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Two sorts of contributions to the problem of estimating economic relutions from
empirioul data may be expected from the joint uso of crossesection dets and time series.
The investigator cun expeot to work wi'th large nurbers of obgervations thus reducing
his sampling errors and meking tests of sipnificance more powerful. He csn also chocse
from a wider selcction of etutisticel models thus having a bettor chance to construot
& model thet is both realistic and mennceable. Vhile only a few of the numsrous
problams of Joint use of these types of dulse arc consldered in the present puper, both
of these contributions are illustrated.

For purposes of comparison with other models to be dlsecussod, the typicul siml-

taneous syuations model will be written -
»
(1.1) B b +[5 Y

/6 is 8 nonesinguler matrix of constent cceffid mts of current endosenous vuria-
bles, y% is & vector of the values taken by the observed current endogenous vurisbles
in the t-th obsorvation. /" is & matrix of vonetent coefficlents of predetermined

t

varlables; £* lg u veotor whoge elements are values teken by the observed predstermined

variables in the t-th obzervation. a/ “ i3 a vector of the constunt torms in the equations

1. I am indebted to Gurland,. Hurwler, Sleter, and Sverdrup for holpful discuasions
of some of the problems ancountered,
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of tho model. It could be included in [1 by naking its elemants the coefficients of
a predetermined variable that tukes the value 1 in esch obasrvution. Howeover, for some
of the comperisons to follow, it will be oconvenlent to have these constant terme in-
diceted separately. u® is a veotor of the vulues taoken by the unobserved random
disturbances in the equations in the t~th observution. For suoceassive mlues of t,
the ut ure essurmed to represent sucoessive independent drawings from & stable multi-
variate distribution. In the present discussion, disturbanoces are assumed to be
normally distrihutad.

ilost of the empirictl anplicutions thuas fear have used time series duta, successive
observetions havo ropresented vulues token by the observed vurisbles in sucoessive
time intorvuls. There heve been some cross-section studies in wiieh the seme eneral
model hus been employed but in which di{feront observetions reprosented sets of values
of the observed variahbles for different economic units (say households or firms) in
the sume time intervel. The situation to be considered below is that in which the
inveatipgator has observutions on euch of u group of economic units for & number of time
poriods.

In this situantion & model with the samo statisticul proportiss as (1.1) could be

ezployed. This oould be written =

(loz)ﬁ_it ’/'I..u-. ,bm o ult,

yit 1s au vector of the walues taken by the current endopenous vurisblos of the i«th

economic unit and the t-th time period. Similarly zit represents values of prodetermined

variables of the i-th unit and t«th time period, If it is ulso cgsumed thet the uit

ere drowings from a stablo probability distribution with zero moesns and that a change in
%, 5
oither superseript representa an independent drawing (i»e.-ui‘ independent of uj ,ruiﬂ.

u®), then model (1.2) has the same stutistiosl propertics as (1.1) end cun be handled

in the same fashion. In such a model it could hanpon thet certain vurlebles, sey prices
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of stendardized, nationslly marketed cormodities, would be the ssme for all economie
unite ot u riven time ené vary only over time. Such & varisble will be denoted by
y*t or 't possibly with u asubsoript to denote its position in the y“’ or 1% vector.
Simlearly there night be verisbles such &s formul education of un entrepreneur or head
of household thut would be constant over time but would very over indlvidusl economic
units. Such varitbles will be denoted by y** or 21*. Some of the implications of
theso types of veriebles in models wers discuased by the writer in Cowles Commission
Piscussion Puper: Stutistics Ne. 333.

A model of the type of (1.2) might frequently be considered unronlistic for the
following roason. It may Le believed that there ure unobserved individual cheracter-
istics which couse 1ndividusls to uot difforontly and which are persistent over time.
There muy be other unobssrved influences thut «f{foct individuals in pretty much the
sumo way but change over time, Neither type of unobserved influence is expreassed in

(1,2). They cauld be inoluded in & model of the following type -
(1.3) }é;it‘, ;"’zit’ J‘i”, P ﬁ/**" uit.

gf 1% 48 o vector of constants thut epply to ths i=th individual and do not vary
over time. Flewents of O™t are constants churaclcristio of the t-th tirme period and
do not vary from ons individual to snother, Other symbols areo interpreted as before.

