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1. Introduction.

Suppose the random variable X = (Xl, Xy ooes Xh) has the probability
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where x2x!' is positive definite. There are various distribution problems

p(x) =

associated with a quadratic form or a ratio of quadratic forms, which may

be indicated as follows. Suppose, P, Q are arbitrary nxn matrices. The
notation (m)l will be used to signify the problem of finding the distribution
of XQX'. The notation (DQ)2 represents the same problem under the restriction
XQX* » 0. Also, (DR)]_ represents the problem of finding the distribution of

[ ]
%"i—, where XPX' 2 03 while (DR), indicates the further restriction QX! 3 O,

The notation (DQ)D_, (DQ)al, (m)u, (DR)21 will be reserved for the

l. The author has had helpful discussions with E. Hille, C. Hildreth,
L. MCG’ Lodo Savage, and i, Slater.

2. Capital letters are used to denote random variables, while corresponding
small letters are used to denote particular sure values.




corresponding problems when P and Q are diagonal, and Z‘- I,» the identity
matrix. Tt should be noted that although it is always possible, by a
linear transformation, to reduce (IR), to (Di)yy, (1 = 1, 2), (cf. BScher
[13]), the same is not always true for reducing (nn)i to(m)ﬂ, In fact,
a neceasary and sufficient condition for the latter reduction is PQ = QP,
(cf. Weyl [1].)

In a few apecial cases of the above problems, the distribution is
available in a simple or closed form. For instance, when Q = I, the‘Xf
distribution solves the (DQ)2 problem. Simple cases of Q and P yleld the
FPedistribution for the (m)2 problem. The exact diatribution of a certain
statistic given by R.L. Anderson [2] is a special case of (m)u and its
distribution in more general situatlons, given by W.G. Madow [3] is a
particular case of (m)lo

In the vast mejority of problems, however, the distributions are
necessarily obtained by means of approximative methods, such as partial
suns of infinite series. Von Neumann [l;] gives such a solution for a
particular case of the (DR)n problen. The method of partial sume is
also used by Robbins (5], and by Pitman and Robbins [6], to give general
solutions of (DQ),, and (na)a]L respectively.

The present article gives a general solution to (IQ), by means of
Laguerrian expansions. If the semi-moments (defined below) are known,
then expansions in Laguerre polynomials will afford a general solution
to all problems (DQ)]_ and (m)lo Since the semi-moments are usually not
easlly found, the author proposes a new system of orthogonal polynomials,
closely analogous to the Laguerre system, but which, if the expansions
converge, will solve all (D;z)l and (DR)l problems, Once the convergence
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i=s rigorously established, the new system will be applicable to a nmuch
wider class of distr:lbutiops‘than that to which Gram-Charlier series apply.
2, Reduction of the (DR), problem.

Let Y « (1), Yp5 oees ) have the probability density
| Ly -
(2) Bt 2T B IR
()
For any real ¢ let
(3> Ry = Q- 3P
and 1ot A,(2), 1 =1, 2, o0, n bo the roots of det (R, = AZ) = 0
It was shown previously (Gurland [7]) thatg’/ |
» p éz} - P {}: Ayz) ¥ g o}
~where Y has the probability denseity (2). Thus, the _(DR)l problem is reduced
to aCDQ)n prd?olm, vhere only the golution at the point zere is requirei.
It is interesting to sse how the reduction of the (DR)I problem is
accomplished to yileld directly the probability density of ths retio. Of
course, the probability density can be obitained by differentiation of ths
distribution function, but this may not be feasible or advisable » depending
on the typs of approxiination used in determining the cumulative distribution,
The following theorem will now be proved.t
Theorem ig
Let X have-the probability density p(z) and define

P
{5) K -'J,‘xPx' p(x) dx

-l

3¢ The method by which () is obtained will apply. to any ratic distribution
preblem, irrespectiva of quadratic forms and the normality of the original
distributian_, o

he The result appllss generally, irzrespsctive of quadratic forms, «to any
r?'h.’;.o {continuous random variable, positive denominator) s and any distrilmtion
PiX)e



(6) a(x) = _IPL'RE!).

