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1. Introduction.

This paper considers the problem of finding the distribution function of a
ratio of quadratic forms in normally distributed random variables. Special
emphasis will be given to some particular quadratic forms ariging in the theory
of serial correlation. As the reader will sse (or perhaps has seen) this prob-
lem is highly entangled with hyperslliptic integrale; and the strategy which
evolves in coping with it is to bye-pass these integrals by obtaining apprati-
mations to the exact distribution which are correct within an arbitrary degree
of accuracy. It 1s spparent upon perusal of the literature on eerial correlation,
quadratic forms, and ratios of quadratic forms, that approximations of one sort or
another play a very lmportant role, since the exact solutions, even when available,
are too difficult to apply in reality. The introduction of circularity by Hotelling
(ef. Re L. Anderson [1]), the smoothing of the characteristic function by Koopmans
{2], the series expansion of Eent used by Hart [3] in computing the distribution of
von Newssnn'e statistic (L], the series expansion far the distributicn of quadratic

forms snd ratios of quadratic forms given by Robbins (51, [6]), are a few instances
of approximative methods.

1. The author is grateful to L. Hurwicz for his keen interest and encouragement.
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The present article discusses a method of reducing the general problem of the
distribution of ratios of quadratic forms to a much simpler problem, and suggests
poseible methods of obtalning suitable approximations in the light of this eimpli~
fied approach. The geometrical method in § L, although stated in the context of
the least-squares statistic of Hurwics [7), may be applied generally for the case
of n=3 observations. Its amensbility to extension for n > 3, however, is problem-
atical. As for the method of Gram-Charlier series discussed in §6, it has the
advantage of comparative eimplicity, but it requires justification on exact grounds
before it is applicable. (See supplement for discussion of this and other questions).
2. Distribution by means of Fourier inversion formulae.

Let the random variable X = (‘1’ Xypeees xn) have the probability density

(det 2)1/2 .

= xZx'
277
where x is the row vector (x, xl,..., :n) and x' the corresponding column v’actor.2

x S x' is poritive definite. The distribution of

— :
Yo (S )

will be considered, where P, Q are arbitrary/n x n matrices. The Joint éharacteriutic
function of XQ X and X P X' is

QX

XPE 2)

#t,, t,) = e L 2 otz

it xox' + 4t xpr’ | /2
)= _GeU(ZT - 21t Q - 2t F)

Denoting the distribution function of (2) ny

1
G(};)-Pg-%-%.sgj . L)

it follows from Gurland {8] that

AT)ro(E-0) -2 fHEtl) (5)

2. TWe adopt the convention of denoting a random variahle by a capital letter, whils
reserving the corresponding small letter for a particular sure value.
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provided P{I P x 0} = 0, The motation § gignifies the Cauchy principal value

E f ' It is also possible to give the corresponding inversion for
-)-0 o

T'%N -

the cage P IPI }PO, (cf. Gurland [5)), but this will not be cnsglidered hsre.

The probabmt,y density a'( 5 ) obtains on differentiation of (5) and is given by

aﬁ(t
0(5)'5'1'5-'; (6)

in every interval where this integral converges uniformly. It is evident fram (3)
that in general, for n = 3, the integrals in (5) or (6) will be of elliptic or hyper-
elliptic type (cf. Goursat [9]), unless the determinant

dot(S - 2it Q + 2it § P) | o (7

has n equal factors, or has all its factors equal in pairs. An instance where the
factors are pairwise equal occurs when (2) is the eircular serial correlation co~
efficient with

01 000..000 1
10100..,0000
01010..000 0
Q' . . (8)
00000 0101
10000..0001 0
and
PuXel _ (9)

n
where :l:n represents the unit matrix of order n. As a consequence, the exact distri-

butlon of the circular coefficient is greatly aimplified, and it has been obtained
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by Anderson [1], but by a differont method from the me describsd sbove.
An instance where the factors of (7) are all distinct is given by (9) and
0100...0 00
010...000
1 01.,.000
(10)

6 06 2 8 ¢ o £

0 000...010
}’000...001

O Mssse3:00 O O

This refers to the noncircular serial correlation cefficlent, and its distribution
1s given by Hoopmans [2] in tems of a contour integral and by von Neumann [4]) in
terms of m{% = 1)st derivative (n even) of the probability density.

