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Optimality Criteria for Decision Making Under Ignorance
Leonid Hurwiczy

1. The main result of this paper is a theorem stating that if certain
properties are assumed for the optimality eriterion {in particular the
property of "independence of irrelevant alternatives," as well as certain
invariance propertiea), then an action must be evaluated merely in terms
of the best and worst it may accomplish. Criteris of this type were con-
sidered in the writer's CCDP 355 where the use of a linear function was
supgested.

The properties required in the theorem are closely related to the first
ten axiams in Chernoff's CCDP 326A. The chief difference consista in the
fact that the requirement of independence of irrelevant alternatives as formu-
lated by the writer is essentially equivalent to that of Arrow's in "Social
Choice and Individual Values," i.e., stronger than Chernoff's.

It will be seen that the requirements imposed are so strong that they
at times conflict with the admlssibility axiom. That is, it can so happen

that two decisions are optimal though one of them iz never inferior and

1. The main result below corresponds to 1.12 in John Milnor's "Games Against
Rature” (RAND RM-679) which came to the author's attention during the proof-
reading of the present paper. Detailed comparison of the two formulations has
not as yet been made.



sometimes superior to the other one. It is possible to alter the axiom sys-
tem so as to remove the conflict with admissibility while making the "best—.
worst" criterion modified by admissibility as the only one permissible.?-/
This point will be treated in a separate paper.

The writer feels strongly Iindebted to Chernoff and Arrow who have de-
veloped the type of approach, both with regard to formulation and method of
proof, found useful in the present paper.

2. The decision maksrt's problem is to select an "optimal™ subset D from
his strategic domain D; he is assumed to be totally ignoranté/ as to which
state of nmature within the given set E prevails.l‘-/ The payoff, in the nature
of utility, is given by the function

(2.1) u = @#(d,e) déD,e€eE

where u is a (finite)} real number. (If we wish to permit "mixed" strategies,
we think of some of the elements of D or E as probability distributions on
the respective "pure" strategy domains A and B. TIn that case it is convenient
to assume that utility is "measurable," i.e., satisfies the von Neumann-
Morgenstern or Marschak postulates.)

3. By a decision problem p is meant the ordered triple (¢, D, E), i.e., we

define

(3.1) p= (¢s D, E).

A class of problems p is denoted by P. Il is assumed that P is nonempty.

2. It was the admissibllity-modified "best-worst® criterion that was con-
sidered in CCDP 355 .

3. No elament of & is "more plausible” than any othar.

4. The sets D and E are nonempty. (The interesting case arises when each
of these sets has more than one element.)
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L. A criterion of optimality 'Y, for a given class P of problems is a
function assigning to each problem (¥, D, E) = p ¢ P a nonempty subset
0¢D<D. Discalled the solution of p and the elements of D are said to

ba OEtimal. Ye have
A ~
(h.1) D'YP(P): 0«D<D,p= (ﬂ: D, E)’ pé P.

Assumption: Every p4 P has a solution. (This assumption is implicit in
the remainder of the paper.)
Two elements d', d", D are said to be optimally equivalent in p if, for

& given p, either both dt and g” arein?)orbot.hd' and 4" areinD--S.
Clearly the relation "optimally equivalent in p" is reflexive, symmetric and
transitive, hence it i1s a proper equivalence relation. Uhen the melation
holds we write E/

(4.2) ar 3 da"{p].

5. Independence of irrelevant alternatives. This property, formulated in
somewhat different ways, appears in the axiomatlic system of Chernoff's CCDP
326A (as well as his remarks on the "regret principle” in CCDP 326) and in
Arrow's "Social Choice and Individual Values" {Condition 3). The recent work
by Marschak and Radner (CCDP 2018) is concerned, inter alia, with examples of
failure of the independence property.