(" o(s) = r{ﬁ%‘-p}
Then the probability density G¢(z) is given by
(8) Kr(0)

where r’(g) 1s the probability density of the random varistle IR X' when

the density of X 1s given by q(x).

Proof:

From the theary of Fourier inversion formmlae we huvoé/ (Qurland [8])

b (¢, t,)
(9) a*(x) ﬁﬁf[ t}z 2 at
t2 - -tla

where
(10) ¢(t1, t'Z) » E G i tl 0X! - t.2 m:)
Hence
(1) [%g] -x-if“""“‘ q(x) ax = ¥ 1 9, (t)

2
t2 -—tls
where 0'(1.) is the characteristic function of IR ‘I' when X has the probability
density q(x). Hence, (9) becomes
K o .
{12) G(s) = !Tfo’{t) dt = X I"(O)

by inversion of distribution functions. This completes the proof.
As the (na)l problem may be transformed into a (DQ)n problen requiring

5. The notationfsigniﬂeu € <o ( i I)
T <o
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evaluation only at zero, it is advisable, in order to apply the theory of
Laguerrian expansions, to consider the behavior at the tail of the distribution
.of a linear combination of independent ?Lz random variables, each with one
degree of freedom. This will be considered after some discussion of the

theory of Laguerre polynomixls.

3. Laguerrian series.

By a Laguerrian series is meant an expansion of the form

(13) o0 ~ 2 o 1f(x)
where
n
(L) L!(:o) () = &y o x-d.(g; ) (xmd..-x) oLy -1

The sign of equivalence in (13) signifies that the coefficients

c!(!‘o are determined by

(15) o . %}—&%n [ ot % 18 £(¢) at

in view of the orthogonality relations

o,
(16) f-‘t ot LE*) (t) L!(;"') (t) dt = nfn

It follows that

n + - 2
o we} ()

The following theorem of Ssegc (9] gives sufficient conditions for a
Laguerre series to be equiconvergent with a Fourler series. (Two series
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Zu_, 2 v are called equiconvergent if the series o (u_~Av ), A ¥ O,
o Mo B o P n
is convergent.) The notation g(x) » o (h(x)) used below means

Eg-}—)o as X+ GO

Theorem 2 (Szégo [9]) ‘
Let £(x) be Lebesgue measurable, 0 < x < oo, and let the integrals

-1 '
(18) f x lr(:)‘ dx, f x§ E'I(x)\ ax
5
exist, If the conditlon
ﬁ-’é -1 |

n

1
(19) f(x)\ dx = 0 (n” 2)

is satisfied, and if an(x) denotes the n'P partial =sum of the Laguerre

series (13), we have, for x>0 1

xz-r 5

-y

11
(20) 1n Js(x) - 2 J 2P ain%an? (- ) b o

n+0o 3
x°=-§ 1 x?-t-

-
where § is a fixed positive mumber, § « x°.. This holds uniforaly for

every fixed positive interval
: 1

(2) Eexgw, S < g2
The same equiconvergence theorem is valid if the integrals(18) exist

and (19) is replaced by the following
[ -}

_Xx ob_é
(22) e 22 lr(x)l dx
1

is convergent and



[

J:" L2 'f(x)

n

3
2 -
dx = 0 (n E)

Thelint.egral occurring in (20) is essentially the partial sum of
order [n,z] of a Fourier serieaél A sufficient condition for the validity

of (20) is

x _o_1 -f
(23) r(z)-o(e"’x"' =1, §>0
where the notation
£(x) = 0 (g(x))

means
g{% is bounded for all x sufficlently large.

