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On Specification Bias

By leonid Hurwicz

0. In making statistical decisions we usually start by assuming certain
properties of the universe (or model) from which the observations are being
dramn. It may, of course, happen that the statistician will fail to pake
uge of the assumptions he has stated, i.c., he may not be using an optimal
decision function relative to his a:ssump'c.icn-m‘,ﬂr (However, the fact of not
using an optimal decision function does not necessarily inply that the ag-
sumptions made are not being used.) Furthermore, it sometimes happens that
widely varying assumptions will lead to the same optimal declsion function.
(E.g., in a univariate normal sample the maximum 1ikelihood estimate of the
mean is the samplo mean regardless of what is assumed {correctly or not) with
regard to the variance. But note that the assumptions with regard to the
mean would affect the estimates of the variance.)

The general problem of 'apecification‘biaa may be formulated as that of
finding out what happens 1f the assumptions made are incorrect. (In a
narrower sense, we are often only paying attention to the first moment of the
statistic used.)

* An example would be that of estimating the population median in & noymal
univariate sample through ths sample median.
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1. Thus let S be the class of all structures and SAM SAg §) the statis-
tician's model, 1.e., the class of structures he congiders admissible. (Later
on we shall consider cases where the statistician associates probabilities
with his modalao) Suppose the problem is one of estimation (the generalization
to other types of statistical decisions is atmight-fomrd) and let d(x, S‘)
be the eétimator function given the observation(s) x and the model $A, (The
function d need not be optimal.) Ve shall write T = d(x, '3‘) where T 1s the
estimate of the unknown parameter{s) 6. The object of our interest is the
distribution F(T/5%) of T given S® where SO 1is the trus structure. lore
spocifically we may be interested in seeing how F depends on 5% and on S°,
The general problem of specification bias is that of finding how F depends on
$° when 5° is not in the modsl §A(s° ﬁ shy, i.e., when the model is "falge,"
One might raise the question as to the purpese of investigating the nature
of dependenca¥’ of F on S° and S*. (We write F » PS4, 5%,) One case
where the knowledge of ¥ is useful is as follows: Suppose Statistician I has
computed an estimate T w d(x, $4). Statistician II wishes to use the esti-
mate T, but he believes that 54 1s a false modol, 1.6., 8° £ §2. Dnder
such circumstances Statistician IX, if he has no accens to the observation x
on which T 1s based can be guided in his use of T by the knowledgs of Y and
84, (Clearly, Y will slso depend on d, but 1t scems more convenient at this
stage not to indicate it in the notation; we may think of it as being fixed.)
2. In what follows we shall present an extremely simple example illustrative
of the concepts introduced. The decision function d will be the maximum like»
13hood method of estimation. . (This method has the following advantage from the
viewpoint of the present investigation. If we think of \S‘l as a parameter space,
the maximum likelihood method will never yicld an estimate which is cutside S A.)
Later on examples of more direct interest to the applied econometrician will be

presented,
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Exanple 1.

Let a sample of size one be drawn from a bivariate nomal universs with
a known covariance matrix T. The likelihood function is given by

2
l) Pz exp | - = g X, ~8
T T Y, {_ ¥ 5a 7 J)]
where the two means arz denoted by 8;. We shall assume that the statistican's

model 8 # consists of assuming equation (1) and

1+
(2) e, -8

where 0“2“ is a constant known to the statistician.

Wo shall now find the maximun 1ikelihood estimate of 6 conputed on the
asgunption that both (1) and (2) hold. (This estimate will be denoted by 31,
as distinet from the maximum 1ilelihood estimate 31 - ﬁ obtained without as-
suming (2).) Then we shall study the distribution of 31 in the class of cases
where (2) is false, 4,0., where Sg 4 9';0 (G: denotes the true value of 81.,)

e facilitate computation wo vowedta (1) in the factored form and in-

corporating a.sémnption glven in equation (2) as

1 ' 2] 2
(3) 7~ oxp 4~z 2 [(f -¢) -¥(x ~9*)]j -
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1 34,2
(z,~9,)
{ 2%, |
2 2 9, %,
vhere “1,,2'“11(1“3)’3'—__"‘6,'355"

o
11 22
The maximigation of P" with regard to @), 9; being considered fixed

3
Yyields the desired estimate 91

(4) 'fl- 5 +¥ (6%, - 1)

*
The distriution of 91 is normal with
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Clearly, when ¥ = O, we have 01 ® {0;, and no use 1s made of 9*. Henece it does

P 2

4
not matter whether G; F e;o However, when £ 0, @, is a better or worse esti~

mate (as measured by the expression in equation (6)) depending on the absolute
sise of the difference between 6 and e;. In particular, since

; 2
24 - o
n 2
- o - R
E[ﬁl ell A 611'
# .
it follows that 01 is superior (equally good, inferior) to 61 when the expression

9, = (85 - e‘z’)z is positive (sero, negative).