In (1.3), thed* ana ¥ ore intersreted as fixed voriables; - having I different
veluea and * having T difforent values in a sumple of size IT containing observations
on I individuals (economic units) in T time periods. i find it difficult to ohoose
between the alternstives of allowing for these variations peculicr to individuels and
variations peoulicr to time through fixed parumeters as in (1.Z) or through rendom
ouraneters. The latter choice oauld be expressed in & model of the form -

(1.4) /c}it . ["it ”j"u‘_ ad* s u*t o it

wl® 1 regarded as & drewing from a normal imltivariste population with zero meens and
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constant veriences. ul® 1is part of the diéturbunca in ull equutions relunting to the
i~th individual for every time neried. u*t 1 part of the disturbance in the equation
for each individusl in the t-th time period. ul! has the same interpretetion as before
and is distributed independently of wl* eng u*%, |

A generalization of model types (1.3) -md (1.4} ia given by -

(195)/%“; +.‘;1t “j/i* 'drﬂ: ol s uis + u*t . uj_t.

Fach of the other types is u speciul onsse of (1.5) so this formulution might be
usod tv derive tests of the speoial specifications in the others,

To conglder the statisticul aspects of the tiypes of models indicuted &hove 1 have
found it convenient to first consider single-sguation models of each type contuining
only one endogenous variable. is yei, I heve not progressed much beyond this stege.
However 1 believe that the single-equation results earc of some interest in themse¢lves -
in some cuses we may use single~equation modele end in ull cages our reduced form
equations are of this type - and I expect that they will be helpful in considering

similtaneous squations models.

II

The single-equation form of (1.2) will be written -
[ ]

3
y“ is u scalar, // a row vector of comstant coefficiente; 2% 15 4 colum veotor end

”C * is & scalar constant. v“’ is a soalar non-observed random veriable distributed in-
dependently of zit, (2.,1) may be reparded as n complote singlo-equution modol or as
one eguation in the reduced form of a s;stem like (1.2). Paremuters of (Z2.1) can be

ostimated by least-squares.

To rein some notion of how the variences of estimates of the coefficionts behuve



under various agsumptions ebout the type of data svailable, let us first assume that

Zf and 23t are sculer. Then consider the followin: situstions -

(a) The investigator hes observations on & single individuel for T time periods.

(b) The investigetor has observationa on t he totala of thc variubles for a group of
I indlviduals for each of T time periods. These totals over individuals will be desip-
nated as follows -

(2.2) 4t i At, It .3 At It . I v

i=1 1=l i=1 .

{e) Observetions are aveilsble on each of I individuels in ecch of T time voriods.

' The data in situations (a) and (b) are time series, In situutions (o) we have &
oonbinution of oross-section dute und timoc series. It is not neceasury to dlscuss the
pure cross-section ouse (I individuals, one time period) in this paper since varistions
over time and variations over individusls ure treated symmetrically in all of the models
presented.

In situetion (a) we know that =

T
(2.3) : (Pt . L 4T 2.2 AT
a =
T ,. 8
z (zH“ -1 z"‘)
t=l T

and the wverisnce of this estimte is'«-

“ 0—?
(2.4) V() = 2
% (1% - 1 ziT)
gl T
37, T 4e 1. T 3¢ 2 it
where ¢ =t221 g and y =-t2-1 Yy~ and(J" is the variasnce of v ~.
Similarly -
A 2
. - 1d
(aab) v (W;,) 2‘

T
It 1 IT and
2 (2" - s )

£ml T
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T (26 - L A7)
t=11im1 T

”~
(2.6) v(?Tc') -

wre the variances of the leust aguares estimetes of 'ﬂ-in situations (b) and (o)

respeotively. Clearly the relations among the three variances depend on the nuature of

the variotion in :it. Considor the followin; expression of the vuriation in zit -

{2.7) L I ' . o't o gt

P gIT 1a siT L b zIt e

] ..Til.;s T 8 : B '-u.fu.._"'a

Varimnces of the entimmtes sun be written -

A 2
2a (TT = a .
(2.8) v &) S (A;E_+ s{t}"
A 2
T
vy » 9
. 2
v 13 (a*t)
t
2
A
() = 20' 2 2
T2 (sh' + 12 (n*t) + & Z (s"t’) .
i t it

A ~
Ir zitﬁz*t, then a“*sitw and z”t-a"@a*t. In this oase V{ 7Tb) snd VETF'O} ure squal

it

Fa)
to eech other end to 1_V (T,). Intuitively it would seem that if variables 2~ and

