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1, Introduction )

The purpose of this note is to give the proofs of two theorems used
in Comles Commission Discussion Paper: Economics No, 2018 (Theorems 1 and
2, Po 2:11)c The theorems proved here are actually more general than
those quoted in that paper; they are stated and proved in purely function
theoretic form in paragraphs 2 and 3, and translated into the language of
the theory of decision-making in paragraph L. The concepts mentioned in
this last paragraph are more fully discussed in Eéonomica 2018, section 1.B.

The use of the t.erm "quasi-cﬁnvex functions" in Economics 2018 was
unfortunzte, since other authors (e.g., Slater, Debreu) have used the term
in different contexts. In this note such functions are merely called "convex."

Theorem 1 below is g geametrically obvious extension of a well known
result on convex functions, but the analytic proof given here is as long and
tedious as it is elementary; nevertheless » the author has felt it desirable
To include an analytic proof for the sake of completeness. Suggestions

leading to a simple, direct, yet reasonably rigorous proof would be appreciated.



2. Throughout the rest of this note ws will consider a fixed closed
subset K of the real numbers E. We will also denote the closed unit interyal
f0.1] by I.
First some definitions: y
Def, 2,1. A real valued function u defined on K is convex on K if
ks ky 0 K
ainI
8 ly + (1l-a) k, in K

u (aky + (1ea) k) &
au (1) + (1a) u (k)

Def, 2,2. (h,k) is a simple pair of points in K if h € k and there exists
| no £ in K such that h< £ < K,
Def. 2.3. f is a simple (probability) distribution on K if £ assigns

probability one %o some simple pair in K.
x=fuw {x] kekK kgx}
zz2gho {k| kex. x2x)

K closed implies that x and X are in K,

Defs, 2.4 Por any x in E

Def. 2.5. A real mumber x is bounded by K if there exist kl and k2 in K
such that k.L £x ..‘_kza

Theorem 1.

If v convex on K, £ a distribution on K with mean};_bounded by K3 then there

exists a simple distribution g on X with mean }L: and
Fg (w(k)) S 5 (u(k))
¥ie prove the theorem in a series of lemmas.
Lenma 2.1. I & convex on K, Iy ®h, Zk in K, a), &, in I, and ) b +

(1-:1) k= a, h2 + (1-:2) k;
Then a, u (hz) * (1-12) u (k) € au (hl) + (1-31) u (k)

1, The meanings of the mathematical synbols used are given at the end of
the paper.
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Proof': Thereexistsbinlsuohthatbhl+(l-b)k-hza
By convexity of u, u (h2) $bu (hl) + (1=b) u (k)
Then a, u (hy) + (1~a,) u (k) L, (bu (hy) + (1=b) u (k) + (1-a) u (k)
La, bu(n)+ (s (1-b) + (1-a,)] u (k)
But a, bhy + [a, (1-D) + (1-a,)] k = a, (b h + (1-b) k) + (1-a,) k
= a, h, + (l-az) k

Ttk
Thenazb-alandaz(l-b) + (1-a) -(l—al) * QED,

Lemma 2.2,
u convex on K b [
hlﬁhaikinlc .
v-blauh)+ (1-a) u(h)] + (1-b) u (k)

X = ah1+(l-n)h2 .
y= bx+ )k { =) zcu (b)) + (1) u (k)
y- ch2+(1-c)k
a, b,cinT

> o
Proof: There exists d in I such thaxt.dhl*(].---:!.)k---y° By Lemma 2.1,
(2.1) cu(h2)+(1-c)u(k)5du(h1)+(l-d)u(lc)

Let p be defined byt v=p [du (hl) + (1=d) u (k)] + (1=p) [c u (h2) + (1=c) u (k)].

It can be verified that p = 7::_3—(17:7? .

Hence O £ p £1 and the lemma follows from equation (2,1),

Lemna 2,3. If u convex on K, and x in E, x=ax+(l-a) % (ain I), define
u(x) =au(x)+ (1-a) u (X). Then u is convex on the set obtained by

adding x to K,

Proof: Ifbx-o-(l-b)h-kE:K,binI,hinK, thenapplyl-emmaZ&toget

u{k)<au(x)+ (1~a) u {h).



