy, b seximiees ggi(aiggi;u Ix rartiezlar, if By A8 g peal FVOTLAEGLC

f = : Lpmrnn Ty 11 TSN at o
sod L), 4is differentiable in a4, thep the above meaorhmmun will ofouy 8% &



| a s
value of &; for which @ w 0O, This motivates the following definition:

day
e team decision funetion « is gtationary Af for every 1 &and every :,rip
{2.4) o ¥y leyvy) -0,
2a,
1 ay= al(yi)

2,3 & Coundition wader wirieh Pargon-by-Ferson-Optimality Guarantees Optimality.

Theores 1. For each 1, let a,; b2 a real variable, and suppose that
for every x, (@ is a2 aéneave, aifferentiabls function of &={a;;... ,,aH);
then any stationary teem decision functlion is eptimal.

Sketeh of Proof:

let z bs staticnary, let g be any olher team declsion function;
define the function f by
£(t) = (Wartp),
where t Iis any real numblen\_ Becauge the function ) is concave and
function £ ig concave and _
differentiasble in a, the/differantisbls in %; the derivative of ¢ with

respact to ¢t 1is

d H
Fi{t) s T BEWixests J=

E —dee W(x ,att 8 )8 ((73)-
g=1 98 at BBt

{The change in order of the operations of differentiation and expectation is

valid here becauss KXW, ,...,70y are finite.)

Hence :
(2.5) £1(0) = ElE gam Wlxea ) By (g
But, for svery 1,
(2.6) Booke @i o) pyly,) =B [a'g? wie )8 () | 7 ] )
- B8 4(7,) B [3%; e )[yi_]ic



O
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Because « is stationary, for svery 4 and yi

B "621 [w(x,a) i yi] =0,
Substituting this in (2,6) glves
a
Bai'
and subobisuting in turn in (2,5) gives

E

Wz, ) = O

£9(0) = O,
Henee zero is the valus of t that mexdmizes f(t); in particular,
for any dscisicon functien & e a + t8,
LUr) = 2(8) g £2(0) = (s,

Hence no othor dseision function is better than o,

A condition of differentiability seems to bs sgssential to the
sbove result, as the following example sugeests,

Consider s tean of two msmbers, who payo{f function is independent
of x, with contour lines As‘qn Fipwe 5el, B8y
(2.7) wiaye) = wn {-ei=o,1)%, ~(a -1)* = 3 }.
Tt 38 sasily verified that any (ay,a,) for which 3, = ay i3 p.b.p,
optimal (a.g,, the point P in the Figure), whereas the maximum of W
is attained cnly at a, = a, © %, Note that in this example  ia
actually strictly concava, |

For an extension of Theorem 1 to the case of an infinite X,

zua | 1.

2.4, Parson-by-Pergon Adjustment

The person-by-persen conditicen for optimality suggests at Yeast
pna profess of adjustment whersby s non-optimsl team declision function
woukd be impreved by changing only one component deecision function ab

a time, Tn this section we give a conditicn uvnder which sueh & rrocsss
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would converge to a true optimum; this candition ls very c¢lose te the
condition that gusrantess that a yperscn-by-person optimal decision
fenction s optdreal |

The adlusiment of decision velas one or & low componsnts atb &
Vine iz of course a procwesy bthei goss on all the time in real
nrganimatians,' In faot the stmaltanecus ccordinated adjuetment of all
component degialon functions would ba a ovraectical impossibility in any
put the mozt rudlmenbarvy orgardzationa, Oo the other hand, the exanmple
of the previgus section shows, that a partial adjusiment proceas could
geh Fgtuek® at a2 point thed i not even & local sotlmm, smeh less an
cverell optimm, Ti is thus of intesrest Lo investigate the conditions

1,

under which this camnot ccour,

=}

(iven any team decision fumchbion & , in seme gliven problem,
. . - kol 1 2
congldsr a sequence of Leam desision funttions « %, o, ete,,
s e - 1.
sonstruocted as follews: o is the besi team dacision functlon that

can be abtainsd by changing only the firat'eﬁmpenent of & g@ m2

is
the best thai can be cbtained by changing only ths second compenent of
Gla cwas BN$1 iz the besi that can be ohtainsd by changing only
the fivet ecomponant of mﬁs ate, 1% i shown in ihe appendix that if
the payeyf function is corcave and differentiable in the action
vardables, and attains a meximar value, for every state of nature, then
the zaquenes of sxpscted payoffs L14e®™) w31 convergs to the maxizum
possibls expactsd payef?, {(Tne conditions used in ths appendix ave

s5liphtly weakar then thsss )
(-1 &

par

Sindlar rasulls can be oebtained for variations of the avsve
adjuotazat procose, in which the ruls for delornining the nsxt somponesnd

te bs varied iz changed, or ihe oomporents sre varied in grougs, instsad



A
Flgureg 2shows a‘path of adjustmsnt in the special case of
constant state of nature, with two decision varisbles, In this speecial
case the team problem reducss to that of maximizing a function W in
the two variables ay azd &29 whish for this example was taken to bs
the guadratie function

z 2
(&l,&a) =<0y =8y 8, ay +2, +3a,

Teams with Quadratic Paveff Funciions

3.4 JIobroduction

The person-by=perssn princinrle provides a way of charseterizing
optimal decision Tunetions in s 1imited, but still fairly bread class
of cases, Turither progress in characterdizing opiimal decision functions
is poesible if one considers sven more limited classes of problems,
These limitations cam be on the payoff functicn, on the prebability
distributicn, on the set of féasibla deeision functions, or on ths
informatlon structure, In this ssciion and the naxt we consider two
special classse of payoffl funciions, guadratie and polyvhsdral, In ths
first case, the parson-by-perscn principle applies, to give some
falrly explicii charactorizations of optimal desision functions, This
will facilitate the study of the organizational consequences of changes
in the varicus parameters of thes situation, In the second cass
(polyhedral)g the n,b,p, principle typieally dees not apply, but thé
vechniques of linear programning provide a penersl method of solution:
however, the effects of changes in the cenditions are net as ecasiiy
éiséernedﬁ