Before quoting another theorem of Sugs which ensures su mability of

(13) at x = 0, we shall briefly indicate what is meant by Cesaro summability.
n oo

Let s denote the n‘"h partial sum X U o The series 2 u, 1s said to be

0 0

(C, k) summable (cf. Zygmund [10]), k > ~1 to the sum s if

(k)
(2h) 1M e = 8
N-poew Egn
where
(25) cgk) - (n ; k) o (ot+k) ("*“"i! aeossol{ktl)
(26) aflk) = E c(‘j‘l) g = E c(k u

re0 e o r 0 N=T" r

%he shall refer later, to the following theorem

1 T
6. The notation [nz] means the largest integer % I\Eo



Theorem 3 (Ssegd, [9])

Let f{x) be Lebesgue measurable, 0 € x < o¢ , and contimous at x = 0,
If we assume the existence of the integrsl

[ ]
(27) f o X wk=1/3
1

the Laguerrian series (13) is sumable (C,k) at x = O to the sum £(0),

£(x) l dx

provided

1
(28) k)dn"‘z.

This statement 1s not trus for k € ok * 3.

The condition regarding (27) ie satisfied if

x M‘E_
(29) f(x)-O(o"’x 3 g).8>o
th

It should be remarked that for the case x = 0, the k™ Cesaro mean
has the simplified form

20
| N |
() {cf,"’ r'(a.m} / o7t £() LI (o)
0

L. Laguerrian expansions for distribution functions.

Let a random variable have the distribution function
x

F(x) = [ p(t) at

By analogy with Gram=Charlier series, we may consider

(31) px) v o X0 T o1 ()
ne0

(32) A(x) = K(x) o @™ <~ 12: Ar(id") Lfl""') (x)
n



where oo
(33) . f p(t) L (¢) at
0
o0
. f{rct)-m)] 1 (4) at
0

and K(x) is a conveniently chosen distribution function
x

(35) K(x) = f g(t) dt

-0

Note that agd') » Ar(ld') are linear functions of the "moments" taken over the

interval (0, o) and not (~oe, o). Vi shall call such "moments," semi-moments.

It is in order, at this point, to remark why Laguerrian rather than
Gram-Charlier series, mentionmed by Gurland {7] are being considered here for
the aforementioned distribution problems, The main reason is that Cramér’'s

condition (Cranér [11])

2
x

(36) o df(x) < oo

-om

is not satisfied for these problems; and theorems which guarantee Cesaro or
Gram-Charlier

Abel summability of / series (cf. Ssego [11], Hille [12]) do not relax

condition (36) very much, if at all.

In thiz paper, expansione of the type (32) will be considered., In
order to simplify the formula (3) for Ax(:‘", it is necessary to refer to
the following lemma.

Lomma 1:

If all the absolute moments correspending to F(x) and K(x) are finite,

then



w 10 =

(37) F(x) -Kx)=olx") , r>0, x»200
Proofl/ e

|F(x) - K(x) |- | 1-k0 -1-rx | < [ e at+/ pe)ae

x X
Ir
Let M_ = lt' p(t) at
-on

Then Lo

' ;:ft" * p(t) dt »x* /p(t) dt

X b ¢

-

Hence f p(t) dt = O (x'r), r »0, x-poo, since Hr is finite for r » 0,
x

Similarly for f:(t) dt. Also by considering, in the same manner,
X

' X

I F(x) = K(x)] ¢ ] p(t) dt + [ g(t) dt the required result follows.,
-“ )

To apply this lemma, let llr(ld')(x) be s polynomial such that

(38) & @ - 1%

and

(39) K*)(0) = 0

Since

(40) 4 1V« o1y

as can be seen from (17), we may write

@ e[l - (39

7« This proof is due to Morton Slater.



Integrating by parts and applying lemma 1 we obtain

Skl f () [p() - g(t)] at

0

(h2) o0
- albl) _pletl) ;’::1") f (p(t) ~ g(t)] at
0
where o0
(43) ) . f g(t) L™(t) at
0
By choosing
(Ll) gx) = N2t %
where N is the normaliging constant, we get
br(l?i.-l) =0 » nw=- 0, 1, ved

if aleo, p(t) = 0 for t € 0, then (42) would become

(4S) A o fet-1)

In problem (DQ)2 this latter condition will be satisfied; on the other
hand, in protlems (DQ),, (IR),, (DR), it will not be satisfied in general.
Se | Solution %o the ) _problen ‘@Q)z by Laguerrian expansions.

