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l. Intreduction.

The estimates of the regressive parameters in linear regression obtained
by least squares ars unbiasgsed whether or: not the covariance matrix of the
disturbances is correctly specified. On ‘the other hand, the corresponding
loss of efficiency may be far from negligible. A particular instance of in-
correct specification of this covariance matrix which has received some at~
tention recently is the situation where the disturbances are assumed to be
independent, with common variance, when in fact they are autocorrelated by a
Markoff process. By means of artificially constructed samples, Cochrane and
Orcutt ({1], [2]) have investigated the loss of efficiency for a special
linear regression eqw tion, and a special system of two linear equatioms. A
recent discussion on {esting for autocorrelation in the disturbance of a
linear regression equ: tion is given by Durbin and Watson ([31, {k]).

The present papel is also concerned with the particular instance where
the disturbances are (istributed according to a Markoff process. Two situ~
ations are investigated. First, the disturbance is assumed to be stationary
when in reality it is not. Second, in a two-equation system (reduced form),

some consequences of falsely assuming the same process (i.e., same autore-



gressive parameters In the Markoff process) for the disturbances of both
equations are exhibited. Pinally, in the last section of the paper, a few
remarks are made reg.rding the aforementioned papers of Cochrane and Orcutt.

2. Least-squares prnicedure under linear transformat ions .

Let the random ariables
Y = (J3s Tos oees ¥y) (1)
have the expected val ues
Semy«oa (2)
where
8 =(8,0,, ..., 8), k<n (3)

are k unknown parametesrs, and

A'[aij] i"l, 2, -oo,k (h)

J=1,2, «euy n

is a matrix of rank k the elements of which are known and fixed.* Suppose
the disturbances

u=y-§ (5)
have the covariance mitrix
Butn = o2 {1 (6)

where {1 is nonsingulir. Then, as Aitken [5] has shown, the best linear un-
biassed estimators @ «£ 8 are obtained by minimizing
- L ]
-0  r-8) (7)

¥* This is the fixec variate case. If the elements of A are repgarded as
random, the expectaticn (2) is conditional, and the disturbances y - § are
independent of the elements of 4.
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with respect to 8, wiere we assume, of course, that the elements of{) are

%
known.

Now let G be su:h a matrix that

¢'flg=-: (8)
where In is the unit mxm matrix; and set

YT=yG

7 - g (9
Then 1t can be shown (cf. Gurland [6)) that the minimization of

(- xx-7) (10)

with respect to 6 yiclds the same estimators as obtained by minimizing (7).
An expression fcr the joint efficiency of unbiassed estimators 98¢ ")
which are obtained by minimizing the quadretic form
v-5)AG-3) (11)

will be used in the sequel. This expression can be derived by referring to
formula (68) in Ourlend [6]. The joint efficiemcy of 8" s given by

=1 1y~1
aee. (B . det(a (02"
( ) det{(A Ay A-/\-n./\:'k'(l-/\l');r]

(12)
det."’(aj\a')
det(AA L A1) det(a OL71 4

Applying the transformation (9) with G given by
¢’ Atga I, , 06' = AL

%* For the case som) or all of the elements of L\ are not known, the
author {6] has proposi)d a method of estimstion which does not rely on the
assumption of normally of u.

#%  Considering only the class of linear unbisssed estimators, this ex-
pressgion for Joint ef:'iciency is in agreement with that of Cramer [8§] s since
the ellipsoid b{A {1 4") b' = Ik + 2 is contained in the ellipsoid

slAA A1, AQAR AN = + 2.



then
~ 20om’
mee, (§¢\)y o L det(mB L (13)
dst (BuB')det(BM™B')
where
¢'{lag =
(1h)
AG =B
3- Linear transform: tion in two special cases.
Consider the first-order Markoff process
ut -f’UH>£' = vt t = 1, 2, LR ] n (15)

where vl, Vo9 =ees v, are independent with common mean zero, and variance 02 ’

and

Ev,u =0 t=1, 2, v0u, . (16)

Supposing u, has" mesn zero and variance r\ 0 » the covariance matrix of u

becomes -
T P2%2% ceeeennn.. pg2
pe’ 1+P%  pus %P P2(14 p2?)
?232 P+ 27 1+p2% tha ) n-2(1+F2+P hgz)
ALl - o?
f "lg* .2(1"f’ %% fn':3(1+ PP fhgz) 1+ f2+ f ... P

2=1+f2>2, (18)

#* It would be equiralent here to take u, = t‘v and define v, for
t = 0 1, 2, L] n,

e

a7
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It can be verified tiat the following matrix G satisfies (8).

