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A Simple Analysis of the Leontief 2 sicn

I have two objectives, First, I shall give an easy, straight-
forward proof of the more useful necessary and sufficient conditions
that a Leontief sysiem possesses a unique non-negative solution, Then
I will prove the efficiency theorem of activity analysis in the appro-
priate form for this system,

let B represent a square matrix and x and y colum vectors,
The equation Bx = y represents a Lecntief system when the following

conditions are meti

(1) b5 S0, 1% 3,y 20
(2) n

Zb,. 20,

i=] *J

The bij for 1 % j are the quantities of other goods needed to
produce bjj uits of the J th goed, xj is the activity rate in
the J th industry, and yj is the net output of the Jj th good,
The interest in non-negative solutions arises from the fact that nega-
tive rates of activity are not meaningful, In the latter part of the
discussion where the system is treated as a linear activities model,

it will prove appropriate to drop requirement (2} of "dominant"

¥* Research undertaken by the Cowles Commission for Research in
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outputs* This will leave the question of "workability" entirely open,*

*  See Morgenstein 5! .

¥%  See Chipman {11

In dealing with the question of a non-negative solution, we will
need a lemma due to Arrow {i, D 159] + Its preof is immediate.

Lemma 1. If Bx 2 0 implies x Z O, then B is non-singular,
“where B is any matrix,

Bx = 0 implies B(-x) = 0. Then by the hypothesis, it must be true
that x =0, and B is non-singular,

We may now state a Lemma which leads directly to the well-known
necessary and sufficient conditions for a unique non-negative solution,
Let us refer to a matrix B  as positive if Bx £ implies x zo0.
et B now define a Leontief system,

Lemma 2, A necessary and sufficient condition for B 1o be

p051t1ve ig thes every principal minor of B have a at “Teast
one colurm sum greater than 2ero,

Suppose the condition is met but for some y with s 20, Bx=y

and x, < O for some i, By identical rearrangements of rows and

i
columms DBx = y may be written 'Bl Bza ?k 1
: , Where

b }"l
B3 B), i Exzt 2

2
2 0, This gives B. 7y + B oXo = 1. Since off-

xl < 0 and x2

diagonal elements arc not positive, B2x2 S 0, Thercfore, lel £ 0,

By the hypothsesis, p'B; > 0,% where p! (1,.46, 1). Thus
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¢ xy forall 1 and x; > X for some i,




-3 -

p'le1 < 0, since x; <O, But this implies Bjxy £ 0, Since we have
reached a contradiction, xy < 0 1is excluded and B is positive.

On the other hand, suppose that B is positive but there is a
principal minor whose column sums are all equal to zero, Without loss
ofi generality we may suppose that this minor Bl lies in the upper
left hand corner of B, Since the columm sums of B are not negative,
the elements in the columns below Bl mist be zero, We may write
B =i—§l BQW . Sinece p'B1 = 0, By 1is singular, Thus there is a nonzero

o B!

vector xi“ with Byx) = 0, Consider Bx, where x = (x;0), Since
Bx = 0, B is singular, and by lemma 1, B is not positive,

We may derive other useful necessary and sufficient conditions

very casily from those of lemma 2,

Theorem, The following are equivalent!

{a) Any Lecntief system defined_gy B has a unique non-
negative solution,

(b) Each principal minor of B has at least one colum sum

Eositive.

(¢) B is non-singular,*

#* This condition may be found in Chipman [i} and Wong [gj.

(d) If B is completely decomposed, each indecomposable
minor on the diagonal has a positive colum sum,¥#

## More or less explicitly given by Solow i?] and Woodbury [9}.
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(e) It is possible to perform identical permutations of rows

and columns of B 50 that n for ail j.»*
Z bi' >0
i=j *

3 See G, B, Priceg~éﬁ, and in the present context Wongiusl.

Lemma 2 states the equivalence of (a) and (b)., (a) obviously implies
(e). But (c) also implics (b) as we see from the second part of the
proof of lemma 2, Therefore, {c) implies (a), (b) immediatcly implies
(d) since the minors on the diagonal are principal minors. Conversely,
if there is a principal minor whosc colum sums all equal zero, it may
occupy the place of By in the proof of lcmma 2, If By is then

completcly decomposed,##* the indecomposable minor occupying the upper

¥ A matrix & is decomposable if it can be put into the form
B
{0 Ay
complctely dccomposed if it is put by this means into the form

(Aypesedyn

|
1o

1
! through identical permutations of rows and colums, It is

. _and All!"-:Ann are indeccomposable,
i
nn :

left~hand corner will have its columm sums cqual to zero, since per-
mating columns and rows does not change the colum sums, Thus (d) also
implies (b),

There remains to show that (b) is equivalent to (e), This may be
proved by considering what will prevent the completion of such an

arrangement of the matrix when onec begins with the nth column and
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proceeds backward, Supposc the kith colum is in order, The k-1lth
colum is available, without disturbing the arrangements already made,
if one of the first k-1 colums as they now appear has the sum of its
first k-1 elements greater than zero. Byt these elements form a
principal minor, and thus (b) implies that thc condition is met, This
shows that (b) implies (e).