It is interesting to note that while the distribution of the noncircular
statistic above involves hyperelliptic integrals, its maments are obtainable (cf.
von Neumann [k], Williams [10]) from easily evaluated integrals which are not hyper-
elliptic. In the general case, (I ¥ I,) however, the situation is much worse. Both
the distribution and its moments involve hyperelliptic integrals. The only results,
so far, in this direction, are due to Hurwicz [7], who evalustes the first moment of
{2) for mmall values of n, when Q is given by (19 and

1L 00 0.....0 0 0
0100 000
6010 00 0

P . . (1)
000 0 100
0000 010
©000.....000
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|1 «x 0 0 o s e+« o O
o x?. 0 0 . . . .0
0 -t lew®ed 0 ., . . . 0

Z= - . .. . 12)
66 6 C 0-41-0!*2-;
0.0..0.0....0 © Y |

For larger values of 1 (hyperelliptic case) he investigates the behavior of the
first moment by means of Taylor expansions in the parameter,

Before proceeding to § 3, it should be remarkced that for certain forms of Q, P,
Z and for some valusof §, 1% might be possible to evaluate integrals such as (3)
or (6) in finite terms (cf. Ritt [11],) that is, in terms of a finite number of loga-
rittmic and irrational functions. Goursat [9] gives conditions for an elliptic
integral to be pseudo-elliptic.
3. Distribution problem from a simpler viewpoint.

It will be shown here that the problem of finding the distribution of the ratio
(2), where X has probability demsity (1), Q, P are symetric, and P {x px' < o} “0
ls reducible to the following simpler problem: To find the probability
P(x Ax's o} (13)
where X has the probability density

n . 1 '
o () e 77 )

and /\. 15 & disgonal matrix the elements of which are specified constants

o A

3. The author is indcbted to Morton Slater for this reference.
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This reduction is actually inherent in the inversion fomula (5) but it is

clarifying to emphasige it here.
For any reel z, let

R =Q-sP . (15)
and
n.(g)-p{xa.x'sg} . )
]
Then B (0) = PG.%;. ,s} - a(x). (an

Let )\i(a) (1 = 1,2,.0., 1) be the roots of
dot(® - A3 -0 (18)

and ./\,’ be a diagonal matrix with these roots as the diagonal elements. As x T x'
ia positive dafinite, the A,(s) are all real; and there exists a mtrix T such
that (cf. Bocher [12])

TIT - 1 a9)
and
TR . '/\i . (20)

Hence .
. ‘
H’(E).p(x_/\x < 3} where
X now has the probebility density of (1,). FNow X -/\.' X' may be interpreted as a
linear combination of independent random variables each of which is distributed as

)Czﬂﬂnonedeyeeof freedon. ﬁ:epmblemorfjnd.ingﬂ(s) reduces to finding the
distribution function of this 1inear combination at the one point Lw 0,

In the geomotrical language of the sample space we may say the problem is re-
duced to finding the probability measure of the interior of the cone
x A, x' =0 (21)
when the probabllity density is given by (ih). If £, is the largest value of 3 for
which all ) (s) 2 0, and %, is the mallest value of g for which Ai() <0, then
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the range of (2) is the interval (lo, sl). Of course, 5, % need not be finite.
It should be noted that the A 4(8) are obtainable an factoring the deteminant
(7), for the characteristic function is uniquely determined, Hence

ﬁ;u-za "3(') t) = k 120t(3 ~ 21t Q + 21t 5 P) (22)

‘where k is the appropriate normalising constant.

Even if the ) j(s) do not follow a simple pattarn, such as for instance in
serial correlation, the moments of X ./\‘ X' may be found exactly, without knowledge
of the A,(s), by differentiation of the characteristic function #(t, - te) ab the
point t = 0. By means of these moments it might be possible to approximate as(o)
with predetermined accuracy. This question is discussed in §6.

4. Distribution of the least-squares statistic of Hurwics.

For Q, P, I defined respectively kv (10) (11), (12), the characteristic function
ie (ef. Hurwicz [7])

nyO.-..O
l1 s £0....0
OISfonooo

2 ~2 *

Vi-o g e, t)=dot JI. -datc(nzt,t),m (23)
1’ 2 ) 1’ 2
0 00 0..1s2f
0 000..,011
where
y==-2it +1
2 2
r-,(1t1+d) (24)

s--ﬁtz-*li-c?.