In what follows we shall adopt a formulation which is equivalent to Arrow's
and is somewhat stronger than Chemoff's. Tt is found convenient to follow

Chernoff's technique and start bty defining the concept of strategic inclusion

for two decision problems. Given two —wroblems p' = (!, D!, E!) and

5. The notation in (4.2) could be made more explicit by including a reference
to the optimality eriterion used, é.g. writing d' ¥ d"[p, Yopl-
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p" = (#", D", E"), we say that p' is strategically included in p" if

Dt < pn
(5.1) ' E' = Ef = |
g1(d,e) = ¢gn(d,e) for all d € D" and e € E.

Bhen (5.1) holds, we write
(5.2) p'e p".

PROPFRTY A. (Independence of Irrelevant Alternatives.)

1
(5.3) p' € p"

then

(3.h) DN Dt 4O
implies

(5.5) D" A DY =Dt

It is easily seen that Property A implies Properties A'.I.’ "‘2’ A, below.

PROPERTY A . If

3

(5.6) p'< p" and dls d2 €Dp,
then
(5.7) d) & dy[p'] if and omly 1f d) & dy[p"].

PROPERTY &,. Let p, = (ﬁi, D, E), 1 =1, 2 where

(5.8) dl(d,a) - ¢2(d,e) for all d € oA Dyand e ¢E

and let d', d" be elements of D, N D,; then

(5.9) ar 3 d"{p, ] if and only if a! ° a"{p,].

Proof. Suppose d! o d" [p;]. Consider Py " (;63, D,, E) where D, D) U D, and

B5(dse) = #;(d,e) for d «D,, 1=1, 2.



-5 -

Clearly py & Py3 hence, in virtue of Property A d! g av [p3]. But, since
pz'i p3, as 3 an [p2] also follows from Property Al. The converse is proved

in the same mammer.

PROFFRTY A,. Let p, = (¢i, By E), i =1, 2, 3, where

3

(5.10) ﬂjl(d,e) - ¢i2(d,é) for all d € nj_lﬂ Diz, 1, 4,1, 2, 3
then
(5.11) ar o an [py15 4" & 4" [p,], d, a™ & D,
implies
(5.12) ar 3 am [py)e
Proof. Consider p = (#, D, E) where D = D,V D,V D, and

#(d,e) = ¢i(d,e) for all d €D, i=1,2,3.
Since

Pigp for 1 =1, 2, 3,

it follows from (5.11) that d* & d" [p], a* § d™ [p]; hence d' T d" [p] and,
in virtue of Property 4,, {5.12) follows.

6. Invariance under transformations of strategic domaing. This invariance

property 1is, except for a minor qualification equivalent of Chernoff's Con-
sequence 1 (obtained from his Axioms 9 and 10).

We again follow Chernoff and start by defining a certain equivalence
concept. (Chernoffts %isomorphism" in his Definition 1l.)

p' is said to be equivalent to p", in symbols
(6.1) p'~ P%s

if there exists a one to one transformation f from D' onto D" and a one to one
transformation g from E' onto E" with the ;roperty that, for each d' ¢ D' and

e' € E', we have
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(6.2) ﬁ'(d"e') bt ¢"(d":e")
whara

an = f(d!)
(6.3)

e = g(et).

PROPERTY B. (Invariance under Transformations of Domains.)

bE
(6.4} p'rsp®
then
(6.5) D = £(D1)

vhere i‘('f)') denotes the image of Dt in D" under the transformation f.g

7. Lerma 1. Let "UP be an optimality criterion for which Properties A and B
hold. Let p = (@, D, E) and suppose that for some d', 4" & D and some e',
e" € .E the following relations hold:

glar,er) = g(an,em)

(7.1)
Hdv,er) = fdr,en)
while
(7.2) P(dt,en) = #(d",ex) for all e+ E = E - (e',e");
then
(7.3) d' 8 av [p].