?é- -p I
0 R ¢ o o0
0 0 1 0 0
0 0 0 0 0
o= . . .. (19)
0 o 0 -}; 0
0 0 0 1 -p
| o 0 0 0 1 ]
Note that far h = 0, the process (15) has a fixed initial value u, =0,
whereas if Az = I—];Fz l F | < 1 the process is stationary.*

The second case for which a matrix G will be found satisfying (8) is
the following, to which we shall refer later in the discussion of a two equa-

tion system. Considior the two Markoff processes

Y,e 7 f1Ya,ea T Tag | (20)

Ut LoV g = Vo (21)
each of which has thi same general specification as (15) with the additional™™

conditions

Yo © A1 Y10
0 = Ay Voo (22)

#* Here we mean stitionary in the wide sense. (Cf. Doob [7]).

#% See Footnote on page l.
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K o ,when t =7 =0, 1, 2, ..., n.

B vlt. vzz,» =
(23)
= ) ,when t £ T .
In this case, the c)variance matrix of
n= (“11: seey Uns Ugys ooy u2n) (24)
is given by - -
C.
11 ‘0‘12
2.2 (25)
]
12 a2,
h g
where _ —
2 2 n-1 2
gi Pigi " & 8 ® ® & & 3 & & Fiz gi 2 2 .
2 22 N~
P18y I+ pigs Py (1 piey)
22 22 N 2
P38y Pi(1* Pie5) P 3(1*195"):){31)
nii - - :
i bd l, 2n ¢ * :
h-1 2 2,0 22 2 2n-g 2
Py e Py Qs pie) l*f’i*fg*““fin &|

(26}




e

n P TR P
Pr WAL Pk f1 o) PER L )

P AOPIRY e fefif pPGep pr e

x| : : | : (2n)

n-lh Pgna(l*f’lfah) an(l"Ple*lefzh) 1 ) Pyt PP TP )
2 15"

——

-1+ )2 )2 $=1, 2. (28)
hel+ fr fo M A - (29)
Taking
— —
i . O cevenan 0 0 O veverecnsenansns 0
e " f AR :
0 R o | .
0 0 1 0 | .
0 0 0 ° | . .
S S N :
I
i 0 0 0 1 0 O renevocnsnnesn .. 0
! s T o Tso T st eTLmme | 9
. . . . | g, _ 0
. . - . | o 1 2 ----------
* - . . I 0 0 1 --------- 0
" . * I 9 0 O covevennsna 0
. . be o o - }91
0 0 O coveonen ol o 0 0 1

it can be verified that



1 | x
- ) O ‘ .o. O
N | ..
¢ .. | o .
. ' -
1| ‘K
Gi.O.ol T m——————
K 1
‘. 0 | ) 0
¢ . l o .
hesoiinamE .‘K ! .‘1
Letting
H Gi;lﬂl
and dofining G, by
EK2- "K

G ‘:_-2 —————————————
2 "1"}{ 0.---. -OI 1
. . .
-3 Il ..
0- oo--.nOl 1
3 o: "1
it may also be verified that
]
G, BG, = I,
Setiing
k = 1K

note that

(31)

(32)

(33)

(34)

(35)



k ' =K
‘--- -.P k 0 s smee 0 re— Pk 0 *sevromera 0
gl 1 L] :g]- 1
0 k -Pk . :o -k pK 0
0 0 k . '0 0 wK 0
o 0 0 * 0 o o .
o . . | * ° . .
- . L) -f k - L) [ -
0 0 0 il:o °o 0 fix
1 0 0 0 k&0 0 0 =X
== 6 ... L. T T D LS
k ?.0- XX K] .........0' l']; _P 0 0 (36)
g 2
. ° IO 1l -Pz 0
. * 1o 0 1 0
. * IQ 0 0 0
¢ I.. - . .
° ] | « » . .
. ° [ . . .
L] ° |0 O 0 ""fa
0 LR N N ] L O B B N BN B N N ] 0 'O 0 0 l

4. Consequences of i1.correct specification of initial conditions.

Suppose the distirbance u, is distrituted according to the process (15)
with covariance matri:: (17). We shall now obtain an expression for the joint
efficiency of the lea:it~squares estimators 30\), dlere*t\ is arbitrary (> 0),
ahen in fact the true value of A is )\ . The brue covariance matrix"” of the
disturbances will, of course, be given by (17), with A= A . Demote this

true covariance matri:: by .