3.1 Now cansider the problem faced ty the statistician whose model is that
expressed by equations (1) and (2) with the following modification: instead
of being certain that (2) holds, the statistician has a { subjective) probe
ability o\ that (2) holds, PFurthermore, he admits only ome alternative value
0’2"* with probability 1 - s2 . In this case three poasible courses of action
zuggest *:;hanselvea (others might also be cmsidemd)gl These are to use ‘6,;,

®

81, or 01; these estimates being respectively obtained by the aaximization
of (1) with regard to 91 subject to no restrictions, the restriction 82 - :,
and the restriction 6, = B';*. Suppose the exoression the statistician wishes
to minimize is Vi = E[‘rl - 9;]2 whore ‘1‘1 is the estimate of 91 used. Clearly

6, " | |
8y v ~elay -y >+(1~ou{ ~~<l<r (e;-e:’*)z}

=t

1
{ o {1 -2 ) (d - g o, 2) a*\{ 4 [G‘?p @ (@2’31- . @;)211 .
1 o



-5 .

"~
% A
It can be seen that 91 is preferable to el if the expressiocm
¥ 0., - (1 -0k ) (&F - @2 - %2
%, ¥ [62’\2 (1 G()(Oz 92)]:!.spoaitive,ioe.,if°<)l (9*—9";"‘)0
2 2

[+ }
Similarly,gispmfarabletosiﬂlum 31 ‘*22**20

Depending on the value of @A in relation to the right-hand member of the last
inequality (and :I.ti complement to 1), it can be shown that each of the thres
~

N
astimates 01

are
3.2 The case where no a priori probabilities {of G; versus 6;*)/Lwolved (CY

unimown) is also of interest. Here the maximum likelihood estimate (denoted
~
is given
by el)e given by R
(9) 8 =X +¥ (9, - X))
where ‘ 0'; —12|<|9;* -12' . then @, = &% {(and vice versa). (This is

2
quite instructive since it might bs regardsd as a two-stage procedure cone

3
» 31, Ol may be inferior to the other two.

sisting of a "preliminary" test as to whether 8, » 8%.) With the help of
equation (8) one may set up the Vpsy-off" matrix for this case and consider
it from the viewpoint of minimising- the maxdmum risk or an alternative prin-
ciple.

3.3 A fact of practical importance is connected with internal esztimation of
@, Such an interval is obtained on the assumption that @, = € (while

8"2" # Og) would not only be improperly "centered® (say arcu?\d 91) but would
be eoxcessively short since the "apparent® variance 5’5 of 31 computed on
the assumption that 92 = 0: would be g 1 3*2 -d22 ije%.%taad of the true ox~
presaion in (6). (In extreme cases the "apparent" variance mizht evan be
gerol)

heO From the viewpoint of econcmetric appiications wo cases of specification
bias are of special interest,

Lol "Partial mystem" bias.



The well-known special case of this is the use of the "single-equation®
approach. In general, it consista i consldsring a part of the aysten ss
if it were complete. Let the system be written (in matrix form) as

(mbl) ﬂu 3'1"';12 72 * r.l a= ul

(10.2) /6?21 ¥y “/g;z Y, ‘i_'z g ® u,

where 71' yz, g, %, “2 are all column vectors. Now suppose the objective

(10)

is to estimate the pararsters of (10,1) and that this is dome on the {possibly
false) assumption that

0
21-

=0
F.uluz

Assuming (11) implies that (10.1) 1s a camplete system. If, in fact, (11)

(11)

does not hold, what would be the bias in the estimates of /811, ete? I shall
here only indicate how the asymptotic bias can be obtelned. (Reference:
Paper by Jean Bronfenmbrenner.) The (biased) maximum 1ikelihood estimstes con-
verge stochastically to tho sams values as the "instrumental variable" esti-
mates (or the "just identified" case they are identical). Hence we congider
the latter, thus obtaining the asymptotic relations
020 By e Bl vy Pisaveo
where 6 1s the asymptotic value of @ estimated on the assumption that (1)
holds. The other relation is
(12,2) /6;1 By, s +5:2 Ey,s’ +F*l" Ezs' «0,
(Of course, additional identifying restrictions ars also needed, )

Since the trus values of E yl y;, otc. can be obtained from the “reduced
fora" of equation (10) in temus of the z's and the true parameters are substi-
tuted into equation (12), the bias £ 11 = P1g» ete. can bo evalvated, {4

gimple example will be supplied lster.)



k.2 Another case of econometric interest arises in connection with aato-

regressive shoch-error models. Consider the simp].t_a case

_St-% -Sbl-ut’ |-<l<l

Xy © S * Y
where x is the observed, gthe true value of the variable; u and v are the

(13)

stock and error randem components respectively.

Most econometric work assumes either

(14.1) vy =0 fshock-model" )
or
(14.2) u, = 0 ("error model").