-

£*% both cntered our equation, then the additional information on 2% 1n situation (o)

it 4

should, in general , enuble us to estimate coefiicients of both 27 und £”" more accurute-

ly thon in situation (b). This is verifisd by considerinpg the casc -
&

t it ot . it
(2.9)3}'i -"n'izl +’";;2 + e v,

Let zit = I* +* si' * sIt + sit and z;t - s;a + s;t .
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"0 huve tho folloing verinnces 61‘ estimates of ﬁi and 7]; in our three situstions -

(2.10) i
A "" z (s
V{W-ln) " .
U L A O
&(.1 +31) %(2)-{€82 (81 sl))
2 b At
A T 2 (s
W) = & (0" * 1 )
" 2
2 (s{t * -it ) & (Bst ) - {{? ‘;t ( ;t * %t))
2
R T° 2 (a2%)
V(?T;b) e 2
i (s3%) 2 (s3%) -1 (1% a3}
‘ 2
n Ttz (1%
V(ﬂéh} = K F
PR g -1 Gt g
. T2 3 (et
v(’ﬂ;o) = ” 2 2
2y 5 (Y 212 (78 v 23 (Y
v(ﬁ_ ) ) G 'i;_al + L Bl i_i y '1
20
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Comperison of V(W-gb) and V('ﬁ'zo) shows the latter to bae amaller unleas zit and z;t

are orthorontl in which ouse they are equeal.

IIl

Using notetion ulreoudy osteblished, the singlessequation form of (1.3) 1is

(3.1) .Yit ""Tf o1t 0'?’ *s 7’(*1.‘4 Yl'"*-i- +t,

This differs from (2.1} in the inclusion of the I + T mdcitional ;)aramot_ers.’?j' and

r’? *to To obtain estimates of purameters in this oquetion I have used the method of
weximum likelihood. The log of the likelihood function (exoept for & constunt term)

for IT obgervations i=l...I. t=l...T ia

2
(5.2) Za =IT 1030—_5__;_:2_%; f (yit’-’ﬂ" zit_ )Ztm_)zi*_-qunt)

. t
Differentieting with respect to g2 ,Wg'q**.?i*. and T]‘ leads to the estimates in-

i wt
dionted below. %)? and %’: '7 are arbitrerily assumed equal to zerc to avoild lack of
& *.
jdentificntion of 77“.17’ .

2

(3.904% By 3 & Y gt Ay __;,\11“ )
Ags ~ 1 (yIT _’;-\T' I'.IT)
Vil
pir fAT T +/ T IT
] A Y_ 1. 1 - E’
7? (T IT) ’ﬂ_(ﬁ I'lT)
'\*tai—”ﬂ’ﬁzlt _éIT\
\’z I 1T I IT/
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and @milarly for the other sample momonts.
_ .,

1t goers quite possible to me thut the covarienco matrix .of tho ostimatesJ]

o=1
will be glven by M . a 2 and also thot the limited informutlon methed of estimntion of

& structural system like (1,3) would Lo similur to the usual cuse oxcept thit moments
& would be used instead of the usual semple momonts. 1 huve not had time to check
either of these propositionsz.

It 15 worth noting that the usuel time series model und tho vweaunl cross-section
model sre inoconsistent with the model just discussed. If we regord (3.1) oe explaining
the peneration of the obgsorved y;tg then the corresponding time series equation in the

sprregete varlables ig -

(3.4) yiF _-n‘— It ”71,.. . 1_731;* . ?u Ty

If 7?' represents the estlmate of']T. obtained by ordinary least squurea, we hava the

following =



a JO =

{3.5) 7}:' " M:(r:) ﬂii) -1 where, for instance,
NG S T O R AP U R
(363 m)e 2 (1 - ) (I0 - )

To indicate the blas in thoso estlumstos we note thut =~

(3,7) &L ay:)) - 11() +1-:-4,§i) whore

LT

n%i) azﬂz -——), otc.
(5.8) T ('ff") T M;I) (1)—10

Since the estimates in (3.3) are meodmum likelihood estimutes, the investigator
oould roadily form likelihood ratio testa of warious hypotheses. 1If, for iunstance,
he tested the deviations of the ’?*t' from goro and found the devlatlons signi{icunt, he

wonld have evidence thut tho usual time series model would lead %o bicsed eatimation.