Leat —
x L BN ]
ae| 2 " (31
1 1 ......1
# The notation 3()” 1ised here is more suggestive than th? t)lota’oion 'é(A')
for the estimators ob ained from (11). More precisely, 8 A will now be

nsed to represent the estimators obtained by minimising (y ~§) -1 (y - §)',
where { L is given by {17) with A arbitrary.

i Here it is assumer| the parameter f is known; hence the loss of efficiency
will be due solely to incorrect specification of ) .
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so that the regression equation becomes
Vp = %, 8+ 6t uy (38)
Applying the transf rmation

Y=y@G

with G given by (19} and arbitrary A s We obtain

-= —
"Ef 0 0 TR N W 0
g
0 1 0 0
-3
K-G'n(}- ? ? 1 ? (39)
o L] 0 »
o o0 o 1
where
3221452 32, (40)

Note that, for the iame \in G ana {1,

ORI I,

so that formula (13} for the joint efficiency of 39), @g\) is applicable.
Tt now remains to £.nd, explicitly, det(BB'), det{BuB'), det B™B'.

- —_
! _é_,’xz..rxl, sreresssesnay Xn'—th_l

B=AG=| 1 - ()
E T R £ 4 ]

Let aip ) . éz(xt-f X! ‘2

' Then
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: g’ g
BB = < (L)
Sis =28 Lou (ae)(aep)?
g g
F—— R—
o 52 :2
ﬁ_ﬁ_-psgp) ﬁT-r(l—- )s](_ﬂ)
g’ , g 2 (45)
.'iug_ c-paf) gt (DO
3o+ o) 3+ a-prlf)
s M : ) (16)
;’3‘ + (1-psf) o (n-1)(2-p)
g
Let iy
e 5200) (l-f)sl(P) n
A = det T
o a- pl? - p)?
5 apff)
A = det \ (L8)
1 (n=1)(1- p)
G
WG
2 1 (49)
= det 9
hen - Ay + x‘%‘ by * lf ":: :
s (8, N L S & & o = (0
Ao*xlgﬁﬁ'.l."zﬁﬂ le*EEAl*?‘q‘z




-12 -

It is apparent :'rom the expression (50) that the efficiency depends not
only on the discrepa cy between ) andi but also on the values ofja and the
elements of A. This would, of course, be expected, tut the above expression
indicates precisely liow all these quantities are involved. The following

values and limits of (50) are informative

Eff.(‘é“‘)) =1 when x, -pfx . =0, x $0, pFi. (51)

1im  eer (00 <1 (52)
[
a(A) 1
,}gmx Eff-(eﬂ)-l+z:l_ul+f£1 (53)
#a, % &
lim 1w e 8y .o (s54)

xl'—)'?ﬂ A= e

a1 Eee.(8) - 0 (55).
P>1  Aw=

The above limits indicate that the values of x, and @ are important in
evaluating the efficiency for different values of A when X is the true value.

It is clear the efficiency can be made arbitrarily close to zero by using the
properties signified by (5h) and (55), and to one by (S1) and (52).

It should be remarked that in deriving (54) and (55) we assume p and A
are not functionally related, although the same limits might hold for particular
relationships chosen.

As a special instance of a functional relationship, consider

LI S Pl 6
et £ (56)

This is equivalent to assuming the process L is stationary in the wide"

#  If the process is normal, stationarity in the wide sense is equivalent
to stationarity in th: strict sense.
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sense. It 18 interc¢sting to see what damage results in assuming u, to be

t
stationary when in fact it has an initial® fixed value u, = 0. This case
1s interesting becaise Cochrane and Orcutt [1] {appendix, p.57) establish
the validity of the!r transformation on the assumption of stationarity,

whereas in their ariificially constructed series they take L 0. The
damage when u_has :n initial stochastic value such that :\# 0 can also be
exhibited bty means ¢f (50}, but, for brevigy, we consider here only the

case k 0, AE --—-—2-

ﬂ
Referring to (:0) and setting A = 0, AZ = "l"'i , we obtain
1-p
”(A) A(A] [Ao + ﬁ(l—fz)kl + (l"fa)aala
Eff.(e"’, 65 ) = (57

[A°+x1(1-f2)2&l+(1-f) JIA, + % A + A,

Note that for ;2= C, the efficiency is unity, as would obviously be

expected. Also,

a(d)  a(r) 1 .
lim Eff.{ 6 ) = - (38)
S >l 91 1+n1~5il)2\ g
n o
0¢ —— <1 (59)

* Investigating the bias of least-squares estimators in a stochastic dif-
ference equation, Hirwicz [9] considers separately these two initial condi-
tions of the proces:i.