-} -

If xebh+(1-b) k, bE& T, hy k € K then there exist ¢, d in T such
that x = ¢ h + (1-¢) k
Xw=dh+ (1-d) k
By convexity y us
u(x) £ c'u (h) + (1=¢) u (k)
u (x) €du (h) +QQ=d) u (k)
Substituting these inequalities in the definition of u (x) givess
u(x)<{ac+ (1=a) d] u (h) + {a (2=c) + (1-a) {(1-4)] u (k)
It is easily verified that the coefficients of u (h) and u (k) in the above
squation are equal to b and (1-b) respectively. QED,
Def. 2.6, If u is convex on K, we define u’, an extension of u to E, by:
w (x) = a_u(x)+ 1-a) u (x),
where a, is defined by:

x=a x4+ (1-:1) x

Lemma 2.li. If u convex on K, then u" is convex on [k, k,) where
K =eglb K, k, = L £.2/
Proof; By induction, using lemma 2.3, u" is convex on any set obtained by
adding a finite number of points to K. From the definition of convexity it
is clear that a functlion is convex on an interval if and only if it convex
on every set of three points in the interval. QED.

To complete the proof of the theorem, define the distribution ghb:

Then by definition 2.6,

2, If ky = = oo, then interpret [k, k)] tobe {xinE| -o0<x sk},
ete.
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u" (B [x]) = 0" () = £ [u(k)]
It is well known (Jensen's Inequality) that for a function u" canvex on
[k'l’ k2] and a distribution £ on {kl, k2]

u* (B, [x]) £ By [0"(x)] QED
3. Ve continue to consider a real-valued function u defined on X.
w1 (h) = u (k)
mfo 3':.11’ Ah u (k) - h - k

Note that A, u (h) = A, u (k)
Lemma 3.1. u is convex on X if and only if for every k in K,Ah u (k) is
a non=-decreasing function of h in K,
Proof: Assume u is convex,

‘Case I, kihl $_h2: There exists a in I such that

=ak+(l-a)h
(3.1) e 2

hl-k-(aé-l) (hz-k)
By convexity, u (hl) <au{k)+ (1-a) u (h2)
u () = u (k) £ (1-a) [u (hy) - u (k)]
Dividing this by (3.1) gives
Ahl u (k) &.Ahz u (k) |
Case II, hls k $h2: use same type of argument as in

Case I, by < h g kr [ Case I,

The converse is proved by retracing the steps of the above proof. QED
pef. 3.2 Aumz2ehy {00 |n>6nmK)
A" u (k) = Lo {Ahu (k) | h< k, b 4n K}

Lemma 3.2. If u is convex on K, then both A u (k) and A~ u (k) are non-

decreasing functions of k in K, and A u (k) < A" u (k) for every k in X,



Proof: To show A+ u (k) non-decreasing, let k<h,
By lemma 3.1, for every hl > hs
Aulk) €A u() A u(meA

Hence A v (k) £ A u(n).
The proof for A u (k) is similar.

hlu(h)

That A u (k) £ A" u (k) follows immedistely from lemma 3.1.
Lemma 3.3. If u is convex on K and is minimum at Ko’ then u (k) is non-
increasing in k for k « ko and is non-dec:easing for k » k 0°

Proof immediate from lemma 3.1, )

Conslder now a real-valued function u (k, p) where k in Ky pin P and
P is any non-empty set. %e will regard p as a parameter, and it will be
understood that the notion of convexity and the operations Qh s X, AN,
are to be applied to u (k, p) as a function of k for fixed Po Fraom the
definitions we immediately get the following: |
Lemma 32t If u (k, p) is convex on K for every p in P, then syp u (k, p)
is convex on XK.
Theorem 2, If u(k, p) is convex on K for every p in P, u* (x, p) is defined
as in Def. 2.6, and sgpu (x. p) :I.sminimumat.x, then:

1) m}nagpu ("P)“’%P[“ u(x,p)+(1-a )u(x,p)]whera

X :':o &, are as defined in Dafinitionl 2.kt and 2,6,
]

2) sp u (k, p) is minimum with respect to k in K at either x, or i‘o,

3) 1If, further, mgx u (¥ s p)exists for every k in K, then
£ =elo {xinx | A u(x,p) >0}
where p, is defined ty u (k, pk) = mgx u (k, p)
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Proof: 1) This is true by the definition of u’.
2) This follows from lemmas 3.3 and 3.k.
3) Pirst we show that if k 2 h, then A" u (k, p ) 2 A’ (b, p).
For every ﬂZh, by lemma 3.1:
uglles py) 2 Ay, u (kspy)
u (h, pk) - u (k, Pk)

Hmuﬂu(k,pk)EAhu(kapk)' — 2

S u(by ) -u(k p)

h =k = Oy u ) 2 A0 m).

let koaglb {kinl( . N (k, pk) >0}g Then for every k > k _,
A u (k,p) >0,

If k_ 1is a linit point of {k ink | k )-ko} then there 1s no simple
pair (k, k) such that k >k . If k_ is not a 1imit point of {k in k| K >k°}
then by definition of k , A u (k, pko) > 0.