Before proceeding to the solution it is necessary to prove the following

lemma.
Lemns 2
Let Y have the probability density

1

1
-3 (7347,* =+ ¥) -
° Z '\ n(yl 7, °°°Yn)2

[

(L6) p(y) =

-

2

.1 ;
@)



Dafine

(L7) Ue

=B

X, ¥,

where the Xi are constante, satisfying
(48) o< § g <L

Then, if pu(u) is the probability deneity of U,

u n
- % (1+§) -
(L9) Ryl) = 0 (. 4 w? )
where £ > O is defined below,
Proof:

Apply to (46) the transformation

u = Klyl'F 2Vt e ? xnyn

v, = Ny,
(50)) :

¥n1" yn-»l/yu
Setting
(51) A'Kl'l‘Kz'a”‘“‘xna'ne-l‘xn

this becomes

(52)

and the Jacoblan of the sransformation is

AGyaTpeeeny,) uTE

(53) s(u"l"“..'n-l) - -—mb - e ¢("1, '2, cang 'Tl-l)
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-hero§/

v{'/)(g—v xl) -V Xe s o o -le

-1

v, =¥ 3’1 (A-v )o o o -ve'lf

n-1

(s5h4) ¢ (vl’VZ’“"vn-l) -

@ o 2 o

¢
AR A, ')@H“"lx"'g
S -¥, ... =¥

Hence, the joint probability density of U, Vis oess V4 e given by

-ﬂv Wotaeot¥ o +1) nel

p(ul 1’°°°’vn 1)!@3081’.. u”
(55) -1/2
un Vlo LY vn-l . ¢(vll°°°l'n_1)
o P
Now
) R T e Xliv1+:nn+(1~ ¥ 1) g t1=8)
D xZl.vl e xn—l n=-1 xn
Let
(1- ¥ v +oeot(1- Y ) (1= %)
(s7) E - U Vites ot Kn L 8
ViroeasVp g e nel nw1” n

It can be shown that € > 0.
Integrating out the v's in (55) now ylelds the required result.

As mentioned earlier, the (DQ), problem reduces to the (IQ),, problem
by & linear transformation. Let

n

2

XY - 2:1(11:i
1

Hmw:_&fﬁi#
D4,

¢( 1/,2 vawg\ L a NY vy
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where X has the probability density of (2). There is no loss of generality

in assuming condition (L8) is satisfied. Setting y, ® x2 we obtain the

probability density (h6); consequently the sbove lemmsa is applicable, Taking

(58) £(u) = o u” *pylu)

and applying (L9), we get

u : n
(1~€) w-d-l
(59) r(u)-o(e"’ w? ).ue

It is evident that the conditions of Theorsm 2 are satisfled, Hence

the expansion (32), with Al(:")

of XQX'. The moments of IQX! may be found conveniently from the charscteristic

given by (15) will converge/to the distribution

function,

(60) L T— E—
det (In-zitn)

6, Solution to (pQ)l _gn_d_(DR)l by Laguerrian expensions if the seml~moments
are kigin,

Before applying the convergence theorems in §3 it is necessary to extend
the lemma established in § S« We now prove

Lemma 20
Suppose Y has the probability density given by (L6), and define
!
U, = 1‘: 5,
(61) b R
B, = § 1
n

wheraO<Ki<1, N, +n, = n.

9, By theorem 2, the series will converge at each point x if the Fourier
serles converges there. Since F(x) - K(x) is of bounded variation, convergence
is assured by Jordan's test (Titchmarsh [17}).



