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Estimation of the Regressive and Covarlance Parameters
in Linear Regression
by John Gurland

1, Introduction.

1 the method of umweighted least squares is applied to estimate the coeffi-
cients in linear regression, the estimators, in general, will not be efficient
within the whole class ﬁf linear unbiased estimators unless the covariance matrix
T of the dlsturbances is the identity matrix multiplied by & scalar ¢¢, say, which
need not be Imovn a priori. This methoed, which does not require any perticuiar
distribution of the disturbances (except that the second moments exish), also
yislds an unbiased estimate of o2. (cf. David and Neyman [1]).

If the most geaar_al_ﬂ is considered, in which other unkncwm paramsters besides
02 are present (and the disturbances may be correlated), the problem of ssbtirabing
the repressive parameters becomes more complicated. A more general form of leaste
squares will produce B.L.U. (best linear unblased) estimators if all the paremeters
in T, except 02, are necessarily lmowm a priori. (of. Aitken [2]). The presont
article was initiated by an attempt to estimate the autoregressive paramster in a
first order Markoff process when such a process gemsrates the disturbances of a
1imar'mgression equation. In this instance there is only cnz olher unkmown para-
meter in  besides cz_. '

It was subsequently discovered, in the fcmulatibn of a method of estimatiom,

that the method is genaral, and may be applied in estimating the unknown parameters



of I, whatever bae the form of T, with the sole restriction that it be non-singular.
For this recason, the article will deal with the general case, and refer to the auto-
correlation problem as a particular example. The methods set forth below are tenta-
tively suggested, and require further investigation. It should be remarlked that
these methods are distribution free in the sense that the form of the distribution
of the disturbances is not aﬁecifiedo If the assumption of normaiity of the disturb-
ances were made, the maximization of the likelihood function would, under certain
conditions, yleld estimators with asyrptotically optimal properties; but how well
this method compares with those proposed here is not yet kmowm.

2. least-squares estimators.

Since most of the sections in this paper lean heavily on leaste-squares esti-
mation, it seoms advisable, in order to have the ‘required formiize available, to
dovelop the theory for the gemeral case. This development is e ssentially that of
Ahitken [2], although the following exposition is somewhat shorter and simler.

It should be noted that no assumption of normality is made.

Let the random variables

y= (yl,yzs-myn) (1)

have the covarlance matrix

2-‘-’-62" "1\1” 362-(7- | {2)

The elaments Yy (i=2,2,0009n) {J = 1;2,000,n0)
ofﬂ are assumad inmown. Iet the expected value of y be given Ly

Fy = g =84 {33
whare

9 s (91,92,.“,‘99&) (k = n) ’ (h)

is a vector of ‘k unknown paramsters, and
AT n au” | (5)



is & matrix of rank k consisting of elements %, (1= 1,2,0000k3 J = 132,0004m)
which are known. To find the B.L.U. estimators of © we proceed as follows: ILet
I=ev’ (%)
where
b= (By,byseeesby) (n
is a voctar of k given constants. Suppose? is the B.L.U. estimator of X, and
T=yc'. (8)

The problem is to find ¢ in terms of the known constants A, Sl , and b. The un-
”~
biagedness of Y ylelds following condition

Ac'=b'. (9
The variance of fia given by

ese'zaclle. (10)

The minimization of (10) subject to (9), whﬁtever be the walue of 0%, vequires

c = bA Q':' a7 (13.)
Hence, the B.L.U. estingor 8 of @ ia given by

8=y {1 Q2 anyt, (22)
In particular, :UL‘Q =1, the identity, this gives

Tryaaa)l. (13)

Yot

2=(y-5) .. (1)

The minimization of 5% with respect to © yields precisely the estimate 3 given (12},
This constitutes the main result of least-squares theory.
3. Unbliased estimator of 02-

It is rather well known that when Q = I, an unbiassed estizator of 0’2 ia

glven by
sgin 1 - o
X ~ rx (y-eaMy-04) (15)

where 3 satisfies (13). The corresponding result holds for a generalld L, and
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eould be conjectured from maximum likelihood estimation on the aésumption of normality,
although the author has never seen it stated for the general case. As the gemeral
result will be referred to later, it is advisable to prove it here briefly.

