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i. Introduction.

This paper deals with methods of finding minimax solutions of statistieal
decision problems. The method mostly used in statistical 1itersture depends on
the existence of a least favorable a priori distribution. In meny situations of
practical importance we don't know if such a distribution exists » notably in the
case where the weight function is discontinuous or/and the space L of probability
distributions for ihe observable variable is not éompacto The method which is pro-
posed to be used in such situations foliows from Theorem L. The theorem is applied
to the following problem. Let (xl,xz,“.,,xn) bea independent normal (€, 0: } where
@ and O are wnlmuwn. It is %0 be decided whether & S¢ or & 2 ¢ is true (¢ knom).
The penalty for the two kincs of arror are W, and wy respactively. An zdmisgible
minimax solution is to let the decision depend on whether S (xi - ‘ii;’)'2 Z k is ful-
filled or not (F = ﬁ £ X,). k is determined such that the level of significance

W
L « {o 5 ¢ being the "O-hypothesis"), .The example also demonstrates

ts Wy + W,

oi how little valus it may be only to lmow that a statistical procedure is minimax
unless this property is coupled with the property "admissibility."

2. The General Theory of Statistical Decision Functions.

For ths convenience of the reader I shall in this section very briefly review

A, Viald's (:neral Theory [1].



D

2.1. The General Set-up. Definitions and Notations.

Jet X = {Xl, xz, scacy 8de infr} be an infinite sequence of random variables
with joint cumulative probability distribution F(x) = Pr[ (%, S xl) « (X, < xé) vo0s)
where £ * {"1’ X5 on0s J - It is known that F belongs to a spacs J1 of probability

distributions.

t

D" is the so called terminal decislon space consisting of elements a®,

D® i3 the so called oxperimental decision space consisting of elements d® each

of ..aich has the form d® = {i » i 5 coy h } whare 11, poay i is a finite sequence

of lntegers. d® will also be interpreted as the decision to observe Ki 9 o0 X4
1

‘D= D® + DY is the decision spaca.

After the statistician has cbserved (in one or several stages) some couponents
of X he has to muke & choice between the different db in Db,

The weight function is W(F, dt). It is the "penalty" for making a wrong de-
cision. It is & real non-negative finction of F and d¥. e cost function
e(xs ii, ceoy d;) is for each r a real non-negative function of the observations
x = (x.l, X5 +sc)s and of the experimental decisions d'.?.’ se0y d;' . It is the cost

of obgerving when the cbservation ls x, the rmumber of stages is r and the stages arae
d;, cooy d: » Of course ¢ does only depsnd on those cmﬂponents of x, the indices

of which ars contoined in Z d;]
=1

A rendomized gtatistical decision function { is a statistical procedure for
making experimental snd terminal decisions. _

A Barel-field of measurable sets in D is defined. J is then defined by means
of an infinite ssguence of probability measures g @; 0), 5(5; X, dg),
5.9 &; x, dg, dg) s¢0c, where §i is an arbitrary measursble set in D, This probability
measure depends uh the cbservation x and the experimental decisions previously taken.

1f x has been observed and experimental declsions d;, esop dg have been made before,

then adapt with prchability S ] 5 Xy dl, eony d:) & decision belonging to 0. The

probabhility depends of course only on the components of x with indices in di * oo ¢ d;
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Furthermore D ~ 2. d, is measurable and has probability measure 1.
J=1
4\ 1is the space of all decislon functions d( which we wish to consider.
In the spaces defined above certain topologles are defined, either by means of

a2 1imid definition or a distance definition.

In the space ),

means that for any k and for any Eorel-set S in the k-dim. Euclidim space

rl;.:f"‘w H‘[(x y usmyp xk)é Slen] - Pr[ (XID wac § Xk)e sk‘Fo]g unifgr'[nly in Sk“’

In the space DY the distance ﬁ(d%, d%') is defined by

gty m v 4t
/oty dg) g%pﬁlw(l?, 4,) - w(F, 12)} .