In this sectlon we wlll explore the consemusnces of assudng what,
for every state of the world, the payoff is & cuadratie funstion of the
team actlon variatles, Particuler attention will be ghiven to the cass

in which <{1) the ccefficients of the sesond degraas termes do not depend



)

upon the state of the worid, ard (2) the relevant random variables are
norzally distributed, In this case the optimal decision variables will
be shown to be linear functions of the information variables, and an
expiieit elgorithm for thelr cemputation will be given,

Such a guadratic peyolf furetion may be thought of as an
approximetion, for sach state of the world, to an arbitrary sscoth pay-
off funcijon in the neighborhood of the best team action, say ¥ (x},
ecerrasponding to the state of the world x,

In & cuadratic formulation, the variances and corrslations of
the information wvariables have an sspscislly important vole (whatever
the probability distribution), In fset, the theory of the quadratie
team has intsresting connections with the statistical theory of
regreésiﬁn; this subject will be pursued in chapter 7,

&imost all of the essentlial features of the 5qpadratic toan" ars
present in the 2-person case, Yo will therefore first present a fairly
‘iﬁmpleta trzatment of this case, which will be followsd by a briaf
discussion of the quadratic team with any number of wembers,

3.2 _Ths Two-Persop Case

Suppese that there are 2 real action variables, a_ and a

1 59 and

that the payeff function iz glivan by
(3.1) (pa) = a(x} + 2, (xjay + 2u,(%)a,
. i ¢ ( P
- o V.‘ A - ey
Vi 0day - 2ixdma, = Voplxdaz,
where A, g and ‘?ij are all reazl-valued functions of the state of
the world ==,
It &3 reasonable o eanfing our atiepticn to situations ir which

there is a naimem payolf for avery flxed x: for this reasoun we will



r
we 'y

e

make the cssumption that the determinant
vl VR

vm(x} vzg(x)

iz posizive for svery X,
- Y N L = ”
Theorem 2. The optimal daelsion functions o, and a, are dstzrminaed
-
by the fellewing conditions:

L3RV )+ Bla, Vi, ly) = Elugl v,

{
!
j

{3.2)

g in ’ e B
E\al yﬁ[yz) + txzfygih( 1”22!:72} E(#ziyz)a

B, W

Sketeh of proof: The conditions of Theorem 1 {Ses, 2.3) are satisfied

hare, so that the payson~byeperscn rule can be zpplied, in its apseclal
form of stationarity (con&iﬁi__.cn {2.5] }, 'nis last directly yields
(3.2) sbove, )
If tha stats of nature x ean teke on only a finite mumbar of
values, then {3,2) ropresents a system of linear equations as followse,
Suppose that

{1) the poesible values of x are xlg.-g,,xug.

(2} for i=1,2 the possible valuss of the information veriable

Y. 8P8 Faq.v 0¥y §
i i1 iy

2

{3) the conditionzl probability that y 5" y'}m given thag

- . i
¥3 = Fan is Y

£t tha wals { 4 3 o 1§
{4} the valus ai\ym) is denoted by By e

2, #3 % \ ] & . 1 T - -
Then, aseording to (3.2}, the valuss Blgvtoly and agycve By,

e
are to be chosen to satisfy ths fallswing {1‘%1 3 E{?} iinear emalticns:



¥ 1 |
ale( ‘V].l'yl:)) = mfl a’ZmE( Vlzlyij’yzajqﬂj = E(ﬂ]_!.‘ylj)

{3.3)
o

¥

LT g Vo P i ¥ * BV o lv,) = Bl lv,)
Jolyeee Mygkml,eoo My,

Example (with constant ccefficients of the quadratic terms), Consider

again the production exsmple alrsady intreduced In Chapter 3, Section 5,

Hera 2, and a_ denote¢ iunputs in a production process, xi and x

2 2

denote the prices of the inputs, the production function is quadratie
in the inputs, and by suitabls choices of origins and units the payoff
function ¢an be put in the form
2 2
! o . e
G wixa) = Uylx) = (ay=208)8, + 23) ~ (a;x %ax),
Comparing this, with the general formulation in {3.1), we see that

?\(K} = Uo(X)B I&lix} .““% 0 !32(1) i :':"'2' s

(3.5)

Suppesz, in thisz example, that each price xi can have only ona

of ¥ values % 5 {jwl,c0s,H) and that the joint probability
- b}

(3.6) Prig =2y g0 % %! = Py |

Suppose further that the cdecisicn about each input is mads only
on the basls of knowledge about the corresponding price, i e,,
(35?) yzi(x) = xia
Each daeision funciion oy will have the form

i,e,, 8o is ths level of inmptt 1 to be set by person i, if he



LA

PP el T

finds out that the pries of his input is Xime The numbers By 6YS
to be determined 3o as to moximizs the expected payoff; their optimal
values are, by (3,3}, determined by the following system of 2

gquations:
¥
alj '""_q milampr(xzm!xj_j) = “xijfzﬁ -1’19.009“0

(3 .9)
i

.