Replacing £ = 6 A in (14) by 84 2van (12), wo cbtain |

2 =yny (16)
where

p={21_.Q2u}2 A%yt g (11, (17)
Since

EpEf=o (18)
1t follows that |

ES? =By-S)Dy-5)'sztrpZ=ctrnl), (19)
It merely remains to show |

teoflon-x. (20)

Expanding DQ, we obtain
trp() = tr1~tr{)2 INCAO T
N L TUSTYOL T =n - ke

QnE sDc

k. Transformation of the covariance mabrix.

1) # I, 1 1s possible to simplify the general least~squares procedure by

means of a linear transformation. Suppose

st {270 . (21)

sinced ) 18 positive definite, a matrix G exists, such tha

e'flao=1 (22)
and hence

e’ =LL, (£3)
Let |
Y=ya (24)



and

‘7-7-30:930. | (25)
Then the mininisation of

(r-7) (-7 (26)

with respect to @ yiclds the same solution Pas In (12). To prove this we observe
" that the minimum valus of (26) occurs when

f=y@ao'(aca ')t (27)
as can ba seen from (13). That 1s

S8x=yaa' 2" e AY) oy N-la' A 1-tahy?
which is the same as (12).

Congider as an example the case of autocorrelated disturbances generated by a
Markoff process. Denote the disturbance by u

vy~ | (28)
and sappose
ut -/’auhlz vt t':-' 1,2,:.-»,!1 {29)

wheare LY VgsoeayVy are independent, with common mean 0 and variance . Taking
this process to be stationary, with ] Ve } < 1 and covariance matrix

1 F L2, prd

% 1 f /02 /pn-«-e

= L g)" e Jf P (30)

ﬁ“afm{..o.:fﬁ

it is easily verified that



. =6—
/
..:'1 “f Ooun 0

£ wpP-po..

o ~f 1pP2 .po.
| . .e.o-—fl-i-f
| o........o....-f’
Inthisméo / .

=

i

=Pt -p o
0 1 -f' o .
0 0 1 -— 00050\
g = i (32)
| - !
‘, o s e s .0 1 -./3!
\ 5 O ¢ 0 1!
Hence \

2
- f Vo Tp = Tyo ¥y = PUpseccesns $= Y, 1)e (33)
This is the transformation suggested by Cochrane and Orcutt [3].
5. PFamilies of unbiased egtimators of 8.

It should be pointed out that any non-singular mtr:ix-/\. used in place of
Q i.n (12), yields an unbiased estimator of 8. Let

=y WA wALH? (3h)
which minimiges
-5)A(z-3) (39)

Fog
with respect to 6. Although the covarimmce matrix of y is = mc@fl . Q is unbilased,
since

phzea WA WALy =, (36)
This fact is useful when considering the parameters of_ﬂ as unknown. Supoese the
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elements '1.1 ofna.re funetions of r parameters ‘{1, ‘(2,..., \(ro

w =y (6, e, X)) (31
Tirite

f). "O"( | ‘ (38)

as a symbolic notation of (37), where

= ( *(1, Baseees G (39)
and
8=80¥) (40)
when in (12), {1 =ﬂ.‘.l Let
{8 X N<} ()

be the expectation of&‘{) on the assumption that ¥ is the true value of . Then,
in virtue of (36)

e{&z)1¥]} -0 (42)
no matter what value ¥ assumes. Hence 3( ¥ ) may be rcgarded as an r-parameter
family of unbiased estimates of 8.

Let ,

ML) - ¥, 2=vgdlY) (13)
be the variance of 3( Y ) vhen 3.'18 the correct value. The implication of the
least-squares theory of .§2 is

_mg,nvtatr)ﬂg;é‘(%). (1)
If the transformation of éh i3 used, where

G D_,‘ ¢' =1 (43)
the same estimate ’3( 1.4 ).as above is obtained, with the same properties.

6. The concentration ellipsoid of Cramér.

Tt 1is advissble, at this point, to state briefly the resulis of Cramér ({4}, [5]).
Suppose the random variables 31,52,“. 22, have a joirt distribution involwving k un-
known parameters |

o = (% 50ty o) (16)



where k < n. ILet

K2 (R peees K | (u7)
be a vector of k functions of B, 3Zg9 00 sy not involving oX , which are unblassed
estimators of o4 .
That l1s

EX = o | (L48)
whatever be the values of & . Assume the joint distribution of & is non-singular,
and that its covariancs matrix.A is non-singular. The equation

(weon WA (wex) 2K+ 2 (49)
defines the concentration ellipsoid of the estimators o? « Its volume is given by
k+2
(k+ 2
Mg +1) V et A | (50).