Proof. Let B(d',e') =al , B(d',e") -/3. ¥ithout loss of genaralityyg may be

6. For terminology concerning the transformations, cf. 2 Haimos, ¥easure Theory,
Pe 1610

7. It is important to note that a problem (and hence its sclutim) is unchanged
when rows and/or columns of the payoff matrix (together with their "headings" 1)
are interchanged. Thus

%2 S &
i 2 22 Y21
9 f2a % G2 By

are merely two ways of representing p = (f, D, E) where D = (4, d5),
E = (el, a2).’ arld ¢(di’ ej) - ijo



represented in its matrix form as

(7.4)

where E, = E - (e',0"), D, =D~ (d',d") and both may conceivably be ampty;
a, b, ¢, and 111 are sub-matrices of the payoff matrix;g/ & and )9 are scalars.

Now p is equivalent to itself in two ways: first, obviously, by the
identity transformation, and second by the one-to-tne transformations

dr = £(d")
d" = £(dr)
(7.8) By = #(ny)
et = ge")
e" = gle!)
E = alg) .

Hence, by Property B, if (say) d' is optimal then so is d" (as the image
of d' according to £). Similarly d" would not be optimal if d' were not.
Hence (7.3) follows.

8. Consider a problemp = (@, D, £E) where E = (el,ez, cees eN). Denote by u

d
the Nedimensional vector

- [ﬂ(dsel): ﬂ(d;ez), XXY ﬂ(daen)]:
so that u 4 is the row of the payoff matrix corresponding to d. An N-dimension-

al vector differing from u 4 at most with regard to the order of components is

called a permutation of u q°

8. We find it convenient to use the matrix language even though E might be a
continuum and g(d,e), for a given d, a continuous curve (when the matural®
ordering on E is preserved).



Assumption I. Let p€ P. Then thers exists a p# é P such that pg p#, the

payoff matrix of pit contains all the permutations of u

dforalldl:D, and

pis € P Af pur G pw.
9. Lemma 2. Suppose P satisfies Assumption I and let 'f? be an optimality
criterion for which Properties A and B hold. Let p = (&, D, E),

E= (el,ez, - eN),a,nd suppose for some d', 4" €D u. is a permutation

dre
of Ugns then d' O 4" [p].
Proof. Let
0O
U, ma - (al,az, esey aN)

Ugn = at . (ail,aiz, erey aiN)

where (11,12, vauy i!l) is a permutation of (1, 2, ..., N}. The problem p

may be represented in matrix form as

whers D(l) = D~ (d1,d") may be empty.

Now define, for § = 1, 2, ..., N-1, aJ in such a way that a’ is obtained
from al™l by the interchange in ad™* of 2 and a, . (Clearly, ;N'l 80 defined
is identical with that defined above.) .

Consider now p = (B, B, E) which in matrix form may be written as

d® a

4 ||
4 || &
&, N2
d» aN'l
il | I




By Property A, the Lemma is proved if it is shown that d' & d" [p]l, since
P2p. But, by Lemma 1, d° a‘dl (21, a deﬂ [Pl for § =2, 3, cun, N=2,
dy o 0 d" [p]. Therefore, by transitivity of the equivalence relation,

d* § a" [p] which completes the proof. (Problems p and others implicitly
used in the above proof are elements of P by Assumption I.)

10. Invarlance undexr deletion of repetitious columns. This property is

postulated by Chernoff in Axiom 8.

Ve shall sgy that the problsm p" is derived from p' (through deletion
of repetitious columns), and write

(10.1) P 'mausy D",
if
(10.2) Dt = D#
E' D Ew
and
(10.3) #1(da,0) = gr{d,e) for all e ¢ EM

while for each e# € (E' -~ ER) there is an e" € E" such that

(20.4) gi(d,en) = gn(d,e") for all 4@ & D.

PROPERTY C. (Invariance under Deletion of Eepstitious Columns.)