-} &1 &lmPr(ximIXQR) vy, © mﬁékfzg kel 00 M,
o

Te spugialize the exsmple still further, suppose that each price
X, can take on only one of the two values +l1 or 1, with the

following joint probability dlstribution

N

-3 +1
*2
(3.10) -1 a2r i=x
A 4
+1 . A=r i
A [

Tablze 3.1, Joint distribution of x and X5,

—

Note that, in this simpile distribution, xl and x2 have the same
marginal distributions, with the values +1 and -1 equally likaly,

and with means 0O, wariances 1, and correlation r,
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To apply (3.9) we must first caleulste

[ Pr(z, = llxj = 1) )
Gay 4 SR AT
\\Pr(xi = =-J.lx:§ @ =)L) )
Pr(xi = 1; xj = 1)
(3.22) 3R, a4y,
Pr(xi - c-»ll xj = 1}
Substituting this in (3,9) gives the system
) ~ q(#38)a_ - t?.(-lgi)a22 = 1/2
- -}-"Q-;I-. e R oew I’
y g, (=5 )a21 q(-zu- 8,, = =172
(3.13) _
f wq(l'“ )a q(ﬁ}.a *a, = 1/2
1-x - 1-;- ' Y
\ aq( )a a(&iy, 21 *a,, 1/2
It cor sasily be verified that ths solution to this system is
a mg = 3.
11 21 2(1erq)
(3.34)
=1

TR BT
The information structure just considered might be called
#8pecialized information™, It is interesting to compare these deecision
funetions with thoss that would be optimal in the follewing two

extrema situations:



=5, i
(1) Pl information--~each person knows the valuexof both
% and x, before taking action; i,e,, ‘7iﬁx) @ (zi, xz)e
no _information——each person takes actlon with only knowledge

oy
okl
St

sf the probabllity distribution of x and 2
PN
i.e,, #,{x) constang,
o Ay
These are, of course, the situations discussed in Chapter 3, Section 5,
The solutdion for situation (1) is found by maximizing (3.4) for

saah paly of values of x and Xy This follows from Theorem 2,
but of course can easily be soen direcily, Setting the partial
dapivatives of (3,4) (with respest %0 2 and az) equal to zerg--cr,

1
what smowits Lo the same thing, appiying condition (3,.2)-—yislds

5{ o {0y 0%5) = gayley ) = = xy/2

/
3
{ “ﬁ“l(xlsxgj * 5‘52{31932) iy x2/2

"

Selving this for ul(xigxz} and  ay(xy,x,) gives
By !
2(1-q%)

Ayl pzy) = -

(3.16)
- n
;\ a (%, ox,) = @wgm...;}f}.
- 2(1-q%)
In partioudar, for cash.of the four possible pairs of values of

xi' ang %, wa have the veluss of az(xlfxz) ghown in Table 3,2,



(=) 5%5) “1‘"1»"_2’

(=1, ~1) o
2(1+q)

=i, 1 N

( ) 2(1-q)

1, -1 1

( ) 2{1-5)

1, 1

(1, 1) | Eii%ﬁT

Table 3.2,

A gimilar tazble can easily be constructed for dne

On the other hend, for the case of no information, application of
(3.2) yislds

a, = Qaz “‘--TE(XL)/%

[eRLS

-@, ¢ a, = -mE(xz)/z,

1

Since the means of xl and xz are gzero, the right side of (3,18) is

zere, and ths solution is

{3.19) al =a, =0,
The results of our discussion of this example ars summarized in
the Table 3.3, which shows for each person the action that is actually

taken for each of the four possible states of the world,



Full Information | Specialized Information | Mo Information
. f 1% s "' = A |
ﬁi\X} (migxz) 1?1{53 X, 171 constant
(x'ﬁmz} al 8, 2y 8y 3y an
(1. -1 S S S 2 - 0 0
o 2{1eq) 2(37a) Wirra) | 2(i-ra)
. L L =1 |
=1, A 4] 4]
eV R e | 2eny | 20em)
o | "‘1 3@
Ly - he b = 0 0
{i 1) 2Qx~a) 2(1~q) 2{1erq) 2(1-rq)
. -] e R =i
3
Co D ) e | Herw | 2w | O ©
Table 3.3

3.3 Ihs Tuwn-Ferson Csge Continusde-Normality and Linear Deelsion

Funetions,

We will now show that 4if
{1) the coefficients of the quadratic terms in {3,1) are constani,
indgpendent of x, and
{2} ths coefficients of the linsar terms, and the information
variables, .are normally distributed,
then the optimal doecision functions are linear,
This resudt will be ussd later to anziyze the Influsnce of the

variabililty and correlation of the informztion variables on the choles
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of optimal information structures, v
According te assumption (1) sbove, the functions vy 3 in
eomation (3.1) are constant, Let vy, = 2q, and let the units of
By and a, be chosen ss that Ull = Vo, ® 1, This gives us the
form of the payoff funetion
(3.20)  wix,a) = Mx) * 2 (x)ey + 2uy(x)e, = af + 20m8, = 33,
The requirement that &(x,a) have a meximum in a, for aevery
x, 1s met by requiring that g° <1, Indeed, by differentiating
(3.20) with.raspect to a; ard a,, wo get the conditions for a

maximom as

e'l qa, = U»l(x-)s
{3.,21)

=8y ¢ 8, = EPACI

The solution of this glves the best values of &, and &ps for any

1

given value of X, as
nl(x) -’q-lgfx)

?/1(")% T
(3,22)
wep, (x) ¢ p,(x)
(x) = =i 2.
ygx | 1-»q2

{Compare this with equation (8} of ﬁhapt»sr 3.}
Kow suppase that 7’1 and Yy are the information functions
for personz 1 and 2, respsctively, It will simplify the

1/ Ths zssumption of nomuality vieclates the assumptien of finite X
that we have been making all along; sse { ] for a rigorous procf,



I
exposition to assume that Ty and 7, are real-valuad functions,
but the extension to vestor-valusd functions (each person learning
sbout, geveral variables) is easy, and will be indicated later,
Denoting the random variable w,(x) by Y50 16t

(3.23) Co~variancs {yls yz) - 8.