The quantity det./\_is sometimes called the generalized vardance. If a unit mass
were uniformly distributed over the interior of the ellipsoid (L9), it would have
the same first moments ofand the same second order moments.A as the distribution
of oo

Tt 1s proven by Cramer that subject to certain canditions of repularity de-
pending on the Vdistrimtim of 2198300258 there is a fixed sllipsoid which lles
entirely within the concentration ellipsoid of any set of unbiassed estimatora e: o
This ellipsoid has the equation

(weoak)L(w-ox) =k+2 _ (51)
where |
b= "E aScx: 3'51;.:; ” (52).
and where £ i3 the probability denslty of =, ,8p,ese,%,. (If the z°s are discrete,
f is taken as the probability of the z's.) '

If a set of estimtorso? has a cancentration ellipsold which coincides with

(51), it is called a set of joint efficient estimators. In such a cass,



the varisnce of these estimators is minimal within the respective classes of un—
bilased estimators.
7. Proposed methods of estimting ¥ .

First, let us find the covariance matrix of @( % ), on the assxmption‘z' is the
correct value. Lot X be as defined in (6), and m be defined by

n=8d' (53)
nhere
4= (d4dy50e-5dy ) (5h)

” A
is a vector of k given constants. Leat 1{; s ° be the B.L.U. estimates of I, m

respectively. Then
A

1e=7v ¢! (35)
where
=b )T aYyta)2 96
¢ % ¢ (58)
and
ng =ye (57
where
e-d(AQ;" A’ "1AQ- (58)
The covariance of L o , m e is given by
Y TI Q
{(1?-1)(111%-1!1) \6’_} = c¢§e (39)
which, by (96, (58) reduces to
o b(AQ?‘ At O (60)
Tt follows that
s{ (& £)-'&¥) -9 I‘E"} = oX(a D.‘;g,. Ay (61)

Hence, in Cramdr's terminology, the concentration ellipsoid of the estimators
8( ¥ ) is given by

2w - 8) AQ‘]' A (w-0) =Kk +2, (62).
et G3( ¥ be the unbiased estimtor of ¢ given in § 3. Tat is
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—f

5= L o-%0) sy -& )0, (63).

The first suggested method of finding an estimator § of ¥ is as follows:
Method I:

Mininize

{‘&2( ¥ )}k_idet (a Q'; 2"y (6k)

with respect to . That is

min [’&2(‘( 9 k get (a ﬂ;,l Ayt = {’&2( ¥ )} - get(a Q‘éﬁ 2"y (65)

T;fe rationale behind this nethod of estimation is as follows. As stated in
§ 6, Cramdr has shown that unbiased estimators with minimal vardance have the
smallest generalized variance. Our suggested method minimizes ths generalized
variance!jva/ concmtratioh ellipsoid which differs from Cramerts ellipsoid in
two respects. First, the estimators 8( %) involve unknown parameters ¥ § sesmd,
the matrix of coefficients

SRV Y (%6
is random, due o the introduction of G°( %) in place of 0. Heu [6], has shomn,
for the case.Q.EI, that in a large class of sitwmtions the estimator ‘3205353 is
the best quadratic unbissed estimator of o°; that is, the varisnce of O° is minimal
within the set of quadratic unbiassed estimators of 0. By the saze methods it can
be shown that 42 i best quadratic unbiased whenQ #1. Hence, the chaice of
?12( f) to replace 02 secns reasonable. The stochastization of the concentraiion
ellipsoid in this mamner, and the minimization of its volune suggests a method of
obtaining estimators the ;Sroperties of which should ccme close to those given by
Cramdr! s theory.

The estimators §( ‘? ) are, of course, unbiased, in virtue of {L2), but tie
 author has not yet succeeded in deriving all the properties of iiw estimators
) andg , the method of obtaining which has been formulated above. A somewhat
heuristie justification of the procedurs may be given as follows: The covarlance
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of% . Q‘f’ on the assumption‘:' is the correct value, is given by
o%(A O.;l A"t a ﬂ‘? -th Q}l A'(a ﬂ;} a4, (67)

Hence, by (Lk)
min det (Aﬂ'l ')"IAQ“I-O- Ql A (A.Q_
T o et (a ﬂ_,}l aht.