In the space D = DY + D®, open sets mean open set in D or sets in D° consisting
1

of & single element or any union of such sets in D" and/or D,

In the space Q of decision functions lim %n - So is defined as follows.
m—— It oo

. If X I3 a discrete random variable, then lim ‘gn - 50 means
lim 8n(ﬁ; X, d;, scoy u;) = Emtﬁ; x, d;: scng d:)

for any x, T, d; and apen set D whose boundary has rrobability measwe ¢. If X
admits a probability density the definition is more complicated and will not be given
here. {(Wald [1] rnge 65-66)

In any space in which & class of measurable sets is needed, it is the smallest
Borel--field containing all open sets.

By an & priori probability measure _fis meant & probability measure over the
spa_ce-ﬂ,., lim ?'—"n - _§° means that

o & ) > & w)

for any open set vt in () .

Besides the "regular" topologies defined above, wiich are used in formulating

the definitions, Wald introduces some auxiliary topologies, +hich however are only
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nreaded for convenience in the course of soms of the proofs.
The risk function r is the expected value of W + ¢ corresponding to & speci-

fication of F and { 0
@ r@ §)=E@+e)
The average risk corresponding to the a uriori probability § is
@ (5.6 [rw, £rak.
fo is & Bayes solution in the strict sense if corresponding to some E
r(§, 50)'J22§fr(§35)
fo is a Bayes sg}_ution in the wide sense if corresponding to some sequence
3 B oo
(3) 2im{r( 539 8,) - irgf r §_13 §310

5@ s admissible if there is no 51 auch that

&) r(F, &) SeE, §,) for alLF
and
6) (e, §) <r(s, §,) for soms F.

JO is a minimax solution if
(&) sup r{F, Jo} = 1211‘ sup r(F, 5 )
F F

A statistical decision problem may be considered &8s a zame in von Neumann's
songe where the pure strategies for the two players are ¥ and J respactiveiy. The
mixed strategy for the first player ("nature®) is the & priori probability E o

Two decisions & , #d 8, are said to be equivalent if

r(F, §;) = v, 8,) for a1 F.
The use of the term "unique solution”™ is relative to this definition of
egquivalence,
Two theorems are useful in finding admissible minimax solutions.

Theorem 1. If J@ is 2 Bayes sclution corresponding to §0 and if

W e e G | S



then SQ i8 a minimax sc¢lution.
Theoren 2. If J o is a Bayes solution in the wide sense which is wnique relatively
t0 some sequence (jl, }2, seo ) them JQ is admissible.

Theso theorems are contained indirectly in several remarks made by Wald ic [1],
{27 and [5]. Speclal casss of Theorem 1 have been applied by lehmanr and Stein i,
Lehnann and tiodge | 5] and others in finding minimex solutions. The proof of the
theorem 1s almost the sam2 as of Thaorem L balow except that conditicn 6 and the
last pert of the proof i2 not needed. I submit a proof of Theorem & {although some
wathenatician will undoubtedly call it "trivial®)

Proof of ‘Theorem 2. Suppase that zfa fulfille (3} but is not admissible. Taen thore

exinta a J’l fultiliing (L) and (5). From (k) we get
:;;;lf r{fig §)s r(ﬁig 51) = rfﬁig 5@)
Because of (3) we then have
Tim{ r{ giB gl) = l?f r{ gis SJE = Q

i.¢.y 51 is a Bayes solution. But since 50 was unique, 51 is equivalent to 50

and '
(P, 51) s« »(F, Jo) for all F
centrary %o (5},

Corollary of IhL.eorem 2. Any unique Bayes solution in the strict sence is admissible.

2.2, Fundam.. .11 Assumptions Mads by &. Wald.

Wald's assumptions are (with his numbering),

Assumption ?.1. The stochastic process X - (KB. » xz, -o0) 18 either discraete or ab.

solutely eentinuous.

Assumption §.2. LLis separable. (This is & consequence of assumption 3.1).

