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3. Desirable Properties of Lstimates

NOTE: DPlease substitute this for Section 3 of CCDP 363.

In vague terus, the requirement that we shall impese on cur estimates
is that their deviations from the true parameter values be in some average
sense at least as amall as those of alternative estimates, at least in
large samples. The lack of preciseness in this statement may be remedied
by offering definitions of four large sample properties of estimates which
will be regarded as desirable.-‘?-a-/ All of these properties relate to the
sampling distribution of the estimates. In the present chapter, therefore,
these properties mst be interpreted with reference to the notlon of
(imaginary) repeated samples, described in section 1.3, in which the values
of the exogenous veriables remain the same,?-y while the values of the
disturbances are other random drawings from the joint distribution of the
disturbancas.

A. Consistency, An estimate of a parameter is said to be consistent
if, in the sampling distribution of that estimate, the probabllity of the

23. These properties of statistics are discussed in many text books. ' See
for example, H. Cramer, “"Mathematical Methods of Statistica"; A.M. Mood,
"Introduction to the Theory of StatisticsP; S.S. Wilks, "Mathematical
Statistics.” .

Section 5,

2)i. In Chapter VIL/this assumption is weakened to the existence of certain
probability limits for certain moments of exogenous variables..
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absolute value of the discrepancy between the estimate and the true

any
parameter vaiue being less than ,/ given arbitrarily small positive
quantity approaches unity as the size of the sample approaches infinity,

In symbols, if P{E} denotes the probability of an event B, sn estimate
hy of a parameter © is consistent if for all 6

(3.1) Lim P{]h -9!461}-1
Tt T
where T is the sample sige, and £ is any positive mmber, however small.

If h’l‘ has this property, it is said to poéseas the probabilit;r limit ©

and this relationship of h.r t© 6 is also denoted

(3.2) plim h_ =@,
Tow T

B, totic normality. A statistic is said to be asymptoti-
Asymp ity

cally normally distributed if there exist two sequences of mmbers n P

amd o, (where Tp 7 0) such that, the following limits exist

(3.3) lin 721, =N, lim Tp =T
Ty Tdco
where o 70, and such that, for every /\l and Az s
g, o A2, 1.2
: ( T A h gn o+ T r\) 1 sz ax
. 1lim P P cie— = —— .
(3.1) o PUlp* e Nyt i =

|
This says that the probability distribution of h’I‘ approaches more and

more closely 2 normal distribution with mean 1}, end standard deviation

7

TI‘T' as T becomes larger and larger, and that the mean YIT and the quantity
op associated with that normal distribution spproach finite limits. If By

is asymptotically nomal with 7] = @, then h, is & consistent estimate of .
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Asymptotic normality, while not of great importance from the point

of view of the purpose of estimation, is a very convenient property in
asyrmptotically correct

an estimate. Besides making available anfable of percentile points,
this property has mathematical advantages, one of which is that it simpli-
fies the definition of the important property of asymptotic efficiency.
All the estimates we shall study have the propsrty of asymptotic normality
under the assumptions of the present chapter, and retain that property
in mest of the cases considered in Chapter VII.

C. Asymptotic efficiency. Ve shall define this as a property

possessed 'by a consistent and asymptotically normal estimate in comparison

with all other consistent and asymptotically normal estimates.
An asymptotically normal estimate hq (characterized by N and

defined above) is said to be an asymptotically efficient estimate of a
parameter @ if it is consistent (Y[- 8), and if, for any other asymptoti~
cally normel and consistent estimate (characterised by Y'= 6 amd o) we
have

(345) o' Ra.

This says that asymptotically no rival estimate in the category of com-
parison has a smaller standard deviation., This , of course, is a very
desirable property for an estimate to have, if the sample size is suwch as
to give a reasonable appraximation to the asymptotic distribution.



If an estimate hT lacks the propex_-ty of consistency, this msy be

because it does not possess a probability limit, or because it possesses
n

a probabllity limit, which differs from the parameter 6. Only the

second possibility is open if hT is asymptotically normal. In that case,

n.
we call hT agymptotically blased, andy, =~ © 1its asymptotic bias,

In the light of the foregoing statements and distinctions, we may
reascnably ask why asymptotic efficiency is not ths one¢ large-sampls
property sought. The answer lies in the nature of the campromises which
have to be made in the situstions which ths statlastician faces. Illus~
trations of such compromises are the following. To hawve aaymtoﬁcaliy
efficient estimates may sometimes require a mors costly estimation procedure
than 1s possible or desirable in the circumstances, or may require sclution
of mathematical problems so far too difficult to ha!;dlo. The attainment
of asymptotic efficisncy may also depend on information which is not avail-
able., In particular, the asymptotic efficiency of certain estimates may
depend on assumptions comérmlng the distribution function of the population
which in some situations one is not in a position 1.0 make, Tims some methods
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of estimation will be considered, particularly in Chapter VII, under
circumstances where they do not yield efficlent estimates even asymptoti-
cally. |

We now mention two properties of estimatea for samples of given
finite size of which the second is particularly desireble, but which we
imow how to attain only under rather restrictive assumptions as to the
model, These properties are

1. Unblasedness. An estimate h‘l‘ is unbiased for a sample of size T

(as distinct fram asymptotically unbiased) if its expectation in such
samples equals the true parameter value

EhT =g
2, Efficiency. An estimate l'xT is efficient in a sample of size T

(as distinct from asymptotically efficient) if the ratio of its variame (mean square
difference sbout © from 6) about, ®
in such samples to the variance/of any other estimate hI" of the same

parameter is not greater than one, 1l.e., if

E(hT - 9)2

1.
1 o0}
£ (hT e)

n~

easily
Sometimes a property analogous to efficiency can rore/be attained with
reference to a more limlted class of estimates, The property of being best
linear unbiased, defined in section li.1 below,is of that type.
It must be stated at the outset that disappointingly little is known
sbout the slall sample properties of the eatimates considered in this Chap~
ter, apart from those simple cases where unbiasedness, or best linear un~
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biasedness can be proved, Studies by Hurwicag-'/ and by Ieipniﬁ?/ of
simple ons-equation models with a lapged endogenous variable create
a presumption of considerable bias, in agmplea of moderate size,
vhenever lagped endogenous variables are present, .

20« L. Hurwicz, "Least Squares Bias in Times Series," Article XV
in Cowles Commission lbnograph 10.

27o R. B. Leipnik, "Distribution of the Serial Correlation Coefficient
in a Circularly Correlated Universe," The Annals of ilathematical
Statistics, Vol. XVIII, No, 1, lMarch, ° as Cowles
Cormission Paper, New Serieés, No. 21).