#% In their empiriial series, the values (xl, Xy eoo xn) are also random.
Qur investigation hire refers to the fixed variate case.
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The lower bound is aitained when e{l) = 0, i.e., when X=X The upper
bound is attained when XX - x3 T Xy P e =X - X1 Hence the
2

loss of efficiency fcr falsely assuming stationarity when A= 0, and f is
close to 1 is exprestsed by the inequalities

L (A)

s lim  E(E Je 1 (60)
nl F->1 91

Note that this lower bound decreases as n increases. This is not incom-

patible with variances that decrease as n increases.

5.  Incorrect specifitation of autoregressive parameters in a two equation system.

A simple two equition system will be considered as an axtension of the
single regreasion equition of § i, wherein each equation containe two regres-
sive parameters (and me autoregressive paramster for the disturbance process).
The method herein des:ribed works more generally; this particular model is
chosen for simplicity. |

The following noiation extends naturally from the one-equation case.

Rl COPRLPYIFTEPE A y2=(-¥21, Yaps cevs Yop) (61)
§q =5y Epp coes $90) By = (5, 555 oos §,,) (62)
By 7 (g Gy ooy 0y ) Uy = (Upys Upny oeep ) (63)

y=(sip) $-(8:58) u=(y,w) (&)
¥ =8, Yo -8, =, (65)

u, and u, are defined by (20) and (21), with the additional conditimns (22)
and (23).
Writing A as
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qxz.....xno 0.....0
L 1 L] - - L Ll 1 0 0 L] - L L] - 0
A= (66)
) 0 0 X Xye o0 e Xy
) 0 - L] - - - 0 1 1 - - - - » 1
the regression equat.ons become
Vg =8 X, * 9ty
(67)

Yoy = 83 %, % 6 + uy,

Wie are interested hei'e in examining the damage caused by falsely assuming
the processes Y anil Uy, to have the same autoregressive parameter, i.s.,
fl = fo- It will tlerefore be assumed that the values of "l and /\2 are

Iknown correctly, and for convenience we take

> ®

A=A - &-Az-o. (68)

The expression for tie joint efficiency will be further simplified by taking
1= '31

Y (69)

This is equivalent & the assumption that the value of 2, is accurately
known to bef‘l, and J-‘z is falsely assumed to be equal t.of.l vhen in fact
Y *
F2 is the true valu: of o, and p, £P, .
Now, the covari:nce matrix of u = (“1' u2) is given by (25), with o, ,

pa, )‘i’ /\2, K all ai1bitrary. The true covariance matrix OZQ may there-
fore be written as fitllows

20 . 2

Q.
d O_ (70)

2 "o



where

1 P
s 2
151 £
8o "
P Fi(l‘:/" )

£1 , 1+ P2
'/’_1 P2+ £y P2)

]
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o
fi(l"’/oi)
¢ °h
1+ f§+ fi ......
P iy
2
2 ot
21+ 1 £)

Pt gt s gy A 3(1"[’1 VR 1 A fre D)

. (1)

Y s2ne?
.’Pi

[ n...]_
- > >

.n—2(1., ’nl fz)

m-s(l*ﬁ fa }2/21

n-1;

B

By means of the transformition Y = yG, with G = @, 62 given by (36), viz.