Assumption 3.3. The weight function W(F, dt) is & bounded function of F and d%'..-

Assumption 1.4. 'The space DY ig gompact .
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Assumption 3.5 1is & restriction on the cost function. The restriction assures that

the probability is/%gt. & torminal decision will be taken after a finite rumber o
components of X has been obaerved.

Assumption 3 .6 restricts the form of <\ which may be the class of all reriomized

decisions. If 4\ is a subset of this class then it must be civsed in the topological
sengse., Furthermore the assumptions assures that superposing of a randomization on the
randomized decision in £\ gives essuntially a function in & , i.e., there is no
essential difference between a "pure* and a "mixed" strategy for the statisticisn,
Furthermore n( is closed under truncation of the process,

The precise formulation of assumption 3.5-3.6 is given in Wald (1) page 63 anc
158.n Besides thess assumptions some assumptions concerning measurability of the
functions involved, are made.

From these assumptions Wald infers

Theorem 3 (Tald’s Theorem 3.2). If assumptions 3.1 = 3.6 hold and if lin Ji

= J o
then
. 5 ¢ & 8
(8) Lin infr(85, §)2zr(5, §)
iwic i
For proof see Wald {1] page 77.
Uader the assumptions 3.1 =~ 3.6 Wald {1) proves that there exists a Bayes
golution ralative to any a priori probability measure 3 -~ There exists a minimax

solution and any minimax solution is a Bayss solution in the wigg_ sen8e. Furthermore

thare exlsts a minimax solution 80 which i2 a 1imit of Bayes solution L 3' in the

strict senses re;_a%tie'n to j j and the ?; “# nay ba chosen discrete and such that the
probability mass may be conecentrated in & finite number of points. (Wald's Theorem
3.12)}. In order to reach some further results Wald makes the

Asgumption 3.7. The space ilis compact and W{F, dt‘) is a continuous function of F

wmiformly in dt.
if assumptions 3.1 - 3.7 are fulfilled Wald proves that there exists an a priord
probabillty neasure 50 such that the Bayes solution So relative to So is a

minimsx solution. Such a Eo is ecalled a jeast faiorable a priori probability measure.
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3. Some Remarks About Methods of Finding Minimax Solutions.

It waslremarkad in Section 2 that Theoram 1 is useful in finding minimax solutions.
The method used consists in specifying a § o which is'believed to be leasti favorable,
then finding the Bayes solution i§° corresponding to this. If then (7) is fulfilled
we have é minimax solution. If in addition SQ is & wnique Bayes solution then it
is admissible.
One may also proceed as follows, Find a J such that the risk is constant,
Then (7) is obviously fulfilled and the only thing we have t0 do is to find a 5
such that tf is the corresponding Bayes solution. If such & 3 can be found, then
){ is minimax,
It is obvioua that the above procadum. can only be applied in very special eases.

If assumption 3.7 is not fulfilied then you have no guarantee that there exists a

least favorable a priori distribution, There are many important sitmstions in which

3.7 is not fulfilled. If for instance you want to test that F_bolcmga {0 a set u s
agcinst the hypothesis that F beiongs to w@ and the penalty for tho two kinds of
errors are wl and w, respectively and if further the intersection of cne of the
sats with the closure of the other is non“ampﬁy, fee, w oo e oLy . ‘;2 is

_ 1 2 L

non-empty, then the weight function is obviously discontinuous and 3.7 is not fulfilled.

Below we shall be concerned with non-saquential testing of hypothesis in which
cass agsumptiony 3.1 - 3.6 are almost always fulfilled, (In the case of point eati-
mation however, there are important situations where 3.3 is not fulfilled. If we
want to estimate a scalar paremeter 6 in F (which may have any real valus) by means
of &n estimate d° = O« and if W(E, db) = (@ - ©#)2 then 3.2 is not fulfilled).

If only 2ssumptions 3.1 ~ 3.6 and not assumption 3.7 is fulfilled then we
would wish to generalize Theorem J such that the existence of a go is not pre-
sumad, We want only te assume oxistance of a sequence g 10 E 9s +scs Such that the

minimax 5 o 188 1imit of its corresponding Bayes solutions, Such & ssquence is

knowvn to exist (by Wald [1)] Theorem 3.12). Thecrem 4 below is & useful theorsm
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which only assumes existence of such a sequence.