Thers i3 no loss of genaraliiy is assuming that Eyi = 0 and that
Varionse {ys) =12,

We now procsed Lo show that the optimal team decision functions
are linezr,

First, we shall write the person~by-person optimality condition
for the case belng considered (see equations (3.2)):

al(yl) = QE(“zlY}_) = E(l-sli 3’1)9
(3.28)

“@(51’ yz) * mz(yz) - E(i‘z‘yz)a
We next show that changing By and By by adding constants,
rosults in a change of ths optlmal ml and o, by adding econstants,
Let ml and m2 be any two rnumbers, and lst 2 and e, be the

goluiions of
G =A% = By
(3.25)

=qe, * ¢, ;.



=8 A 7=
It follows that if & and @, satisfy (3.24) then

3 (v)vey = QBlagreplyy) = Bluyemylyy ).

(3.26)
%E(&l*cl‘y‘?‘) * 0‘.2(3’2) * 02 "’ E(}lz"ﬂz!yz.).

In other vords, when ths constants My and T, are added to

added to al

respactively, thie constants e ang Sy mast ba
end %o respsctively, te obtain new optimal dezision

funetions,

Thersfore, there is no important loss of generality in assuming

that Ehl =» Bu_=» O, and this will now be done,

2
We naxt show that there sxists a solution (Gi,&z) to (3,24) of

the form \

(3.27)

@ {¥,) = by¥,.

In ordsr to prove this, we subatitute (3,27) inte (3.24) and Jook for

values of bl and b2 that satisfy that condition;

blyl = qbZE(yZ )yl) - E(P-l' yl)g
{(3.28)
( ﬂbaE(yzlyl) *+by= BQu,ly,).

Since the p, and the yi are normally distributed with zero means

i
and uniy variances,
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ra

 Eluglyg) = a4¥5,

{3.29)
E‘:Fi}}’j} AT
wvhere
(F d, = Covariance {(ny,¥;),
{3.20)
7 = Gorrelation {yipyé)ﬁ
{aes [ 1, p. J.

Substituting (3,29) in (3,28) gives
By7y = aPeFy T By

(3.31)

=arbyyy * Payz = dayas
for all ¥y, and Yoo Therafore

(3.32)
=@rby t by = dy,

whieh hazs ths sslubtion

‘ s qra
bl @ .h.‘,ﬁwé_z o
' I-gr _

{3.33;

a, + grd
ba«-gm—«f}.mg.

z lmqgrg ’



If we drop the asswmption that E(p,) = 0, and add now the solution
of (3,25), with m, = Eluy),

(c e T 3
1 1~q?
{
(3.36) )
( e, m-Eiga:—%
2 3 - 2 ¢

we heve, taking {3,33) and (3.34) togethaer, the solution to our problem,
ag sunmarized in the followling theorem,

Theorem 3, If the payofl’ function is given by (3,20) and if

Hye ¥5e ¥y and y, are normally distributed, ﬁith Eyi s O

Var ¥, = 1, Byyy, = r, and Cov (ui, yi) = d;, then the optimal

)

decision funchicns '31 and ‘e, are 14inear,

(3.35) Ay yyd = oq * Ty, |
and the cosfficients b, and ¢, are given by equations {3.33)
and (3.34),
Example, Consider the example of Sec, 3 2, except assums that
X and x2 are hnormally distributed, Hera_ xl and x2 are the
deviations of the input prices from their respective means, and
2y and &, are the deviations of the levels of input {rom thoss
values thst would be best if the input prices had thelr mean values
{ﬂi = 0), Denote ths varianca of X by sfa and the correlaiion
batwaen xl andg Xy by r,

For the casza of “sgpetialized informmation® we taks
(3.36) ¥y = %/,
in order to standardize the information varlablaes as in the statomsnt
of Theorem 3, Then 4, = 31/2g and the application of Theorem 3

Inmediately gives
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Tha solution to the "full information® case is of ecourse glven
bty {3.22), which in the prezen’ example looks like this:

/[ I Bl
ml(xlgxz) -

2(1-q%)
(3.38)
= gX
az(xl,,xz) o - %1:%5% .
It is left te the reader to verify that the solution to the
“no information® case 1s given by ‘G& ™ Eé = (. The reader should
compare ths results of this exumple with those of the previcus
exampie {Table 3.3).
3.4, The genaral casa
In this section we will generalize the results on the twe-~person
case to the cass of any {finite) number of team members, The reader
vwho has difficulty with liresr algsbra may do wsll to skip this
section and go on to ths nsxt, with %he assurance that the two-personm

regulis are generalizable

Suppose that there are N  resl action variables By 7% 0By,
and thai the payoff function is
{339 wWlx,z) » A{x) + 2 § v dxda, - g ARG LYY
v ¢ e Y i A 1,551 by Aaiad At
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where the A, uy, and 1{13_ are all real-valued functions of the
state of the world x, As before, we will confine our attention to
situationa in which there is a maximum payoff for every fixed x;
for this reascn we will meke the assumption that the matrix ((‘vaj{x}))
is positive definits fer esvery x,
Theorew &, If the payoff function is givem by {3,39), and if
ys = ¥y {x) {iml, s+ N} ors the information functiona for the team,
then the optimal decision functiong ay,e«s ay are detormined