The question of bias arises when either of equations (1h) is assumed

when it does not hold. For instance, suppose {1l.1) is assumed when it is
A

I X
2

Z
—"-i-:?—**- ofe{ then obtain-

. t-1
ed converges stochastically toof = E xt xb—l‘/ E xi, Now, in a model speci~

2
BX X3 *ES, St-l““f:‘z

not true. Tne maximum 1ikelihood estimteot =

fied by (13), we have

(19) 2 2 & 2
Ex:-sgts»o'-lt;z‘ov
hence
1
(16) &"‘ é 2
1 L -
+ ;i-( <)

and is clearly blased when (1lli.1) does not hold, (Referesnce: T. W. Anderson
and L. Hurwicz.)

ho3. A roference may be made to the system
‘ -
e A3, -
17
y2+glzl+b"2:2 = Uy

Ths questior arises when z, Lo fgroved orl the syshen veeld g
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T, ¢ Byt =Ty

[
It has been shomn by Steve Allen that vhen (18) is used, the estimate B of A

(18)

is less efficient than that based on (17). However, /f is not biased.

The writer was originally inclined to classify this problem as one of
specification blas and thought at first that the reason for abesncs of bias
was perhaps analogous to the casex = 0 in Example 1 (section 2) above,
However, in the light of a remark made by Hildreth it became clear that this
case is not one of spscificatim bias; i.c., there exist gl '-:, b1 1’ 32 # Uy
such that (18) holds and E %) Uy ~ 0. Hence if (17) is true, so io (28) and
fhera is no specification biss. [In the notation of sectionli above s we have
%€ S A whether 5° is written as (17) or (18).]

5.0. In connection with Example 1 we considered the following situation. It
is known that @, must have one of the two values @ or 6. There may or may

2 2 2
not exist as a priori probability o that 82 = 9:, say. If the probability
exists, we have the "Bayes" case. If it does not, we have the case of Pig.
norance” case. (Ve shall disregard here the complications due to the fact
that there is another unitmown parameter --el-; in the problem.)

It seems natural to ask whether there can exist an "intermediate" situ-
ation, e.g., whan it can be said that = 2 >3, but its value cannot be speci~
fled more precisely.

5.1, The preceding question may be reformilated in the language of the theory

of games. Let there be two players and a "payof ™ matrix M

NIE

s |Y%a | Y

T {% | s
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where the u‘s are (measurable) utilitiss. Denote by"z the probability that
Player 2 will chocse A rather than B. The “Bayes" case consista in Player 1
knowning ﬂ:at’?( - 70. The "gnorance" case consists in FPlayer 1 only know
ing that '1 € I where I is the closed interval [0, 1].

The "intermediate" case consists in Playor 1 knwwing that ‘2 € I, where
Io < I and 1, consists of two or more points. Vhen 1, is a closed convex
set, 1t is possible to set up a game with a new payoff matrix B, such that
in terms of M, we again have the case of "ignorance® and the strategic solu-
tions are the same as those for M with the ad’itional information that 7& 1°,
5.2. One may also wish to consider the case where it is considered that
7{ € I1° with a specified probability. This can also be reduced to the case
of "ignorance."

5.3. The problem preseanted in 5.1 is of relevance in the following type of
situation, related to that in Example 1, gection 2.

Let it be known that @, = @3 or 6, » 65" Now suppose that on a priort
grounds 6; is "more probable," though one cannot say hy how much. In game
theorvtical language used by TWald this may be interpreted Aas saying: e
have a tip that the strategy selected by Nature is not one of those in which
the probability of 0;"’ exceeds 1/2." Such a "tip" would enable us to improve
our atrategy. .

6.0. Tha toplc of this paper is closely connected with the prohlem of chooging
proper identifying assumtims.

Of course, the latter problem would not arise if {a) the assum-tions did
not happen to affect the estimates, or (b) wi wors 100 percent certain of the
correctness of our assumptions. As & rule neither (a) mor {b) hold. Howcver,
it may be that we consider the identifying assumptions to be quite plausible,
i.e., we are willing to assipn to them some fairly high {though unspecified)
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& priori probability. In this case the question arises whether utilizing the
assumption is worth while. The sclution must balance the advantages of the
casos where the ass@ﬂon was coﬁe& against the disadvantages of the others,
The latter are in the nature of specification bias.

- It should be noted that in some, though not all cases, the optimal pro-
cedure might cmsist in a "preliminary" test of the identifying assumptions,
to be followed by the utiliszation or non-utilization of the assumption, de-
pending on the ocutcome of the test.

6.1. A simple example of the idertificaticn problem is the following: Let it
be known that

(19) L+ X, ou

where xl, 12’ u are random variables andof is the parazeter to be estimated.
Clearly, (19) is not identified (though iimits for & can be obtained). Kow it

may be considered very likely on a priori grounds that

{20) EX,uw»o0.

The econometrician’s problem is whether or not touse (20). Tc answer this
question we must know the payoff (weicht) function. In part:%.cular, we nust
know the value of that function for the e=acc ¥wrs the econumctrician believed
as if (20) were true (1.e., used the single equation approach) while actuslly
(20) was false. This is ;;recisely the problem of specificativn bing as de-
fined in this paper. Ye may say that the knowledge of %he specification bias

is needed for the construction of ths payoff function.