It should be pointed out that Assumption 3.7 is by no means a nscessary condition
for the existence of a least favorable a priori distribution, nor Vare assumptions
3.1 - 3.6 neceas#ry for the existence .of a sequence of a priori distributions which
is “asympiotically least favorable.” This is seen from the following example.
Ebramgle. i. Let X = (xl, coay In) have components which are independent normel (@, 1).
The procedure is non-sequential. We want to test the hypothesis that 9 = 0 against
o f o0, le contains the F for which ¢ = 0, U2 consists of all F such/gh?oo The
weight function is,

W(F, W) «}e]

(9) W(F, Wy) «w ife=o0
=0 Afedo
Vo £2
let G(v) = j g{v) = C'(v). let oKand ¥ be the solution of the

“hrz-'ﬁ' e =~ 7 dt’
following equations,
A[G( F+08) «G(- Y+x)] » 2n(l = G(Y)))

Gl E+aR) «G( =Y +ton) »k[g( § +K) = g(= F+cx )]
and let 7'be determined by

(10)

1

- - S A
(11) WTwa(l=)e 2

LA
ﬂm—. +® n

poY

Then & (adrissible) minimax solution is, “"accept w, if
(12) [zz X

otherwise (J " where X is the sample mean, The least favorable a priori distribution
§° (for which 80 is a Bayes solution) is such that the probability that © = - 2)',

+ Yor 0 is 1. The probebility that § = O is 1], the probability that & « - ¥ is

the same as the probability that 9 = « J , namely -:;-(1 -W ). This above result is
proved by applying Theorem 1. Furthermore by Theorem 2 the procedure is admissible.

If @ were limited to an interval (-A, A) then Assumptions 3.) = 3.6 wuld be
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fulfilled, but 3.7 is not fulfilled. The welght function is contimuous, still a
}o exists,

If O can take any value between =os and +o then assumption 3.3 is not ful-
filled. Still J o is a Bayes solution in the wide sense (since it is a Bayes
solution in the strict sense).

L. A General Theorem. We shall prove the following theorem.

Theorem L. Suppose that there exists a sequence of & priori distribution
(.fl, 52, <e+)s & sequence of statistical decision fimctions (60, 61, Jz, eoo)
and a sequence of real non-negative numbers (cn.l. %9 eso) Such that

1, J is a Bayes solition (in the strict sense) relative to 5.1
J .
for J = 1, 25 ceo s

2. é = lim Sinthereguhr sense,
o e )

3, 1lim A=,
Jr

Lo »(F, JJ) 18 & bounded function of F end J. For any sequence Fy ,
Ve 1,2, ..., &d inf. for which the sequance r(F., Jj) converges
for all j it does so wniformly in j.
5.
(3) ?i;; Pr{r(F, 33) : oup r(F, SJ) -, ‘ 331 -1

6. Assumptions 3.1 - 3.6 of Wald are fulfilled.
Then 80 is & minimax solution.

As a gpecial case °<1 » 0 for all i.  However it leaves us with greater
freedom in the choice of the sequence ( 31, 52, eoo) fulfilling the assumption

in the theorem if we permit ¢, to be positive. Note that 50 = 1m ¥ 4 Deed

i
not exist (as & probability measure) and even if existing, x ° may not be & Bayes
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solution relative to 30.

Proof of the Theorem. let

(L) Y = (72, §,) 2 sup =(F, £ - )
and

(15) Q1o € oy 2.