[ 72)
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2 0 LI I I S 0

-f'a
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De s ¢ o 6 ¢ 6« 2 6O
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the expression (13) for the joint efficiency is now applicahle.
Let

2 hi M,
1 1 .

where

~
o

0 ¢S e anaengy 0

0 LI BN I NI N Y 0

0 KPrerurnnnl 0O

% (75)

0 D assersnea k2

O...|..¢oo

|

et



A
°© o 1 g g2, 503
o o o 1 g )%’2"'!‘ r
Myp = fkK : | (76)
©o o o o Po
© o 0o o 1
0 0 0 O0..... crerere O
12 €12 L I Vi
g% K2 §2 SO, 8y oo v oL 5507008 5, 8,)
Sl f02 f, 5)) e $210p2) . L gpIUNE T p (10 2]
"rf:g‘fa S gy £y Suics ‘(ffz(l"f' D1 S50 52 AL 5
) . : -
st G308 g, £y £PEA S £+ f ) e s pRa g2l
where
5" }’2" f‘; (78)

To facilitate the computation of (13), and at the same time to examine
its values when § i¢ small, and K close to 1 numerically, we assume 2 is
regligible and that ke, L, f?z are of the same order of magnitude. The factor

L appearing with M, end the factor & appearing with G, will cancel out in
K
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(13). For our purpise, then, it is convenient to write

0 SkK 0 0.¢'eeesal
0 0 SxE 0 0
0 0 o0 Skx 0
0 0 0 0 0
Moo= ° . . . . (79)
[ ] - L} (-] 0
. . . . SKK
0 0 ) 0..... 0
k2 0 o [ ] - - " - L] - - - - 0 |
0 ¥ 0 0
0 0 K2 0
) 0 0 0
T T : (80)
0 0 T . K
The inverse of ¥ 1s given as follows.
uil w2
L = kP (81)

ulz' #22

-



rk 0 B R o
0 rk2 0 0
0 0 0
0 0 0 v}
w22 . ) . . . (82)
0 0 0 rk2
[———-
0 "rng 0 0 * & € 2 @ 0
0 0 "rkKJ- 0 « . - 0
0 0 0 -rkkf..... 0
0 0 0 O - - - - - - 0
M12 = . . . . o (83)
0 0 0 0 ..., -rkk§
0 0 0 o - - - - L] L ] 0
where
(8L)

1 "\
T ECZE £2
Referring to (66) ani (73) we obtain
I
T RIS - & By K, KKy ... .-l
k k(1f) K1) o k(1) K KQ-F4) -KQ-8)) ~K(1-4)

1
BeAG-¢ o o 0...v..0 x I, X, X,
0 0 0...... 0 0 1-4, 1.5 -4,

| ]

(85)
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vhere
[ 4
xt=xt ""/’1 Xt_l ) t=2, 3, LER ¥ No (86)
Note that we are taklng p, = £, in G.

A fairly simple case to examine is the i’ollowings* Suppose

NS AT S (87)

Then the only nonzer) minor of (85) will bs

ey W, B K, i
k  k(1-8,) =K -K(1-£.) x5 L
det Pl 1 » 12 det® . (88)
0 0 x X, 1 l-py
0 a 1 -

Fmploying Laplacian”® expansions for BMB', BY™VB', we obtain

a(P,) a(P,) alf2) 4F2) . det M
Effo(elzsaz 35532991‘ ) 1{:2‘ 0 0 ¢Skx (89)
2
get| 0 k¥ °2 0 det My
o 0 k¥ o
Sk 0 0 ¥

where U, .y, 18 the mitrix M of (74) with dimension (2nek)x(2n-1) instead of
2nx2n. Now, 1t is e.sy to prove by induction that a 2nx2n matrix of the form

it Other cases wil.. also‘ba considered presently.

#% The first facto' in the denominator of (89) corresponds to the orientation
of the minor (88) in (85). The second factor, divided by det M, gives the

corresponding cofactor minor in M~l. Note that det2(BB') cancels out from
numerator and denominator.
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a 0 0 o...o:o P 0. v eeao.0
¢ a o d...0 V0 o0 » 0
I .
0 4] a JaeeaoC O | O 0 0 .
- L) [ » * 3 [ - - ] Iy
° - a » - -» l ’ - L] »
S T :
L ] L ] » L] - » l - - L ] [ ]
° - . ' L] 0 ' 0 0 O-. ® s & o+ s 0w b
- - - . L ] l
0 0 0 ” .-.-0 a l 0 0 0 0
0 0 0 {) 00 : a 0 0 0
b 0 0 0 oo ! o a o 0
!
0 b 0 () 0 1 ¢ Q a 0
) S A X (50)
- » ' [ ] L] L ] -
L] [} - I - » - [}
. R .
0O 0 0 ¢ po | o o o 0
}
0 o] 0 C b0 |+ 0 Q 0 a
I —
has for its determinant
aZ(a2 - ha)n--l. (91)
Thus, taking
a =k ; b= dkK (92)
the joint efficiency :educes to
a2(a? . pRy1 a2 w? - $32 (53)
22(a2 - v2) 12(a2 < p2)3 a2 T