It is clear that det c‘“’(t, -‘t;) is a polynmmial of degree n in t; consequently
the integral in (5) or (6) will be elliptic for n=3, 4 and hyperelliptic for n >§,
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For the elliptic case, the distribution could be computed by proper modification of
the aforementioned integrals, so that tables of elliptic functions could be used.
(0f. Burwics [7), p. 376)

The following gecmetrical approach, slong the 1lines of §3 is inetructive, and
may suggest an extension of the.method to values of n > 3. For n = 3, the problem
reduces to finding the mase of the cone

hlxlz’ )21224- AB‘BZ-O _ (25)

where hi = ),(s) are detarnined ss the roots of (18). In this case the probability

density i
v 1 \3 -1/2(:12*122+x32) 26
@) - @

For simplicity, supposs (25) may be written as

2 2
2 L
X ':152"::'2’ (27)
where .Zbe

By regarding the mass as the limiting sum of elliptiial slabs perpendicular to
the axis of the cone, the integration may be dome in two stages. Coneider first

[f o VHn® ‘Zz)ul ax, . (28)
Setting X =& cos0 @)
X, =br eine
the integral becomes
P rf 0 e‘-f:- d WarH(aSood” © « Wau? riar a0 (30}

b. Yor valuss of s in the range of (2), there are awmys two f\'a of the same sign,
and one of opposite sign.
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g 1 2.2 2
. (b +ceoa20)
' ;-‘fo 9‘!0 o< r.dr &0 {31)
where
cz-az-ubz. (32)

Expaneion of the integrand givea

1 22 122 2
e-zr% re |1 o F e%oc 9+rhc;gonh9, vee (-)nrznczncouha* (33)
2° . 21 2" . ny

Oersl :
which is uniformly convergent for hence term-by-term integration i
‘ 0% o %2TT » by gration is
permissible. But
o, L Pl ooy 1 2n
cos” O = ;an_]_[f-o (x ) cos 2(n-k)® «+ > (; ). (3h)

(Smithsonian Mathematical Formulae [13])

2n 1 2n)!
Therefore jﬂ-cos 040 = ;n“ -(;l# . 2T (35)
and

2".!!! 2!1.(!:”)2
(36)

2 2
=2 (b + c"cos” 0) - — 2n.
f e 2 b o ;r & L - ] . ﬁ:r. [1 -—rizn'ls-z- . _h”.*(-)n.l' c&l e(zn)-' +..:, '

By Stirling's formula (Cramer [14})

%ﬁq@)mfm_n.[@“ : nerﬂJ 2.8 (37)

n nf?
- (%) .

Consequently the remainder term of the series (36) is of the order

2 2 n
1l /r e Le
7 (—ur) (38)

which approaches serc repidly as n~3co . Therefore the series in {36) may be

approximated within arbitrary accuracy by the first k terus, say. let

1.2 2 [
!(b, c)-27Tab-_f1e 2b rr’3.~r2°2 oot (-)k ok o2k (2k)? ]dr
3 .

Sy
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This can easily be integrated in finite terms. Without preseating further details,
it follows that the required mass is

-% x 2 dx
2 (‘/-—j / abe f(b c) e 273 3 (39)
where as= kl :3
b= kz x, (ko)
02 - z:32(l&‘|.z' - kzz)‘

ks ky, ky are constants
The above integral involves only moments of the normal distribution, eo the

final result is a function of 3, which, within an arbitrary degree of accuracy,
approximates the mass of the cone in the sample space.

5. The moments of a ratio.

Suppose X = (xl,..'., xn) has the distribution function F(x) and consider the

ratio ;?, vhere U, ¥ are functions of Xl,..., In, and ¥ ,?; 0. The following devices
has been used in special instances by Williams [10], Dixon {15], and Hurwicz [7],

for finding the moment
o

L K
H k
= E - -— -
4 (f) _f” (34 Fx) (h2)
let 0 .
. u+ t,v
Y, t) - A o1y iy (h2)
be the moment-generating function of U, V. Then /i: is presumably given by
0 k.7
= a v
ﬂk Jm * 00 j; én—t—k dtm dtzz LN ) dtak (h3)
1 t]. R ¢
whers
tz = t21 + t22 * e+ t.ak. (kly)
Now, since

Lorand -

5- Although Williams'! article appears to be the first place where such a method has
been uged, Furwlcz informs me that Williams mentioned to him that Vilks has used
RUodn ws leeturer on atabistics.
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if v » 0, the following repeated integral will exist and be equal to/uk if the l:th

moptent exists.