Then
a;p r(F, 33) -A[mp r(F, AJJ d 53 s €.J s;p r(F, JJ)
L{[r(ﬁ‘. JJ) m\‘,’] d fj = 5:, sup r(F.((,) + r(SJ. JJ) +°%3
- ‘%s;pr(r‘. 83) * ?fr(fj, §) - *,
We then have
(36) sgp r(F, JJ) s EJ s;p r(F, JJ) * .’nj:f 83!_11: r(S5,4)+ =,
Ve can mya ﬂnd gequence Fv ’ Y' 1, 2, osay &do inf. such that
(17) Unr(Fy, §) = sup r(F, 50)

By, if necessary, taking a subsequence of Fy, V= 1, 2, ..., (diagonal
procedure) we can always secﬁre that the sequences

T(Fy , “3” V=1, 2, ..., ad, inf.
have limits roz? all jo

Vie nox have, by condition L of the theorem,
8) M MarEy, f)-uaia sy, b

Taking the 1imlt with respect to J on both sides of (16) and combining
with (17) and (18) we get
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< 3
9) 3-:!; ﬁr:b r(Fy s SJ) - 1;11' sup r(s, §)

By Theorem 3 the quantity on the left hand side of (19) is greater than or equal
to

1$m r(F, » [o) - sup r(F, Jo)

and this gives us
(20)  supr(F, §) = inf sup r(F, 4 )
F o {f F

and since the opposite inequality is obvicusly true, we have pEroved that do
is & minimax solution,

[Equation numbers (21) -« (23) not used]

S. Examples.

Example 2. let (xl, 12, csey xn) be independent normal (9,8 ) where © and 0 are
wmknown

(24) W - (0,07} S ¢c)
L, * [0,0"5‘> c)

om0
The weight function is
(25) V@03 W) =w if >0
=0 otherwise
w(olﬂ'i“ﬁ)"*z 6 Se
=0 otherwise

In order to find & minimax solution we introduce two sequences of mumbers G w?* oy

Y= 1, 2, cc0p ado inf, such that
2 2

26

( ) G:'N-:c < 6"2?
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and

2 1 - j =1 or2.
(27) vﬂd&"’c for j=1or2

ﬁ\
Let further Hl 9,¥+~ 1, 2, ocey ad. inf. be & sequence such that O <}'§;< 1 and let o
be a mmber such that & > U,for all ¥,

A sequence of a priori mrobability measures 3 3 for (&, 1) is deflined as follows.
28 Pr{G = -1, |
(28) [g= 63, 34] H,

e oy | ) =2 - T,

r(e §t" Id’v o";_:]] - 513 fe) i=1,2; 3=1,2, ..., ad, inf,

where
2
- n 2
P 2T
2(¢" - & )
o o 43

T =const, e
1]

The unique Bayes solution 53 correspanding to } is then seen to be. "Accept w?
3 2

with probebility 1 if

(29) @ 0% 2k

J

. - - s - - m
otherwise wlﬂ, where k.‘l depends in a imown fashion on Uj’ os 013, szjq

The risk fm‘:cf.ion corresponding to J 3 is
(30) r{e,d; Jj) - w,(2 -F(kjfa‘z)] ifdse

2,03 §,) = w [N,/0?) TR
where {1(2) is the cgmulative'f-distribution with (n-l) degrees of freedom. let
k] be such that |

2 . 2
o 1 o
(31) wyld ~ F(kjfd"la.'] v F(kj/g"zd)
and determine TG such that K.‘l u kg o Lat é; denote the decision function Aj
with k. » k°,
e J }J
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Lat ?:"J be the largest of the two right hand sides of (30) for k 3" k” and
i

>

0= ¢, Llet 043, J =1 2, e00p ads inf, be an arbitrary sequence of positive

mambers such that lim ""-J s 0. PFor convenient choice of Cr":fl 3 and <. we have

™

ior

T - o
i} c;.lj or ~)2jo meﬁ

Probability of (32) 2 Probability of a3 g or c’;j 2 1. It is seem from {31) that

Lim kg = k, where k _ is defined by
61 .M
¢ W
Lot now jo be the following decision funciion "acecept u)z if
(k) Ty - 82 2k

stherwise {,‘}1"0 Then, since r 3 " ;ug r{®, 7 {j), all agsumptions of Theorem L
¥

are fulfilled and ,50 is a minimax solution. Furthermore

(35) inf sup r(@,q34) = " M2
b8y w o+ %E

It is now easy to ses that J o 15 admissible. Suppose that there wers aé T uniformly
better than § o Lat éo(x) and §°(x) be the probability of accepting teins

according to &o and 4! respectively, if x is the sample point.