I
(¢.1) yt'”)zit*‘? A AR
ig the sinrle squatlion version of (1.4). vi* is sssumed to repreaent an iuc‘:epondent
drewing from a probability distribution with zero meun und finite vericnce for euch
individual in the sample. v* is stuble over time. Analogously, +*¥ 15 ateble over

individunls and varios rindomly over time. &8 before, vit is assumed to vury rnhdomly

over both individuals and time, vlt is vssumed to be indepe.dout of v end v*t.
(4.1) differs from (2.1) in that it does provide for the poscibilities that there
may be persistent unobserved individunl characteristiecs giving rise to differences in

individual eoonomic bshavior end there may be unobserved proportiss of time intervals
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2iving riso to differennes in behovior that erc constant over individuals but changing
over time. {(4.1) differs from {3.1) in introduciny theso nossibilities through random
varicbles rather then fixed veriables, Unlike (3.1),. (4.1) is consistent with the ususl
trestoent of purely oross-section dete or pure time series.

Un grounds of realism I find it difficult to estublish & preference vs between {(4.1)
und {3.1) so I would liko to be able s hondle either and to develop statistical tests of
their spoolal assumptions.

Jdaximam likelihood did not work ot &1) well in this case. The estimating equations
are difficult to derive und anpeur to he highly non-linear in theo unknown puremeters.
The reason is thet successive values tuken by tho disturbence are no longzer independent
drawings from a stahle populutlon.

It doas heppen, however, that the gstimation equations dorivaed in secction II1 pro-
vide unbiused estimates of the coefficlents in this model. Thia will be shown in the

next sectlon for a slightly more genorsl modol that includes {4.1) 85 a speciel casa.

'}
4 single egquation model corresponding to (1.5) could be written =~
(6.1) yit =7]" =1t+,71t *.)?*t.’ )?ma:* vi* . v»st " vit.
An attempt to handle this caese by mexirum likelihood would involvo the simo diffieultles
65 (4.1). To show that the ostimation equations of section III provide unbinsed estinates

of the coefficients in (5.1), let us {irst write ~

. ' ' , X
{5.2) :,r“' AL R e Wb where

Wit _75.#- . vit
wt ")?*t PR

oAt .,)?‘“' . A
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From {$.3) we have =

(5.3) ’;f‘ » Ryg ﬂz;]' where

] ¢ v”' AT LA
(5.4) Ryz zz(yi 1'1' )&z - - IT)

- “~ z ,it zit '] - }_ A Itf It’ 9 - l z T 1T 1] .-n}“ T IT\io
fEVEEIN L 2y - 22 TEND ¢ TR
Co-sider the four terms 1n the lust expression sepurately, we huve -

(.505) f% yit(zit)i - ‘i‘% g1t (git)n i;wj,t(zi'l’)u - g‘“*t(zlt)o * ? %wit(zit):

iy Lt (1) = ,r-hzlt(,lt)e % i *(g1T) 0. gw*t(zlt)‘ ]I.i;wlt(zlt)q

ST
o b

L gl o]

yi'l‘(zi‘l');. - _7]-.1 zle(:iT)q - Lwi*(zir)q luc'r T %fww(zﬂ),

e

YIT(,IT)e » oL eI7(IT): o A w1%(IT)1se LTI | AT (g3T)
I IT I T I7

3

If we now udd each column, we ~et from the first column to tho right of the

equality slgns -

From the second column to the right of the equulity signs we fet zore and from the

third colum we also pet zoro. From the lust column we pet =
5 zwdt(gdt)y o Loz It Ttye L L e dT(,AT)e o 1 SIT,ITY
(5.7) 1?1(: AR AN (z2T) » S w'T(TT)

Byz is the sum of (5.6) and (6.7). If we take expected values, (5.6) is

unchenzed. The expected velue of (5,7) ia

*#

(5.8) 73*(51'1'). - tha(zIT)g .

Yl( T)e wo,



Lo thus heve -
o t 0
{ . o -
‘539) |3 (Myz) ;I ﬁz: and

48 [
(5510) :' Ur) .nqr
It car elso be ahown that -

A ok
(6.11) F (‘r? ) -72
Alw i*

YRR
0 (%*t) "’ft

I huve not yet attempted to derivo tests of the speciasl assumptions in the other
models using (6.1) as . Hovevor it would avem thut it should be possible to

derive such tests.