{unicuely) by the following conditions:

(3.,40) ai(yi)E( ‘Vii\yi) * 3§iE(a‘1 Vij , Yi) - S(l‘-iIYj_’)o i=lye0e,H,

Proof, The theorem follows directly from the sufficleney of
staticnarity for optimality in this case {ses equation (2,5) and
Theoram 1, in Section 2).

If ¢he sst X of the st;tes of nature is finite {(as we have been
assuming; strietly speaking), then {3_40) represents a system of linear
-equations, whose unknowns are the values of the decision functions
5, for the various velues of y,, This has already bsen exemplified
by equation (3,3), Section 3,2, Mores generally (3.40) represents a
system of integral equations, That system may have no zolution, but
if it does, it will be unicue, The mathematical ausstions assoclated
with the casé ef an infinite set of states of nature are discussad
in[ 1.

Ime speecific case of an infinita X is noteworthy, however, for
the linearity of ithe optimal deecision functious,

Theorem 5, If {1) the functions 1/ij _in 3,59} are coustantsy qij .

{2) tha information functions Ny ave vector=valued, with
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{3.41) 7} i(x) " (yil”e“ﬁyﬂli) = Y4d

(3) the functions py and v}y are jointly normally distributed, with

Eyij = O

Vay Eij = 1,

Corrslation (¥ j o= pil

O Y4350 n 3k ¢
(3,42}

Bag Mg,

Covariance (uigyijj n dijg

then the opbimel desiszion functlons Gy0°°° 5%y are linsar,

{r 7

= } e Ibgyp¥ie ¥ G4

R d Y &

whers the cosfficients bg, and oy are detsrmined by the systems

¢f linear scuaticnse .
H M.

fo 1 i
“.},L;M-} jzl q13 kil rgih bjk ™ dihg 1819"'3¥\",
hglba.atmiﬁ
H
(30135’) ji}_ qijcj = mii’ ;”lag.egﬁa

Remark, There is no loss of generality in assuming that
Eyij e Vgr yi3 = 1, since ths given function.r?i gan always be
transformsd by & -1 transformation into a function that has these
propertiss,

Sketeh of Proof,

The proof is bassd upon the 'person-by-person princiisle, (For a
gompiete proof of the present theorsm see [ 1,) Ve first conzider
the spsclal casa in which Eyi = 0, Just a3 in the corrssponding

theorem for the 2-person case, we will show that there are linear
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functions in the form of (3.43), with ¢y = O, thet satisfy the

condition of stationarity (Sec, 2, aquation {3,5)), We first note
that

(3.40)

Bl (7,0 i RTLTE

tUeing (3,46), the cordition of stationarity applied to decision

fonctions of the fowm (3.43) immediately gives

b i -
(3.47) 3 % RN i i = dinTine

for every ixl,sso, N, ard every valus of gy h=l o= My, Ecquating

the coefficient £
the co clents © yih

It cen be shown that if the matrix ({(qy4)) is positive definite,

on cach side of (3.47) gives (3. 44),

then so is the matrix of coefficients of the unknowns bijy in
(3,447 {mec [ 1, p. ) and thersfore (3.44) has a unique
solution, A second application of the stationarity condition now

shows that ¢ u, = m,, then the ¢, must be given by (3.45),



4, Teams with Polyhedral Fayoff Functions
L1, ZIntroduction

Muenh of the available data on firms leads naturally toc the
formulation of decision problams with payoff functions that are
concave and polvhadral in the decision variables, The concapt
ef a polrvhedral function is a generalization to the cass of several
veriebles of the sconsept of a piecewise linear function of one
variable, It is well recognized that the technique of lingar
pr@gramming provides a general compubational method for solving
ons=psrson decision problems under certainty, with concave
rolyhedral payoff functions, We will show how such & problem, but
within the team contaxt with probabilistic uncertainty, is also
smenable to linear programming,

We will begin with'a‘dgscussicn of a very simple exanmple
(Sse, 4.2), This will be followed by a general treatment
{Ssc. 4.,3). The introduction of the complications of unceriainty
and team structures into a programming problem tend to result in
a substantial increase in the size of the problem, On the other
hand, joint constrainte on the actions of team numbers with different
information may result in very restrictive constraints on the
dascision functions available teo team, This is exemplified by the
result pressnbed in See, L 4,

5,2, A&n Example: polyhedral case

Supposa fhat a fire has n salésmsnF ezch of whom goes out
at the beginning of the pericd to get orders, Assume that the
ith salssman faces an unlimited demend, at price (I+ig)s and en

the basis of kuowledge of that priee, but not of ths prices faced
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by the other salesmen, he must decide on the quantity gy that he
will accept in orders, The orders of all the salesmen are filled
eontrally and the unit cost depencs uponr the total quantity ordsred,
The unit cost is 1 4if the total quantity ordered doss nol excaed
a certain 1imit e; but for that amount that exceeds ¢, the unit
cost iz (1+d),

