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This note considers the problem of minimax estimetion in "Merkoff
situations”, i’or rour different assumptions cwuﬁ.omim matrix
of the chservations. In each case there 18 some Markoff (minimm verisnce
linear unbiassed) estimmtor whieh is nininex among the set of all estimators.
nmumémmemsurchMmummamm |
mipumﬂtohfi‘mty choosing a particular metrix norm, and re-
quiring that the norm of the covarisnce matrix be not grester than scme given
constant; in esch of these cases the minimsx estimator does not depend upon
the sctual valus of the constant, but may depend upon the form of the norm.
et y ben..r_udm ¥-dimenaional vector with mean and covarisnce matrix
sivﬁby’: |
Ey==x7.
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where T is & known M x N matrix, x 1s an unknown H-dimensionsl vector,
and C is only kmowm to be in some class 8 of Nx N covariance matrices.
It is required to estimate a given linear fumction fx' of x, from a single
observation on y. The loss incurred in a given instence is teken to be the
square of the error. Let @ be any cless of distributions P of y, such
that sny P 1n P hes property’(1) for sme x endecme ¢ in £, am
such that P contuns all normel digtributions of y satisfying {1).

The estimétor d will be called Markoff relative to C 1f it is the
Bintwum vu-hnco linear unbiassed estimator of fx!, given C. As is vell
knovn, s Markoff estiwator is cheracterized by the fact that it is a linear
function 3y' of y such thet a minimizes the quadratic form aCa' subject
to the constraint T’ = f. The vector 3 depends upon C only up to multi-
plication by a positive constant (and is in fact equal to £(7c tr') 1 xcl,
provided the required inverses exist),

The main tool of this note 1a Lemma > below, vhioh:ls_ani-ldiatecon-
sequence of the following two lemmas. let r{a,P) denote the risk (mesn
squared error) for a given estimator a andanm P m?; and let
R{x,G) denote the expected risk for « m‘mapﬂoﬂ ﬁistributim G om
P.

Lemma 1. If, for sowe constant k, & setisfies
() »@P)<k forall P in p,
(») M'ulnmc {Gn} of a priori dilmmtimog
| pmum

m w R(G,G ’ L k,
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theg & 1s minimex.
Legma 2. If o is Markoff ralative to C,

{(-o<x<®) of y, such that 1lim wa{a,s)-a‘xm (vkere
n-pe o

aly) = ay?).
Proof: Take Gn to de defiped by e normal distribution of x, with mean

wroau&mim n; it can then be verified that thie sequence has the
desired property. I omit the details.

For sny linear unbiassed estimator afy) = ay!, the risk associated
with any P m@dwmummocompmng c mﬁ, and ia 1n
_fect equal to aCs’. If in particular, & 1¢ Markoff relative to C, then
the risk &C4’ will be dencted by r(C). lemmas 1 and 2 result immedistely
in:

Lewwa 3. 1If G 18 Markoff reistive to € in &, and if &Cd’ <
a2 «7(6) forall ¢ in A&, then G 1s minimax emong all estimators.

It G is minimax, and Markoff relative to £, s in Lewme 3, then
although there may be no least favorsble a priori distribution, lemsa 2 gives
sense to the stetement that € 1is a least favorsble covariance metriz in 2.
In all four cases below it is possible to exhibit such 2 least favorsble
satrix. :

Case I. Let & be the class of 811 C = 0%, for vhich of < kP, where
€, 1is a fixed covarisnce matrix and ¥° 1s a fixed constant. Let &-'bé.
the Nerkoff estimstor relative to k26; then G 18 winimax for & = ;e,.
m.roummmma and the fact that for any
c-aec -‘m;e the risk for a, given C, 1is



vhare G(y) - Sy, does not depend upon thmvalm of kz.

The assumption of Csse I 1s quite restrictive. On the other hand,
1# nothing et all 1s known sbout the covarience matrix, i.e. 12 & 1s the
¢lass of all N x X covarience matrices, them the risk for sny estimstor
is unbounded. Cases II - IV indicate the effects of restricting /8 in
various vays.
case II. et A5 be the class of all C for which |lc|j < k2, where

2

k™ 1s fixed, amd

lell = max aca

Halj= 1

This says that the variance of sny linear casbination ay’ for which

£2,2 1 18 ot grester than K2  (||¢]| 1s also the largest char-
acteristis root of C.) let G be Narkoff relative to k°I; then 4
ummﬂ.,@n, aimotornycmaen: .



dca < |lc| 11812 < &2 {18112 = F Py

and Lemns 3 applies.

Hote that the lsast favorable { is ore ia vhich the coordinstes of

y mmcomhted,amthat-a does nbtdepcnduponthevalunof ke-

_m.,' Lat /e IIT be the class of all C for which Var(;ri) =

2
ey €

k®, where the k, >0 ere fized. Lot 3 minimize (Zx (s

subject to aT’' = £, and let

1, otherwise

Then the matrix C = ((kj_ﬁ"f;n is a coveriance matrix ormkl,':and.
A~ ~ 2 ~
8a - (}Ek‘_ &) = 7.

The get of a for which Ek1|a1|$k, is, for any k, the convex
Polyhedron bounded by the 2' linser varieties Ecikiai-k, vhere the
¢y are taken to de + 1 in all possidie ways. The vertices of this poly-

hedron are the vectors + % e, vhere o, is the 1i'th unit vector;
. 1 ~
‘hence & mey alvays Be taken to be one of the vectors + !{El ..
g

For eny C m,qlfw‘lhleh ¢yg > 0,



8ca = T & Jo, 3
1,3 ‘f—i; ¥ u & Joy

< I |a a:
£ L 18} 555 &t fe,,
P 2
- ('f 13, J"u)
Tlal ) -2
k =P (C
()"

so that Lemne 3 applies and a(y)-ny' 18 minimax for EIII
Io this case, the lsast favorable C 1a c, i.e., the coordinates of y ars
perfectly correlated. The estimator & depends upon the k, omly up to s
constant of proportionality. '

In particular, if all the k, =k, G does mot depend wpon k. In this
last case of squal k,, 0 . could also be defined by: |cm|sk2._

Case Iv. Let & .. Ve the class of all C for which trace (C) «

2 ~ |
Loy SX. 1ot O be Markoft relative to ¥°L. For amy © m £

A be its characteristic roots emd p; ‘the correspcading characteristic
vectors; then A, >0, L, $k, ama
sCa = z:&(a,pi) S Iryaarg i - F 08 1),

o that G is mintmax for £ . giving the seme result as Case I.