Let further
(36) PO, §) = [d(x)dPx)
Then
(37) r(8, 05 4) =W, P(6,634) if £ I
v, g3 £) = w1 - P(e, o3 {)] if G>ec.

st w = (F lc‘{ » ¢]. Then §° is similar with respect to .3 . Suppose that (°

is non=similar. Then there existzsa 8 eﬂ-QQ such that

(38) PO e3§') < __ ™2
Wl + W2

Since P for all b is continuocus in @ and 4 there exista & &, >c such that
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(39) POy, &3 4') <__ "2
Wl * '2

on tha other hand we lmow that

(L0) PO, €3 d5) > _ T2

'Hl f'ﬂz

Since r(2,s57; 50) obtains i to sup only for § % c. By (39), (LO) and the second
equation (37) we then obtain

(k1) ¥(0gs 253 §') > 7(0, a5 4,)

contrary to the assumption that §¢ is uniformly better than Joo It follows that §°
mist be similar. But Neyman and Pearson (6] have proved that P(@,47; 4) is uniformly
smallest for ¢~< ¢ and uniformly largest for 4™»> ¢ among all P(8, ¢=s 4 ) which equals

Wa
vy for = e. Then §° can‘t be uniformly better.
1 2
It is sasy o find a non-admissible minimax solution., Let Jl be sucii that

(J, i3 accepted with probability i . Then of course r{@,6%s 4,) = Yy W2
2 T, S

and conseguently minimax; but
r(e, ¢; 31) >ri8, &3 JO)

for @ # ¢, The picture of the risk function looks roughly like this
A~ Thsk

A A L Bl JAPRANA el i

e S
L 4
The horiszontal is r(e, «; 31) and the peaked curve is r(8,¢ ; 30)5 Obviously most
statisticians would in this case disllke a statistical procedurs which disrezards the
atatistical material amd only tskes into accownt some "lottery” number which is

quite irrelsvant to the problem.
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By considering the arguments advanced above, it is easily seen that we can

make the following general statement.
Theorem 5., A, let X = (Xys 5005 Xn) have independent normal (®,&") components

and let F denote the cumulative probability distribution of X. let & 1 and O o

J ¥’

J=1;, 2, .»0, ad. inf. be two sequences of rsal numbers such that
%,

and

.. se 5S¢
13 2]
for all j. . Let W, , 1 =1, 2, be the set of a1l F such that & = (‘ri;j for some j,

S 2
i the set of all F such that §"S ¢, and !, the set of all F such that G2 c,

Let w‘l and 5 be any sets of F such that

# a3
Ui ("':!i.- Cwy for i =1, 2
L-Jl . \&!2!0

Suppose we want to choose bstween u)l and gA)z the penalty of wrongly accepting ui
being wi » 1 %1, 2. An admissible minimax statistical procedure is then to accept
\.Jg if % (X'.L - E)z & kn otherwise w

1 where ko is determined by
]
(E—) = Wl
MG -2

= 1
[f’(z) is the c.mulative A2 distribution with nel degrees of freedom, X = n 2. xi}a
This procedure is a Bayes solution in the wide gsense,

B, letw 1 and LS, ba my two sets of F such that

o @ )
qu wé

2

Slﬁsup G--cd'zainf\
Fe'\dl Ft\"z

and © as well and qu s \-Jz mms through all real numbers. The weight function is
as under A, An admisgible statistical decision is then as under A, except that ko

is defined by



=160
w (1= (k leBew P 7o %)
2 o 1°° IP o 2

This decision procedure is a Bayes solution in the strict sense. [The least favorable
a priori distribution }0 is given by (28 ) when G‘l 5? 0'2
G-lﬂ 6.2 a:ld i]“

(The statement that 50 mder 4 is a Bayes solution in the wide sense requires

5 and 3 , & substituted by

proof; but will not be given here).
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