Thus the actlon variablae for the ith salesman is a
nonnegative real oumber 83 the state of nature is specified by

the n=tuple xa(xl,,"--;,xn); and the payoff function is

n n ‘
L a it T a e,
ey T juy *
e ix,a) =

n ( n ) n >

L %X = 4l I a;=c it ¢ a, ¢
ey YA T Ty M m1 +° 7

(4,1)

= min {}:a.j_xig ag (xy=d) + dc} o

Figure 5 3shous contours of w for fixed x, and n=2,

R

Fipurse 503

Ny
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The state of nature x will be supposed to be subject to the
probability function n,

The information structure is
{4,2) Nalx) = x4,

The team decision problem can therefore be formulated as follows:
Problem I. Choose nonnegative functions U p 0200y to maximizs

Ee(x.al 1(x)1) = i @(xsay(x 1,200 sanlxn Dnlx),

We will now show that the optimal team decision functions can
be found by solving the following associated linear programming
problem, {Recall that x is assumed to be restricted to a finite
sst, of possible values,)

Problem JTI, Choose nonnegative functions @y 5°2° 50y and a
nennegative function B of x, to maximize
Ef(x) = i B(x)n(x)

subject %o the constraints.
S
f CREENCHN

(4.3) for a1 x_
Bx) = 5 ay(xy)xy=a)  do

(Note that, because =x is restricted to a finite set, the
functions 8, a5p°0e5%, are each characterized by a finite secuence
of numbers, so that Problem II is a finite dimensional linear
prﬁgramming problem,)

For an cptimal team decision function Q; consider the function

(b.4) Bx) ~ Wikl nxD,
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By equation (4.1), for svery =x, E and & satisfy (4.3).
On the other hand, if a is any team decision function,6 and §
is any ponnegative function of x, with beth satiafying (4.,3),
then
(i4o5) g(x) s w{xaa[)] {(x)1), for every x,
an¢ hencs
(h,8)  B8(x) 5 Bw(xal ()1} 3 Ew (x50 (0)]) = (),
In cother words, of all nommegative functions § for which there
exists a team deecision function a such that £ and o satisfy
(£,3), the function B has the jargest expected value,

On the other hand, if any such function 8 has an expected
valus as largs as ES, then it follows from (4.5) and (4.4) that
the corresponding team decision function « 18 as good as ’&‘;

Thus we have shown that a 3is a solution of Problem I if and
only if {a,8) is a solution of Problem II,

In the example Just presented there were ne other constraints on
the action variables other than that of nonnegativity, Other
linear constraints can easily be handled by the above method, by
simply adding them to both maximization problems (I and II), This
iz a0 even 1f the constraints have random parameters, For example
if the maximum total quantity that the hypothetical firm just
described can supply, at any cost, is e¢' (possibly a random
variable), and if the fim ineists on making sure that all orders
are fill;d, then the constraint

(4.7) z “1(’;5_:’ = ¢, for all x {and possibly all ct)
i -

is simply added to both problems I and II above,
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4.3, An Example: A simple linear cage
The simplest case of a polyhedral function is a linear fuﬁction,‘
Ta this case the original team decision problem ie already in the
linear programuing fors, and there is no need tos go to the associated
rroblem (the "Problem IIM of Sse, 4,2, ),
fionsider the exampls of See, 4,2, , with the modification that

supply is restricted absolutely te be no greater than ¢,

Thus
(ng) w(x-za) - I a’j_xia

) 2 <
{4 9) ai 0, & a, ¥ e,

Here the team decision problem is:

Choose nonnegative functions ala"°9a to maximize

71
(4.10) Ew(x,&[q (x}) =2z ai(xi)xin(x)
x i
subject to
{b,11) b ni(x ) B c, for every x,
3 i

Nots that (4,10) and (4,11) are linear in the functions a1°..°”an°

It may help the reader to see in more detail the special case

2
of two values, x;4 and X, Let the probability that x; = X,

in which =2, and in which Xy and x_. can each take on ons

be denoted by py., and let “i(xim) be denoted by ay,(i.m=1,2);
then ghis team desclision prdblpm is:

Choose nonnegative rumbers & {(i,m=1,2)}) to maximize
{4,12)

LI 8y Ly Mm
im

subject L0 the constraints
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(4.13) 1 s ‘
, 5

Mo * By ©

&, + A g <

12 22 -

b4, Use of Porson-by-Perscn Uptimality

As was meationed earliier, the person«by=-person optimality
principle doss not iypically provide a sufficient condition for an
optimal team dacision function when the payoff function is
polyhedral, I-Ex:)weva.r, the fact that p.b,p. optimality ie a necessary
- condition for optimality is often helpful,

In the example just. diseussed {Sec, 4,3, ), the p.b.p.
prineiple leads almost immediately to en explicit solution if one
fur*thar assumption ig made, :

For any fixsd i, the conditional expectation of & (x,af Y}{x)})
giver x, 1s {see (4,8))

(4.14) ag(x. )%y + ;‘1 Ela,(x,)xy [ xg ),

Honce, for « to be p,b.p, optimal, ui(xi) = 0 Aif x, < 0;

and if x, > 0, then ai(xi) must be equal to the largest velue
of a5 for which

(4.15) 2, + fade) Se
10 3

foy every x such that X5 has the given value, If it is asswmed

that the ranga of every variabls %, 15 independent of the values



of the other variables, then in (4.15) all combinations of xj‘fs
are pessible, so that ai(xi) mugst equal some one number 21 for
all 2 > ., Hence, in order for a to be p,b,p. optimal it muest

be of the form

0, if x <0

1
{4,16) ag () = , dwl ees.m,
\ 'Sfia if % >0
whers 359909925 are nonnegative numbers satisfying
AT g “5:1 s e,