0 0 '
X v
/ﬁ - fu d F(I) f cen fe dtzl dtezo- odtzko (’-\‘6)
- -

=~
By Fubini‘s theorem on Lebesque integration (Saks [16]) the order of integration
may be reversed, in which case (46) is the same as (43), with the proviso that
differentiation is valid inside the integral sign of (42). Not only must the
differentiation referred to be valid, but of course, the partial derivative itself
must exist over the domain of integration, namely (~ e < t < 0).

For Q, P, £ defined respectively by (10), {(12), l!\n'wics [7] has applied
(h3) to obtain, forn = 3,/(. - _( It can be shown that this
application of (43) is valid here, if it is posaihle to find a thin strip which in-
clules the ta axis from ~ato O. The moment generating function is

Yty ty) = B- 1%, - 18) (&7
where H(tl, 2) is given for this case by (23). Nowwl'(t s & ) will exist for such
t)5 t, that render the quadratic form x[c(na-itl, - it )]x positive definite. It
.urfioes to examine the prinecipal minors of the metrix c(")(-n-.l, -it)), and find o
sot of vealuse for which they are all positive. The following set of inequalities

must be satisfied simultaneously: ly £ o'
y)D;a>0;ys-f>0;sz-r>03s-f)O;dnt_lzf >0 (48)
!!_Olz

where y, s, £ are defined by (24). Let
f-1-2t2 . (49)
The conditions (U48) may be written
§50 v a® 505 S(Fra?)- (t-l r 2505 (§ v®)? - (t, +o0)? 505
(50)
Fooatty v < 500 1S+ @2 = (1) e - (t, +00)2 (4 + «?) > 0.
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n potting tl = 0 in all these inequal itiss, it is seen they hold simultaneously for
d > 1. Hence, by continuity of ¢~ 1t , - it,), a sufficiently thin strip can
be found which includes the %, axis from = e to 0, such that all the principal minors
are positive. The form of ¥ ( %5 %), given by (47) and (23) ehows that all orders
of the partial derivative with respect to 4, exist .’m tids strip; further,
differentiation inside the integral sign of (42) is also permitted. Consequently
the procedure used above, by Hurwicz, is valid, not only for n = 3, but for all
values of n, and for all moments.

The author has appliad the same technique to find the secand moment of tho above
statistic. The result yields Integrals which are not finite, but it remains to be
examined carefully before it can be concluded that the second moment is infinite.
This conclusion seeme plausible, however, in view of the fact that the X P Xq has
finite probability density at gero for the case n = 3, with 5 « In and P defined by
(11).

6. Expansion of distribution by Gram-Charlier seriss.

let X be a random variable witr iistribution F(x), and set

2
1 t
I(x) oy ,‘Ce“?dt (51)
and "
ﬂ(g )(X) - (g&-) t(x) ( Q = 0’ 1, 2,...) [ (52)
Let
J o
oy = (-1) f By (x) 4 F(x) (53)

-

2
U . xe
(%I- o 2w ("1)‘) Hi (x}e 2 . (54)
Cramer [14] atat.gs that whenever the integral
x
f e Faww (55)

-0



is convergent, we may write

. = e )
R AR CREXC (56)
where
iim R(x) =0 for all x. (57)
n-»0 N

If the method of § 3 is applied in conjunction with such a series as (56}, the
expansion is greatly simplifiied, but its validity must be established. The constants
ey s in this case, may be found from the characteristic function (22), as functions
of 2, and assuming convergence, the following series represents the distribution

function G(x) of (4).
) ("1)n°°g)

G(x) = H (0) = %" !El o (58)
since Hm“’) - (<1)Y ¢ L35, ... (29 a0
(0) (59)
29 1 0,

The validity of this expansion 1# now under investigation.
It may be remarked here that Robbins [5 1, {6 ), in considering the problem

X y where Q end P are diagonal

xPx
matrices with positive elemants, and = = I, gives resulte in series expansicns.

of finding the distribution of x Q x', and of

An asymptotic expansion exhlbiting the apprbdach to nomality as the sample sige
increases for three apecific ratios (2) occurring in serial correlation,is given
for the case I » L, by Heu {17].
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