1t
(10.5) P 'y P
then

(10.6) Dt = Bn,

1l. Assumption IY. If p& P and papp¥ then pe € P,

1l. bis. Ve shall denote by U, the (unordered) set of distinct elements of u "

[Uy is the image of d in the utility space by B(d,e).]
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l2. Leama 3. Suppose P satisfies Assumptions I and II and let 1’? be an
optimality eriterion for which Properties A, B, and C hold. Let p = (#, D, E),
E = (el,ez, coay eN), p ¢ P. Then, for d4t, d" € D,

(12.1) Uys = Ugn
impliss
(12.2) d* o d" [p].

Proof. p may be represented in matrix form as

a’ '1 v2 s 'S “1 w2 ces "1‘
N

@ B by ... .. L
p(1) ¢

where the v's are the S distinet elements of Uge
<

ordered that vl< Vg€ eee & Vg while vy -wzﬁ ces - p each w equals one

Ud'" and the columna are so

of the v's, and, of course, S + T =~ N,

Consider now the problem p = (8, T, E) which may be written as

dt '1 72 see 8'1'2 e 'T
dane 71 v2 ces S ‘l 52 “ns Sr

where (vl,vz, ooy Vgs Bys8p) seey '1‘) is & permutation of (bl’hz’ R bﬂ) and
the s's are arranged in ascending order 5 . 5, $...% e (Again, by (12.1),
each s equals some v.)

By Properties A, and 13 (with Lemma 2) it will suffice to show that
a' o am [5).



Now guppose that, for some t, W, e, Clearly, by Property C, the de-
letion of the column containing these two entries would not affect the opti-
mality properties of d* and d"' (since it is a repetition of one of the first
8 columns). Hence we may assume that all such colums have been deleted,
1oeay Wy 3 s, for all £

For some fixed & , let "o = w,, while ‘to " W k' F k", say k' < kv,
Denote by px = (@, D, E) the problem represented by

dt V) Yy oeee Vg ver Vin cee Vg W W, ol 'to ces Wy

dl V) Yo 0rr Vpn e Vi eee Vo By By oo 'to coe By

where the second row in p# is obtained by interchanging Vit and Vin in the
second row of p while the first row is the same as in p. By Lemma 2 it will
suffice to prove the optimal equivalence of d' and dl in p#. But in ps the
colum containing 'to above ‘t’o repeats the column with Vs above Vine
Hence, by Property C, the former may be deleted. In this manner we get rid
. of all the columns containing wis and z's, and are left with two identical
rows (consisting of the S v's) which, by Lemma 1, are optimally equivalent.
Hence the conclusion of Lemma 2 follows. (Problems p, p%, etc., are elements
of P by Assumptions I and II.)
13. Let p = (#, D, E) and let d', d" be elements of D.
PHOPERTY Dl'

Iif
(13.1) #(dr,e) = B(d",e) for all @ ¢ E
and

(13.2) a1 & D,



(13.3) a" € D.
PROPERTY D,.
¥
(13.k4) #(dv,e) * P(d",e) foralle €E
and
(13.5) a ¢ D,
then

(13.6) ar £ .

14, letp€ P, p= (@, D, E). For any d ¢ D, write
md = max Ud
u, - min Ud

whenever the right-hand members exist.

4. bis, Assumption JIJ. Let p € P, d' € D, Mgy = Mgq = Nand my, = Dy = Mo

Then there is a p* = (P, Dx, E) such that p& px and there are two elements
dl,daé in D» for which

Mdl,e') =m for o' ¢ Elamﬁ*(dl,o) -H_forof!:l

ﬂn(d.z,c") = ¥ for e & E, amlﬁn(dz,e) -nforefl!z
wha:reEl, Eaarechounatwill.

15. Lemna 4. Let the conditions of Lemma 3 be satisfied; assume that ‘PP
also satisfies the Properties Dl, Dz and let P be such that Asaumption III
holds. Define

lld * Bax Ud

By - min Ud.
Then, for p = (#, D, E), d', d" ¢ D, the relations



(1501) Hd, - l[d,,
By, ™ Wyy

hold if and only if

(15.2) ar 3 a {pl.