For such a team dscision function

{4,18) Q(e_c) -z a,B{x; |x; > 0),
Henas for the optimal tesm dacision function «a Z‘i = ¢ for some
onz i for which E(xiixi > 0} is 2 maximum, and 3’3 = 0 for all

3 # 41, In other words, in the opiimal team decision function, under
the constrsint that has bsen assumed, cnly one salesman ever accepts
any orders (the others ars "fired"!); he accepts an order egual to
the full eapacity of the firm whensver the prics exceeds ths unit
gost, and otherwise acespis no oxders at all,

L5 Ganeral Foermulation

A funetien £ of n real variables will bs called gconcave~

pelyhadral if there exist linear funciions flg,”“ﬁfm

B s KN
gsuan Lhat

L4

(4,19} f= plg £,
ey

An exsmpls is glven by acustion {4,1), in which {0, for every fixed



X, 4= a concave-polyhedral function of a, with Me2, A concave-

polyhsdral function is a generazlization to the case of several

variables of a concave plecewise linear funsction of one varlable,
Sonsidaf a team dscision problem such that, for every state

¢ nature, the payeff funetion 1s concave-polynedral in the actlon

variables, i.e,, for svery =

{4, 00) - wix,a) o win 2,(x,2),
4

where Alg“‘ﬁskﬁ are, for every x, 1inear functions of A

Supposa further that the action variables are constrained by the

conditions
(4921) &1 2 4] 1“19'”“92‘1
n
{‘?%-;,22) 121 bki(x)ai 5 yk(x)” for every X, kwlonsoﬂxg

whers 6}:1 and Tk arse given functions of the state of nature x

Lo

Problem I (team decision preblem))
Choose nornnegative functions @y ,°**,a (where oy is a

function of yi) to maximize

(4,23) E gin (;gpq[ (x)1)
| 150 o
subject to
n
%y 5 el {1 % 7 (x), for every x, kel, "¢ K,

hLosotlated with Problem I, consider another problem,

Froblem I7 (associated linear programming problem) :

Ghooss monnegative functions 8, aln“",czn {vhere £ is &

function of x, and a; is & function of y; to maximize Bs(x)

subject io the censtrainia
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(4.25) glx) E Kn(xnﬁ[‘q(x)l)p for every x, m=l °*°,Mjg

1
{4,26) zd ki(x)ai{'rli{x)] s yk(x),} for every x, kel ee9 K,
i=1

dnesrem 6, & teem decision function o 1is optimal (i,e., is a
golution of Preblaa 1} if and only if, thers is a function £ such
that (a,f) iz 2 =olution of Problem II,

The proof of Theorsm 6 follows the line of reasoning of the
sxample of Se¢, 4,2, %6 closely that it will be omitted,

Nots that if the space X has e elements, and for each 1,
the spaca Yi has e; elements, then the rumber of “uninowns® in
Problem IT equals (e < z e;), which is not greater than e(N+l),
and the mmber of indiviéual constraints in (4,25) and (L,26)
together iz at most e(HﬁK),

In the special case in which Maig i.e., in which the payoff
function is linear in the action variables, for every x, Problem I
is already in the linear programning form, and there is no need to
go to Problem 1I,

4,6, The Case of Information Varisbles with Independent Ranges

If the ranges of variation of the different information variables
are "independent," in a senss that will be made preciss, and if the
paysff functicn is linear in the action variables, then there will
ganerally follow from this a reduction in the "size" of the resulting
linsar programming problem of finding an optimal team decision
funation,

Assuming that the set of statas of the world is finlte, the

functions ‘Ki? g“ﬁgﬁfaﬁ are said to have independent ranges if

evsry nstuple of values (ylﬁ*°°syh) has pesitive probability, If
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7’ 10°°¢s )? pn are the information functions, then this means that
any one team member camnot rule ouwt, on the basis of his own
information, any combination of values of the information variables
of other team membars that was a _priori possible,

Consider the ieam dscision problem: maximize

(4,27) E 2 ag(x)es (0 40x1)

subject to the constraint that, for every x cz(l? [x]) = (cl(vi 1[::}),,
“e,qn(‘)?n[x]:v) lies in the {convex) set K {x) defined by the
1inear inequalities (4,24}, and the condition that ay 2 0,

Suppose that the functions I 4 » )?lpeoc 91’ n have independent
ranges, For any a, and for each 1, let [gi,,;i] be the smallest
closed interval such that
(4,28) Prob {_a;‘i 4 ay s '51} 1,
and ot I(z) be the cartesian product of the intervals
[gig 31:]9 i=),0ve,,, (For me2, I 45 a rectangle,for n=3, e
rectanguler parallelopiped, ete,),

It follows from the convexity of k {x), and the independence
of the ranges of f( o \ha“” 911-" that the requirenent that
u(‘zl [z]) be in k {x) for every x 1is equivalent to the requirement
that I{(a) be contained in
(4,29) 7 = ka.

(i,e,, k.4is the largest set that is contained in all the sete
k (x)),

Given any particular rsctangle 1 in N-dimensional space one
mey ask, what is the bast a such that I(a) = I? Applying the

person~by-psroon optimality condition, a must satisfy:
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184
(6.30)  ag{ys)= as E(y|yy) 0.