Ve will show that for every simple pair (hl, hz) in K such that kof-.. h, < h,:

ks, TP Cumy)
£x =M

Since by 2k, & u (b, By ) >0, and ulhy, By ) > ulby, B )-

Hencefora:xyx-ah1+ (1-a) h2, ainI;
max a* (x, p) = max [av(h, p) + (1-a) u .(hz, p)]
2anu (hl' phl) + {l-a) u (hza Pnl)
P u (hla phl)
Furthermore, since for k >k, A\ u (k, P) >0, for k> k_
u(k, p) >u(k, p ).
[+

Hence we have shown that



min max u (x, p) =u (ko, Py ).
kao P 0

In a similar fashiéon one proves that

min max w° (x, p) = u (ky, b, ),
0

x&kl P
wherexgl-,luh{kmx|k<k°}. Hence k, = X and ky =x .  QED,

3. Applications.
Let U(k, p) be the expected utility to ths decision maker assoviated

with the strategy k (in K) and the state of nature p (in P), where K 13 a
(non-smpty) closed subset of the real numbers and P is any (nonwempty) set.
If we let K be the set of all probability distributions on K, then K"
represents the set of all mixed strategies obtained from the set X of pure
strategies, For any £ in K", the expected utility to the decision maker
assoclated with f and any p in P is E, [U (k, p)], the expected value of

U (k. p) relative to f,

Def. 3.1. A subset ¥ of K* is complete in K" 1f for every g in K* there

18 an f in L* such that Eg (U (k, p}]) < E, [0 (ks p)] for every p in P.

It is obvlous that if H* is complete in L*, and L* is complete in K*,
then ' L3 complete in K .

The following is an immediate corollary of theorem 1.
T‘heo_rem 1's If U (k, p) is convex on K for every p in P, and the set of
all distributions in K with mean bounded by X is complete in K", then the
set of all simple distributions in K" is complete in K.

The regret function associated with U (k, p) is defined for f in K by :

* -
R (fyp) = g:lllé* Eg {U (ky )] = Ee (U (k, p)]
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A
Def. 3.2. An element £ in K" is called a minimax regret strategy relative
to K" if:

A
smup R(f.p)<eupR (f, p) for allfinK*.
p P

It is clear that if L* is complets in K, and there exists a minimax
regret strategy relative to K*, then there exists an element of L* which is
a minimax regret strategy relative to g,

For every k in K, K* contains a distribution which assigns probability
one to X, hence:

sup, E, {U (ks p})] » sup U (ks p)
£E€K k€K

and R (£, p) = smup U (hs p) ~ E; [U (ki p})
hex

R (£, p) =B, [sup U (hy p) = U (k, p)]
hé K

It is suggestive to denote the expression in the brackets in the above equation
by R (k, p) (although purists will object). This would be the regret function
if mixed strategies were not available. Thusa:

(L-1) R (fs p) = Ep (R (k5 p)]

It 4o clear that, for every p, R (k, p) is convex on K if and only if
= U (k, p) is convex on K. Let R {k, p) be convex on K for every p, let il (ks p)
be defined as in Def. 2.6, and let g be a simple function on K with mean m,
Then from (L.1)

R (g, p) = R" (m p)

Thus we have the following corollary of Theorem 2:
Theorem 2¢. If R (k, p) is convex on K for every p in P, the set of all
distributions in K" which have mean bounded‘by K is complete in K*, and there

exists a minimax regret strategy relative to K*, then
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1) min, sup R(f p) = eup[a R (X, p)+ (ia )R (X, p))

f€XK ps&P o) o 0

where sup R® (x» p) is minimmm at x; and x , io’ a  are defined as in

P o
Definitions 2.4 and 2.6,

2) sup R (k, p) is minimum with respect to k in X at either x or io.
P
3) If, further, max R (k, p) exists for every k in K, then:
p
- +
xo-gzb{kini{' L R (ke pk) >0},uherepkisdeﬁned

by R (k» p,) = max R (k,p).
P

@ossary of Symbols

m

in
=) t implies
£ : equals by definition
Aub : least upper bound
g.eb ¢ greatest lower bound

{xlA BoC

E, [u]

-

the set of all x such that A, B, C hold.

the expected value of u relative to the probability
distribution f.

-