In virtue of the preceding results, we may assume that D = (dt',d") and
write the entries of each row of the payoff matrix in arbitrary order. Thus
P is represented by

(15.3)
where each row is arranged in ascending order, so that ay :‘i*l and b:l. . b1+1
for 1 = 1,2, ..., §-1. let the common value M,, = Myn be denoted by ¥ and the

common value m,, * m;, Wy m, so that

R
un-bn-l.

Nmmiduz/theproblamﬁi-Psudz that P 2 p and p is represented by

(15.4)

%

9. P ¢ P by Assumption IIT.



-1l -

where every entry {except the first one) in the first row is M and every entry
in the last row (except the last one) iz m. Now dl and cl2 are optimally equi-
valent in p# in virtues of Lemma 3 (since they have the sams image

U

!

that of 4t and d" (ky Property Dl). If neither d; nor d, is optimal, then the

- Uy -{n,lJ"- ). If they are both optimal, the optimality of d2 implies
2

nonoptimality of d, implies that of d' and d" (by Property Dz). (The latter
possibility is excluded by the definition of ‘}’P implying that every p & P has
a molution.)
16. In Seotion T we defined a permutation of a row of the payoff matrix for
the case of a finite E, Ve now generalize this to the case whore E may be
infinite. As before, let

u, = [#(d,e), & € E].
We say that u,, is a permutation of u,, if there exists an automorphism £ on
E such that

ga',e) = gla*,1(e)]
with 7

f(e) = o foralleeEliE,
vhere E - E is not infinite.

17. Lemmae 2#. With the term "permutation® defined as in Section 16, Lemma 2
holds without the restriction that E be finite, sinoce the proof of Lemma 2
only uses the finiteness of E - E, rather than that of E itself,

18. Lemma 3%. Suppose Assumptions I-III are satisfied and Properties A, B,
and C hold. Let p = (#, D, E), D = (d’,d"), E possibly  infinite, and, for

some o', e" ¢ E,
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ﬂd',e') =n

¢(d',8) = M for all e € [E ~ (e?)]
(18.1)

ﬂ(d",e") = M

#la",e) =4 for all e € [E - (e")].
Then
(18.2) ar 9 4* [pl.

Proof. This case may be represented by

where (m) and (M) denote respectively row vectors (possibly infinite) of m's
and #'s. Now by Property C this may be reduced to the problem p* with

where e"' € E. But p# has a finite Ex = (e', e", o™ ), hence Lanma 3 applies
and (18.2) follows.

19. Let p = (#, D, E) where % may be infinite.

Assumption IV. For every d & D, M, and m, exist and are finite.

Assumption V.1. For every d ¢ D, ¢(d,e) = Hd for a finite number of e's only.}-?—/

Assumption V.2. For every 4 & D, #(d,e) = =y for a finite number of e's only.-]-'-g/

1. Assumptions V.l and V.2 can be relaxed to s considerable extent.
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20. Lemma l#. Let Properties A, B, G, D, D, and Assumptions I-V hold. Then
Lenma L4 holds without the restriction that E be finite.
Proof. By Assumptions IV and V and Lemma 2% it is possible to perform the re-
ordering analogous to (15.3). Consequently the analogue of (15.l) may also be
constructed. It then follows from Lomma 3% that dl and dz are optimally equi-
valent and the remainder of the proof is exactly as in Lemms L.
2.. Theorsm 1. Supposs P satisfies Assumptions I-V. Let v{i =X (i,m,) be a
scalar-valusd function and let a class Y ° of Y 's be given by the requirement
that, for same £ , d € D 1 and only 1f v X3 vi, for all d' € D. Then Ve Y®
if and only if the Properties 4, B, C, Iy, D, hold.

It is easily verified that the Properties A, B, C, Dl’ D2 are satisfied
for W € Y °. The converse follows from Lemua L.