On the other hand, if (b) docs not hold, that is, if there is a
principal minor with all its colums summing to zero, (e} cannot hold
either. For every such minor contains onc colum whose elements lie
on and above thc diagonal, Moreover, all the permutations which can be
performed leave one of its columns with all its eclements on and above
the diagonal of B, But this column will violate (e). Thus, (e)
implies (b). This completes the proof of the theorem,

The form of condition (2) is a result of the normalization of the
Leontief matrix, This also explains the special role of the wvector
(1,40ss 1) in the proof, An equivalent condition without normalization is
(21} p'BZ 0 for some p >0,

p may be interpreted as a price vector, Then for actual economics
such a p is provided by the prevailing prices unless some industry
realizes a loss on its current transactions, However, for a tcclmology
which is not in use, the existence of p allowing (2') to be satisfied
will bo an opon question, If (2') cen be satisfied, we may rephrase

lemma ?2 as
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Lemma 2', A necessary gﬁg sufficient condition for B to bg
positive is that p~ B, >0 for By an arbitrary principal
minor of B.

pk is thc subvector of prices for goods appearing in By, The proof

of lemma 2' is entirely analogous to that of lecmma 2 except that »p
need not equal (1,eee, 1)e The theorem can be similerly rephrased and
the proof is as before. Of course, the proofs need not be repeated
anyway, since (2') is obviously equivalent to (2), and then the lemmas
are equivalcnt, The normalization is accomplished through dividing
the ith row of B by p, when (2') is satisfied for p. Leontief,
in addition, divides cach column by its resulting diagonal element.,
However, he is assuming that this element is positive, This is true
if (2') is met unless a trivial colum of zeros is allowed in B,

If one considers the new form of condition (e) in the theorem,

n
where wc now have 2 pibij >0 for all J, it becomes apparent that
i=j n
p can bc altered so that p'B > 0, Suppose 2 pibij >0 for j>=k,
i=1
Then P1seees pk may be increascd slightly in the same proportion,
n

so that Z p
i=1
for j >k, Morecover, (2') will still hold, so that the process can

ibij >0 for Jj =k, without disturbing this incquality
be continued until k = 1,

Now we may notc that condition (2') and lemma 2' may equally well
be applied to B!, the transpose of B, In particular, they imply
that if wc have an x > 0 such that x'B! > 0, then B' is positive,
In other words, B'p =" has a unique non-ncgative solution for every

712 0, This justifies
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Theorcem 2. If B is a sguarc matrix whosc off-diagomal elements
arc not positive, the following are equivalent:

(a) There 35 3 p > O such that p'B >0,

(o) B is positive.

(c) Mherc is an x> 0 such that Bx > 0,

(d) B! is positive,
It is a corollary of Theorcm 2 that if it is possible to produce some~
thing of all goods togethcr, output can be produccd in any proportions,

We may use the results now attained to prove the efficiency

theorem of activity analysis for the Leontief model, In the complete
statement of thc open Leontief model it is recognized that each industry
requires habor input, Let the columns of B represent the output of
a2 it of labor in the respective industries and the complementary
inputs of intermediate products which are needed, Then the open
Leontief model may be written, where B is a square matrix subject

to condition (1),

nv

(3) Bx=y, x

ZxJSC, C>O.

O.

C is the available labor supply. &n output vector y is said %o be
efficient if y + Ay where Ay > 0 is inconsistent with (3)e It is
apparent that the labor supply must be fully uscd, For if ij =0 - u,
u=>0,y+ U%E y would be possible, Also it is no lack of gencrality

to take the price of laber to be unity., Then the officiency thcorem
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of activity analysis® can bc written, for this model,

¥* The goncral thoorem may be found in Koopmans '3, P 82", An
clementary proof of the theorem for the Graham nodel of world trade is
in ‘Li,

Thecorem 3, ég_outgut y of the Leonticf model (3) is efficient
if and only if thc labor supply is fully uscd and therc
cxists a price vector p > O such that p'B =1 and

n when x_=> 0,
Zp.bis=1
j=1 + Y

L}

Supposc thcre is such a p. Then A&y ~ 0 dimplies p'Ay

HA

p'BAx > 0. But p'B S 1, Therefore, p'by S Zﬁxj. But ZAx; S 0,

J
since thc labor supply is fully used, Thus Ay = O is impossible,

On the other hand, let y be efficicnt, Lot B = y¥ be the
reduced systcm of industries actually in usc, Then the analogue of
(2') epplicd to Bl and xX is satisficd, If the analoguc of the
condition in lcmma 2 is also satisfied Bﬂ is positive and kaBk =1
can bc solved for pk > 0, Then since every industry uses some labor,
by setting components of p for industries not in use low cnough, it
is possiblc to realizc 2 pibij <1 for Xy = 0O, For this p, the
conditions of theorem 3 arc met,

Suppose, however, that the conditions of the analogue of lemma 21
is not satisfied, Then for some principal minor Bh of By, thh = 0,
If xh is sct cqual to zero, no output is lost, However, labor is

releascd which can be uscd to increasc the outputs of other industrics.

Thus y would not bc cefficient.
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