Kai <

Kence the best expected payoff corresponding to the rectangle I

is
(4,31) (L#(1) = z (2,3, * 8,4,),
whare
4 E(MIE(M]H) > 0) Prov(Elalys) > 0),
(4,32)

g, = E(xils(xﬂyi} < 0) Prob{E{n |3y | < 0),
Thus the original problem has been reduced to one of maximizing

{1#{1), vhich is linear in the ;i and g,, subject to the
condition that I be contained in K.

If in the original constraints (4,24) the functions § .
and }’k are all nommegative, then the above problem is even mors
greatly simplified, In that case it is easy to see that all the
g, wust be zero; furthermore, if the 84 are gzero, then I(a)
is4n J ifandonly of (8),°**,8;) dsin ..

Hence the problem reduces to one of choosing 3'1,,--%;“ 80 as to
maximize

Zdgay

subject to the constraint that (Elpeu,_,?in) be in ‘}‘2 .
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Appendix to Chapter 5

“n this appondix wo sketch a proof of the fact that the
condition miven in Seectien 2.3 guarantess that person«by-person
adjusent vesulis in a ssquence of sxpacted payoffs that convarges
to the maxizam valus, The theorem as formulated below applies to
svecessive varigiion of groups of component decision functions, as
well as to variation one compornent at a time,

For each 1 = 1,°+*,¥N let A, be a given finlte dimensional

Euclidsan space, and let A g_ﬂ&i be ths direct product of these,
i )

Let £ be a real valued function on A, and for each real
numbsé r dafine ‘
(2,1} Sp = {xtx E A,f(x) 8 r }

Ir: the team situatlon, Ai is to be intarpreted az the set of
densision functions availabl_e to person 1, given his information
function, and £ as the expscted payoff, (It is assumed that the
a5t of states of nature iz finite,} Ve are making the following
aszumptions sbout f:2
| Al, f is differentiable,

42, m;x«i( {x} = ¥ 45 attained in A,
A3, For svery r, S, Iis convex and bounded,
AL, If »M end- x i® in the interior of Sy, then © (x) > »,

We deiine the funciionsz f 1 and pg as follows, For any

* in A lat

(Aazj i"l‘i{x(}} = m?c:v f (xlgﬂ as e D xaioibr }d‘a xﬁi 'ﬂ'lﬂ enw § on)



whars X, denotes an element of Aj; and let f i{x‘”) be the set
of a1 x; 4in A such that

s o
(£.3) f(xlas'“‘s@_lp Tio X430 o ?-gg) » 3‘1(10)

G -
Finally, let j (x°) be the set of a1l X such that

BN é?i {=°),

(2,43 3§2 % ? N G‘ls X.Zf’"“,x%)

-

;}J ':? N Gﬁ."”? ?éﬁwl" onJ

Theoran, Lot x°,x1a~°° be any sequence such that x E? (1), n 3 1;

then under assumptions Al -'M;

Vi £ () a M
P tagin 2]

Prool, The secuence {f (x".)‘} is inersasing and bounded above, and
thavefore has a limit, In particular,

lin [£(x2) - £{x*1)] = 0,
By A3, The ssquence {xn}is bounded, and therefore has a convergent
subsequence, Thus it is sufficient to show that the function &
defined by
W5} S0 = tnf (D) - 2]

x E-f {x}

ie lower semi-continuous, and is pésitive for avery = such that
2x) < H,
Sinca%(:fl;} is bounded for every x, and f 4is continuous, it
follows thzt te prove the lower semi-continuity of & 1t suffices to
pProve that.% is upper semi-contiruous (i, e, that

Bk, ¥ ),ad P +Fimply¥ e Q(E))Q To prove the latter
A



it suffices to show this for esch 4 as will now be done for
(say) =1, For any x = (xl,,'“,xN) lot y = (xz'-ee.xn); then
on any bounded ractangle in A, the family {f(xlay) } is an
eqguicontinuous family of functions of the variable y, Hence By
_{asr' defined by equation (A,2)) is contimous, which implies that
1 is upper semi-gontinuous,

It remains to show that J (x) is positive if f£{x) < M,
Suppose, to the contrary , that t.here.e:d.sts x° and x such
thet £0x°) « £(X) = r< ¥, and X is mf (x°), Let

o (‘;219 Xecers ),

>

xn"l [ 3 (—x'l’acoa %@1’ ion)

A o= X

as in equation (A, 4); then

(a8  uy (fHar,151gx,

Lat /E; denote the internal linear subspace of A corresponding
to Ay (1515 R), By (4.6) and assumption A4 the linear
variety (x+ + ’Avl) supports the convex set 5. at the point z";
hence there exists a hyporplans H containing (< ¢'Ri) that
supports S, at xl, Similarly, there is a hyperplane containing
(3.1 + ’I;) that supports 8, at x1; but the differentiability of

£ ‘implies that there is cnly one supporting hyperplane for S,

at x', Hemes (x! +R,)cH, It follows that x° 4s in H and thst
(x2 +%}) and (x + A,) are both contained in H, But, by (A.6),

and assumption AL, xz is on the boundary of §

5 hence H supports



Sr' at xg. A contimuation of this line of reasoning leads to the
conclusion that (x%1 + i) for 1S 1S N, which contradicts the
fzet that the Ti are mmtually orthogonal, -and span the space 4,
Thus we have shown that if f£(x°) < ¥ and x ag(x")g then
(%) > £1(x®), But.? {x®) is closed and bounded; hence

inf  £(x) > £(x0)

e §6O
3.8, 5{x°) > 0, whick completes the proof,
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