In a small nedghborhood of ¥, the determinant in the left member of (£8) is

(68)

approximately
det (aﬂ‘l Ayt | (69)
Now consider 'bhe sstinator $%( € ) in a suall neighborhood of ¥ .
E{o“(b')\‘&] .-E((:rn.v)lb’j (70)
' vhere D is glven bty (17). Hence
E{Ge(‘b'),\g'}: ﬁ‘iunQ? (71)

= 52+°2_1-.r@“1-ﬂ‘1 A'(Aﬂ“ln')“la_o_'l} (() Q }

and tho bias will be insignificant in a emall neighborhood about X Thus, tae

minimization of (&l), should yield an estimator vach, with hlgh pmbability,

clugters about tha true value b’ ; consequently the variance of 9( }() should be
close to the lower bound given in (61).

A second method is suggested which considers only the diagonal clements of

the covariance matrix

C 2allFa? (72)
Let the diagonal clements be
2""((),5""({),.....& b(‘() (73)

The fo‘.l.lowmg method is suggested for cbtaining an estimator ‘(oi‘ ‘(

Method II.
Minimize

k
k
A¥ ) T 7 ), ()
g1 1



with respsct to ¥. That is
k ' k

wn (8¢ Tz = {‘&%?)}k Tz

The justification of this method is suggested by (LL) and the properties of
?12( ‘( ) discussed under method I. Since the true variances of all k eanpenents
of 8(¥ ) are minimm when ¥ = Y% it seems at least plausible that the value
,?? which minimizes the product of estimators of these variances should cluster
araundf with high probability. Thip should imply a relatively amall varianen
of 6( ? e

As an example, linear regression with autocorrelated disturbaness will b
discussed in E, To
7. [xample: Linecar regression with autocorrelated disturbances.

The above methods will now be appiied to the example mentioncd in gs ide Let

le xlanoonoxln \

T T *on
A = . (76)
xk«l,l 3,2t xlg--l,n
1 1 1 /
Let
I-y- 1“12“..1:
4 FPia 2’ ’ (77)
J=2,3,0.05m
x - -
137 %13 7 %,a
and
TE, N
1 -
Y V P_.. ) /L e 1,2,..0,k (785



ac=ll x ' 1 m1,2,000,k
I, 1‘1‘ } Ao ] ]
Jal’z,.....’nﬂ

where G is defined by (32). Iet

n
S.. = X = P
ih t§1 1t I;11" L& L2000k
s - n . h = 1,2’...’k.
™ 2 T N
and
n
- 2
=T ¥
Sry =1 ¢
Then

AQ}I A =a Gf (};oﬂ :" Sihi] —~ S/c » BAY e
o _

Rp) =t
whore

B

i

fhe » ¢ &

Y

Hence, f'1s obtained, according to Method I, by mininizing
(det T, )
(dot S p yked

with respect tof » Then k = 2, (85) becomes

n S Wl °
*a S Spi
S Sy
51 Si2
S1 i

(79)

(80)

(81)

(82)

(33)

(8L)

(85)

(86)



w1 -
whilst, according to Method II, an estimate of P 1s cbtained by minimising

2
S 512 Sm
Sy S22 Sy
S;1 S ‘n % Sy
4 ; ' (37}
Isn S

An approximate solution,‘ in which the computations are considerably simpiified,
is obtained by neglecting the terms in (78). For instance, when k = 2, f:’ would be
obtained, according to Method IX, by solving the following sixth dzgree equation in

21 - P sy, {5’;1(” o ) S;z(" ypf )~ By,lry 0 0 )j
0 (88)
- 31 = P )8}, Spp = BY2Nery* Tp P+ 251513 Spp - 5390 5 O

where

¥ 2
5 . =r -y +7r i=1,2
13 = F1g0 * Tug1f .2/ ! (39)
J 31,2 ",
n - . \
Tigos 2 (B~ 20)(By - 3y)
I
- - E- -3 -3 b2 oz Mu -2 ‘ {
P =2 B e T B,a) (e - B0 F g 20 g - By 000
B - - . -
13,2 5 e 5,0 (B0 2 0) |
iV
5. =X
it e t T2,2,000,m {51)
2 =7,
and
g = o t
o1 3R ie1,2. (g2)
n
- = 1 2
4,8 BT 3 %1,0a
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8. Conclusion.

It appears from the example above that the computations required arc no less
involved than those required in maximum 1ﬂaelihood.‘estimtion, TFor cortain ferms
o.t.{lthe computations could be congiderably gimplified. There are certain zd-
vantages in the suggested methods, howsver, as gtated earlier. First, the prin-
ciples on which the estimation is based are stated in terms of finite size a=mples.
Second, no assumption regarding the form of the distribution of the distt.&*bances is
required. The proparties of these estimates is now under study.,
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