Since k2 has the same order of magnitude as J' s it is clear the loss of
efficiency in this cae is negligible ' if  is sufficiently*small. This

= If § = .3, the a'ficiency is 73 parcent, which suggests the loss might
not always be neglectid.
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might have been expected, intuitively, since ﬁl, fo are both very small in
this case; however, t1e situation may have bean saved by imposing the condi-
tion (87) that the values of x, are in geometric progression.” Since /;1 is
small in this situstlon, this would imply the x's are "close," espscially
for large values of n.

It will be seen jresently, in considering other restrictions on the
nature of the sequenc:s Xys oo Xoo that the efficiency may be diminished
appreciably even for 51, ;2 very close, and swall. This would, indeed,
serve as a grim warniig about the possible unreliability of owr intuition
in such instances of lncorrect specification of the autoregressive paramesters
of the disturbance prcesses.,

In the following situation the same order of approximation will be main-
tained as above, but ihe following restrictions will be imposed on the sequence

&
x].’ xz, A RN ] xn- L@t

9 (ﬁl) n-1
xl = x2 = xl —Fl xn-l - Bl - th Kt Xhl = 0. (9h)

Then the matrices BB', BMB', R B' are given as follows

. ]
) )
8, 0 -Kaz 0
3 =y | 0 £ 0 -Kg (95)
K @)
0 K 0 A
* Compare the situition in (59), where the upper bound is attained
for a geometric series for,the xts,
A A

#  For definition ol 8, ~ , s, = , see (42), (L3).
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@) ) ]
kzsgl 0 -1:'235;2 1 0
2 2
' ¢ K f-28Pa] 09‘?) KP[-kf +d K]
@ e, 0 K%s, 0
0 K[k f+ S X ] 0 k2R
(¢ ) T
s, L 0 -kal(s:ol 0
2 2 2
0 KLp + 2 §E o] 000,,) K[-Kf~ SKat]
- 1 r -
B - 2 | =, 0 ¥%s, 1 0
0 KP[-Kf 2 K] 0 wwE
where
A= (1-£)) [14(n-1)(= £)] (98)
A= 1+(n-1)(1—/°01)2 (99)
Hence, by the Laplaclan expansion of determinants, using 2x2 minors ’
2 v 2 4 1.2
det(kBB ) = B c*(s, ~ )
\ B 26 - KA+ JKx
aot(kmm’) = 16s 1 )2 . (100)
2 kB +S K Vi
. ﬁ"' 2¢er¢g -Kﬁ-JKO(
det(k2mitB') = ::6(3201))2 . il (1)

-K}-ZJ'.KA A

Hence, the joint eff:.clency is given by

(96)

(971
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a(’ ) ) () 8

L
Eff. (8 2 8. %,% )°‘20'E"212'72}2T2k
ﬂel 3 h kr[k}- * <]

(r "fl) (102)
' é @22, T2
K
L 02 Ké “2
I 1)

A few comments will now be made about this interesting formula. First,
the square of the de:iaainator will be greater than the numerator provided ?—; <.
Now — o »
L 1
T 1(n1)(2- )7

[

o
which is less than 1 pruvidedfl »>0. However, the numerator haz a factor which

(103)

\J:J}N
"

iz less than one, bit all squared, so the efficiency still remains <1, as it
should, i‘orﬂol sufficiently small numerically. This means the loss of efficiency
is greater for ;l)c. Secondly, (103) shows the efficiency depends on the value
of nj moreover, as i1 the case of {58), the efficigncy decreases as n increases,
if Fl > 0. For fl‘ D, the efﬁ.ciency increases as n increasss.