-15 -

Let Py (v) be the probability density of
(62) Vel -0,

Then
_2 (1"&) nl
(63) /Pp'(v)dv-O(oz i L ,
x .

where § > 0 is obtained by lemma 2.
"~ By lemma 2, the probability density of Uy» U, bas the following behavior
a8 X » 00,

1 . i "2
(ez(%*“z”’-ﬁ’ 2, 2 )

(64) R,,0, (9, w) =0 v

Thus, for x sufficiently large

pv(v) dv < corst. e - u u, du1d1.12

Wiy X
(65)
-3 (14 & a1y 2,
" ff: !( * )(2“2“)(“112)1 uz-z du, dv
v-xuz-o

If n is an even integer the required result follows easily since

1 22
-x (1+8) k -1
fo!( 1]211.‘, uz—z m.‘.-o(l),k-o,l,z,m
0

If n, is odd, write " :1!
U,

n, -l
-1 -1
(rou)? v ? T Qedd



Por O §u, <V, and v >1 (the latter is assured when x » 1) it 1s bounded

a_, o %
byv-? (1e+w)

The required result follows, since

1 e} -
0

In applying this result to a (DQ), problem, we may assume XQX' is in
the form (62) of lemma 3 (as can be effected bty a linear trensformation),
The result of (63) ensures the applicability of both Theorems 2 and 3;
consequently the expansion (32) will eonwrgol—o/for x » 0, while for x = 0,
it will be (C, 1) summable, ifel is chosen to be sero in Theorem 3, For
x ¢ 0, the result of Theorem 2 applies by considering the expansion of
F(-x) - K(-x),

From (42) and (33) it is evident that the n.-g"') are linear functions of

the semi-moments

ﬁpv(v)dv
0

which, in general, are difficult to obtain.

Lemna 3 may also be applied in solving the (m)l problem, by using the
reduction (4) of §2, and employing the same type of argument as for the (rJr:.})1
problem above, to show that Theorem 3 ensures the (C, 1) sumuability of the
Laguerrian expansion at x = 0,

10. To apply theorem 2,thoruu1t (63) must hold aleo for x - -~ oo. This
canbepronnuinlemj

TR f" [
AT pul, du, du, = du p(w, ,u,)du, and x < O,

"y



7. Proposed system of polynomials for the general solution of (DQ)1, (na)l..
As mentioned above, the semi-moments are, usumlly, difficult to obtain,

The convergence properties of Laguerrlan expansions are most convenient, but
the main shortcoming is that the weight function is sero over (~o0e, 0).

What is required is a weight function over (~oo, 00 ) which would generate

a system of orthogénal polynomials behaving aMtiu]Jy in a manner similar
to the Laguerrian system. In such a case, ordinary moments, rather than semi-
moments would be used in the determination of the coefficients of the expansion,
and generally these moments can be found without difficulty., A system which
peems to suzgest itself naturally is that generated, according to the

Schmidt process (ef. Courant~Hurwitz [14]), by means of the weight function.

w(x) e omixl yo » ~004X & QO

shohat {15) has shown that for weight functions similar to this, the
resulting system of orthogonal polynomials is complete, but there appears
no treatment of the convergence of such a system in the literature on orthogonal
polynomials. If, as conjectured, this system behaves sinmilarly to the
Laguerrian system, then a larger class of distributions will be expansible
in convergent (or summable) series than the class to which Gram-Charlier
series apply,
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ERRATA for STATISTICS, NO.

Fage 2, 1line 5. After the word "reduction,” add the words, "when 2 = I."
Page 2. At the end of the third paragraph where it concludes ".... and
(DR),, respectively.* After this sentence add in parenthesss "(Specisl
case of (m)a).
Page 5. Fquation (13). Vrite L:'(z) for an.
Page 13. Equation (Sk). The elements in the first diagonal to the right
of the principal diagonal should be multiplied by (+1). That is
(<) (A~ v X)) () B v, ¥,), ooo ot
Page 13. Footnote.

neplace |$ (v oer v, ) | = AT

w Piv, v) - -A

CP('J.’ Vor Vy) Az -2 ¥2 v, eto,
2., |

Page 15. Equation (63). ;2' should be replaced Ly 1.
Page 11. Heading for §5. Replace (FQ), by (1K),