For n = 11, | -J - k - .2, the efficiency given by {102) 1s B0 percent,
wailst for n = 21, the efficiency is 75 percent. Note also, that the limit of

’

2
(102) a8 n —pm is (1 - _§_§_K_2>2’ which is the same as (108) given below and
k

~ 2
has the value 6k percent for f'l =d = k™ = .2.
Now consider the characteristic roots of the matrix ¥ given in (7h4), (79),
(30). These are given by the values of v satisfying

(av)? [(a=v)? - b2*L = 0 (204)

where a and b have teen defined by (92). This yields as possible values for v
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a, B.-b, a + ‘00

Thus, in decreasing >rder of magnitude, the characteristic roots are

i, 6 28k, e, 2R, 18, 6 2 - S, Bed, ..., - Sk, (105)
4 ), \ J/

v R4

n-1 n-1

Watson [10}, has given a lower bound for efficiency of least-squares esti-
mators in terms of tie characteristic roots of the covarjance matrix by an in-
equality due to Cassil [11]. 4&pplying this method here, we obtain, as a lower
bound for the efficiwmey

[ ]2

2r 12 Y1l S 1) 12 g2

k1)K~ Ik

h’igk. " .)L . . |1 - S (106)

Note that this is tho square of the expression given ‘by (93). Compare it also

with (102). If in ((.06), we set [- 2 = k2, the lower bound of efficiency

is 6i percent, whils; if f- 3= kz, the lower bound is 53 percent. The

approximation may no': be as accurate for { = .3, but it is evident, at least,

that the loss*of eff:ciency may not be negligible, even for small values of
o

fl and )32.

6. Comments on the japers by Cochrane and Orcutt [1], [2].

These papers fotus attention on the diffieulties encountered in regression

analysis when the uncerlying assumptions do not hold. Many interesting points
are brought out in tle results of their extensive artificial sempling experiment.

* As Watson's the:is is not yet available, it is not clear to the author
whether the bound (1(6) is slways attainable, and if it is, how realistic
the required "fixed" values would be. Note, for instance, that (106) is the
limit of (102) us n——p oo; this would require the fixed values to be ex-
tremely close.
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Particular instances are exhibited [2] in which the small sample bias of
maximum likelihood estimators is serious. A case is also given [2] where
the maximum-likelihjod estimators obtained by the method of limited infor-
mation [14] are, emjirically, more efficient than maximum-iikelihood esti-
mators which are oblained by utilising all the information.

Apart from the sampling aspect of such investigations, however, great
cantion must be exercised in how particular assumptions which are violated,
are isolated from other violations, and in ascribiﬁg loss of unblassedness
or of efficiency to particular causes. For inatance,* C.0., actually use
quasi-maximum likelihood estimators (cf.[1L]), since the disturbances have
a discrete rectangu lar distribution, not a continuous normal distritution.
Thus, the curious cise mentioned above, in which loss of information yields
an apparently more fficient estimator is very similar to a phenomenon de-
scribed by Hotellini [13], where the lack of normality brings about great
changes in the taill of the distribution of the estimator.

It has alsc ben pointed out by Wold [12], that the empirical loss of
efficiency obtained by C. 0. [1] for the least-squares estimators when the
disturbances and th) explanatory variables are autocorrelated may well be
dus to the fact tha . the underlying stochastic processes selected by C. 0.
are, in some cases, evolutive and not stationary. |

Another viclat.on which may well be responsible for some loas of efficiency
of estimators in [2] 18 the possible lack of identifiability (ef. [14)).
Little is known of :.dentifiability in the case of autocorrelation of the
disturbances in a s;ratem of equations, and it seems appropriate to settle

* Hereafter, the letters C, 0. are used as an abbreviation of Cochrane
and Orcutt.
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this question before ettempting to estimate parameters for which, under
certain conditions, 1here may not even exist nontrivial estlmators.

The investigaticn of 8L, above, points out ancther violation in [1]
not mentioned by Wol¢. [12], since he considers the problem from the large
sample viewpoint. Re¢ferance to [1] will show that the initial values of
the artificial serie: constructed are taken to be_ zerc. As pointed out
above,' this could le:d to a serious loss of efficiency, especially when the
autoregressive pa.fame ter is close to unity in value; and this value is actu-
ally unity for serie: B in C. 0. [1]. |

As for the inveitigation in §6, above, it points out a danger rather
than a violation in {he methods of C. 0. [2]. Although the two equation
system we have selecied i1s much simpler, it still exhiblts the appreciable
loss of efficiency wt ich may result in taking the values of the autoregressive
parameters to be the same in the disturbance processes of both equations,
when the processes ai'e related in a particularly simple way. What is per-
haps more dangerous, aven in these simple situatioms, is that the true values
of the parameters coilld be very close and small. This would indicate the
need for sensitive tists of equality of autoregressive parameters before
selecting particular models of the disturbance processes in linear regression

equations.
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